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Abstract. This study investigates the I¢”-differentiability and I4’-integrability for interval-valu-
ed functions defined on the g-geometric set. We also establish some I¢”-Hermite-Hadamard type
inequalities. Furthermore, some examples are presented to illustrate our results.
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1. INTRODUCTION

Quantum calculus was proposed by the famous mathematician Euler in the 18th
century. It uses the difference operator instead of the classical derivative to study
the set of non-differentiable functions. In 1910, Jackson introduced the concept of
quantum definite integral and extended the concept of quantum calculus. Quantum
calculus is a bridge between mathematics and physics. It has been widely used in
number theory, quantum theory, mechanics and other fields. In recent years, with the
higher and higher requirements of analog quantum computing on mathematics, it has
attracting considerable scholarly attention and triggered a huge amount of innovative
scientific research [0, 7,9, 14].

As a branch of mathematics, interval analysis is an effective tool for dealing with
data inaccurate models caused by some types of measurements. Interval analysis has
been attracting considerable interest since it was firstly applied to automatic error
analysis by Moore. We now see applications in fuzzy set and possibility theory [5],
uncertain quantification and propagation procedure in the case of the small sample
measurement data [17], stochastic analysis of structures with uncertain-but-bounded
parameters [ 3], the terminal error bound of the Stewart platform [18], for more pro-
found results and applications, we refer to the papers [3, 10]. Particularly, Younus
[19] investigated the fractional g-differentiability and fractional g-integrability for
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interval-valued functions (IVFs) defined on the g-geometric set of real numbers. Lou
[11] proved the Ig-Hermite-Hadamard inequalities for IVFs. Recently, several stud-
ies have focused on the quantum differentials, integrals and inequalities of IVFs.

Motivated by the works mentioned, in this paper, we discuss the interval-valued
quantum calculus for (shortly, Ig’-calculus). Firstly, we give the concepts of Ig’-
calculus and define the Ig”-derivative and Ig’-integral. We also give some basic
properties and present some examples to illustrate our theorems. Moreover, using
the notion of I¢’-derivative and I¢’-integral, some new inequalities like Hermite-
Hadamard are offered. The results of this paper can serve as a base for future studies.
These results of this paper can be used as a powerful tool in fuzzy analysis, interval
optimization, and interval-valued differential equations.

2. PRELIMINARIES

2.1. Calculus for IVFs

Let R; be the set of all non-empty compact intervals on the real line R. For all

[a, @], [b, b] € R;, A € R we have

la, @] +[b, b] = [a+ b, a+ b],
and
Aa, Aa], A>0,
Ala,al=<¢ 0, A=0,
Aa, Aa], A<O,
respectively.

The generalized Hukuhara (gH for brevity) difference of two intervals [a, a], [b, b]
€ Ry is defined by Stefanini [15]:

la, @) © [b, b] = [min{a—b, a—b}, max{a—b, a—b}].

LetA = [a, a] € Ry, w(A) =@ —a s called the length of the interval A. Then, for all
A =[a, a], B=[b, b] € R/, we have

_ —b,a—>b if w(A) > w(B
[Q, a]@g[b, b]: [% :7a jv 1 W( )—W( )7
[a_b> a S w

The gH-difference ©, have the following properties [12]:

(1) Ao,A={0}, Ac, {0} =A, {0} c,A=—A,

(2) A6yB=(—B) 6, (—A) = —(BS,A),

3) Aeg (‘B) - 39g (_A> - _(BegA)a

(4) (A+B)SgB=A,

(5) MASgAB=A(AS,B).

For A, B, C, D € Ry, consider t; = w(A) —w(C), t, =w(B) —w(D), t = w(A) —

w(B), t4 = w(C) —w(D). The following properties are satisfied [12]:
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ey

(AS;C)+(BS,; D), tity >0,

<A+B>eg<C+D>={(A@g(:)eg(—BegD» niz <0.

2

(A@g (*C))@g (B@g (*D)), titp >0, 1314 <0,
(ASgB)+(CogD) =13 (A6, (—C))+ (—B©Sg D), tity <0, 1314 <0,
(A+C)e, (B+D), 314 > 0.

3)

(A@gC) Gg (BegD)u tlt2207 t3t4207
(ASyB)©g (CogD) =1 (A6, C)+(—(Beg D)), tity <0, 1314 > 0,
(A+(=C)) S (B+(=D)), 114 <0.

A function f: [a,b] — Ry is said to be IVF,if f(x) = [f(x), f(x)] such that f(x) <

f(x) forall x € [a,b]. It is well known that lim f(x) exist if and only if lim f(x) and
X—X0

X—X0—

lim f(x) exist, and is given by
X—X0

lim f(x) = | lim f(x), lim f(x)].

X—rX0 —x0— X—rX0

Particularly, an IVF f is continuous if and only if f, f are continuous. For two IVFs
f, g: a,b] = Ry, we define the IVF f S, ¢: [a,b] — Ry by
(f ©g8)(x) = f(x) Og g(x)-
If lim f(x) =A and lim g(x) = B, then
X—1o

X—X0

lim (£ 5, 8)(x) = A S, B.

X—X0

Further more, if f,g: [a,b] — R; are both continuous, then f &, g is continuous.

Definition 1 ([, Definition 20]). Let f: [a,b] — R} be an IVF and let x( € [a,b].
We define f(xo) if it exist by

vy J(xo+h) g f(xo)
f(xo) = Jim h ’

and call it the gH-derivative of f at xo. We say that f is gH-differentiable on (a,b)
if it is differentiable at every point of (a,b). The IVF f’: [a,b] — Ry is called a
gH-derivative of f on [a, D).
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Theorem 1 ([16, Theorem 17]). An IVF f:ia,b] — Ry such that f(x) =
[f(x),f(x)] is gH-differentiable at x € [a,b] if f,f are differentiable at x € [a,b]
and

flix)= [min {f’(x),fl(x)} , max {f’(x),f’(x)}] )

Let’s recall the definition of y-monotone IVFs given by Markov in [12]:

AnIVF f: [a,b] — R/ is p-increasing (u-decreasing) on [a, b] if the function x —
w(f(x)) is increasing (decreasing) on [a,b]. Therefore, f is called y-monotone on
[a,D] if f is y-decreasing or u-increasing on [a, b].

Proposition 1 ([4, Proposition 2]). Let f: [a,b] — R such that f(x) =
[f(x), f(x)]. If f is u-monotone and gH-differentiable on [a,b), then % f(x) and
4 §(x) exist for all x € [a,b]. Moreover, we have

(i) f'(x)= [f(x),f,(x)} forallt € [a,b], if f is y-increasing;
(ii) f'(x)= [?/(x),f(x)} forallt € [a,b], if f is u-decreasing.

Definition 2 ([12, Definition 4]). The integral of an IVF f: [a,b] — R; such that
flx)= u(x),f(x)] is defined by

/ahf(X)dt = [/ahf(X)dx, /ahf(x)dx] .

2.2. g-calculus for real-valued functions

We first present some known Definitions and related inequalities in g-calculus. Set
the following notation [8]:

=Gy = 1rara+rg

Let A be a subset of R and 0 < ¢ < 1 be a fixed number. The set A is said to be
g-geometric if gz € A whenever z € A.

For a real-valued function f defined on a g-geometric set A, the g-difference oper-
ator D, is defined by Bermudo in [2]:

f(x) — f(gx)

D,f(x) = P , forx e A\ {0}.

Definition 3 ([2, Definition 4]). For a continuous f: [a,b] — R and g € (0,1), the
q"-derivative of f at x € [a, b] is characterized by the expression
flgx+(1=q)b) - f(x)
(1=4)(b—x)

For x = b, we define *D, f(b) = lin}j D, f(x) if it exist and it is finite.
x—

quf(x) =

, X#b.
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Definition 4 ([2, Definition 6]). For a continuous f: [a,b] — R and g € (0, 1), the
g’-integral of f at x € [a, b] is characterized by the expression

1f0) = [ 16 s = (1= (b= T o a8+ (1 =),

Theorem 2 ([2, Theorem 12]). Let f: [a,b] — R be a convex function and
q € (0,1). Then we have

atah) o L[y by < SO af0)
f< [2]g )Sb—a/a Jle) Py < 2, 2.1)

3. Iq"-DERIVATIVE FOR IVFS

Now we introduce Ig”-derivative and corresponding properties.

Definition 5 (Ig’-derivative). For a continuous IVF f: [a,b] — R}, the Ig’-
derivative of f at x € [a,b] is given as:

flax+(1-q)b)Se f(x)
O T e R
4 lirl? D, f(x), x=b,
X—b~

Example 1. Consider f: [0,1] — R; given by f(x) = [—x,x]. It follows that f is
Iq"-differentiable. By Definition 5, for all x € [0, 1), we have
b flgx+(1-4)b) S¢ f(x)
D= g
_[Fax—(1—q).qx+ (1 -q)] S [—x,4]
(1=¢)(1—x)
[(1=g)x—=1),(1 = g)(1 —x)] S [—x,]

- (1—g(1- S

and for x = 1, we get
b . - f(x) S fgx)
D,f(1) = lim D — lim Y s/ GY)
qf( ) xil?* qf(X) xir?* (1 —q)x
— hm [_x7'x] @g [_q'x7 q'x]
x—1- (1—¢q)x
Theorem 3. An IVF f: [a,b] — R} such that f(x) = [f(x),f(x)]. Then f is
IgP-differentiable function if and only if S . f are g"-differentiable function, and

"D f(x) = [min {qu £(x),PD, 7(x)} ,max {qu £(x),2 D, F(x) H RN

=[~1,1].
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Proof. Suppose f is a I¢”-differentiable function, then there exist 8, & such that

"Dyf(x) = [g(x), 3()] -

According to Definition 5,

(et (- 0h) S0 Flax+ (1= ) 7
8x) = { T—ab-n = (-qb- }

and

o) = max{f(qx+ (1=g)b) = f(x)  flgx+(1—q)b) — f(x) }
’ I—gb—x (-9
exist. Then ”D, f(x) and "D, f(x) exist, and (3.1) is feasible.

Conversely, if f, f are gP-differentiable at x and suppose ”D, flx) < bD,f(x),
then

qui(x), quf(x)} = [

flgx+(1=g)b) = f(x)  flgx+(1 Q)b)f(xq

(1-q)(b—x) ’ (1-q)(b—x)
_ flgx+(1—g)b) S, f(x)
T B
So, f is a Iq’-differentiable IVF.
Similarly, If Dy, f(x) > ?Dgf(x), then *D,f(x) = [°D,f(x), *Dy f(x)] . O

To illustrate the nature of the derivatives more clears, we give the following results.

Theorem 4. Let f: [a,b] — R}. If f is 1q°-differentiable on [a,b], then we have

(1) °D,f(x) = [qui(x), quf(x)] forall x € [a,b] if f is u-increasing;
(2) "Dyf(x) = [°Dyf(x), qu]:(x)] forall x € [a,b] if f is p-decreasing.

Proof. First, we supposed f is p-increasing and I¢’-differentiable on [a,b]. For
all x € [a,b], we have

[f(gx+ (1= q)b) = flgx+ (1 - q)b)] = [f(x) = f(x)]

>
Flax+(1—q)b) — f(x) > fgx+ (1 — q)b) — f(x).

I

Therefore,
[flgx+(1—=q)b) — flgx+ (1 —q)b)] 4 [f(x) — f(x)]
Daf ) = (e
_ [f(qH(I—Q)b)—f(x flgx+(1—q)b) — f(x)
(I=q)(b—x) (1—g)(b—x)

= "Dy (), "Dy ()]

The other condition can be similarly proved. O
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Example 2. Furthermore, by Example 1, we have
w(f(x)) =2x, x€ [Oa 1]
So, f is a y-increasing IVF.

On the other hand,
b Hat(-gh)— £ (1-ga-1)
Do) =" g (i "
L Tt (-gb) T (- -x)
D) =T - (I—gi—x) "

Then, we obtained
"Dyf(x) = [=1,1] = "Dy f (x),” Do f (x)].

Theorem 5. Let f,g: [a,b] — R} be Iq"-differentiable IVFs. For all x € |a,b),
q € (0,1), consider

(1) The sum f+g: [a,b] — R is a Iq°-differentiable IVF with

"Dy f (x) +” Dyg (), fiy >0,
"Dyf(x) ©4 (—"Dyg(x)), 112 <0.

(2) For any constant . € R, Af: [a,b] — R is a Iq"-differentiable IVF with
"Dy Mf(x) =1 Dy f(x).
(3) The difference f ©, g: a,b] — RT is a 1q°-differentiable IVF with

qu (f+g)(x)= {

quf(X) Og qug(x), ity >0, t3t4 > 0,

b —
Dy (f@gg) (x) = {quf(x) + (_qug(x)) ) titr <0, t3t4 > 0.

Proof.
(1) By Definition 5, we have

(f+8) (gx+ (1 —q)b) O, (f +8) (x)
(I-g)(b—x)
(f(gx+ (1 —q)b) +g(gx+ (1 —q)b)) S¢ (f(x) +8(x))
(1-gq)(b—x)

ch/ (f+g)(x)=
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( (f(gx+(1-9)b)Sef(x))+(8(gx+(1-q)b)Seg(x))

(=) o =0,

\ (f(qx+(l_q)b)egfg)f),)ff((b_,%qﬁ(l_q)b)gggm), fty <0,
(flgx+(1=g)b)Se f(x)) | (g(gx+(1—q)b)Seg(x))

et ey 20,

(f(@x+(1-9)b)Sef(x))

(—glgx+(1-g)b)Seg(x))

ok O agoan o <0
_ JPDef(x) +" Dyg(x), fit > 0,
quf(x) Og (_qug(x)) ) hity <0.

(2) By Definition 5, we have
Dy (M) (x) = (Af) (gx+ (1 —g)b) ©g (Af) (x)

(1-q)(b—x)
_y et (1-9)b) O f(v)
(1=q)(b—x)
= AD,f(x).

(3) By Definition 5, we have

(fe g)(qur( Q))@ (f ¢ 8) (x)
(flgr+(1-q)b > ((1 cyls <q)x+<1 Do) S0 >0,

(f(gx+(1-q)b) O f (x)) +(—g(gx+(1-¢)p)Seg(x))

1—q)(b—) , hty <0, 1314 > 0,
_ ) PDyf(x) S} Dyg(x), ity >0, t3t4 > 0,
quf(x) + (7qug(x)) , hta <0, t3t4 > 0.

4, Iqb—INTEGRAL FOR INTERVAL-VALUED FUNCTIONS

In this section, we present the concepts of Ig”-integral for IVFs and give some
properties.

Definition 6 (/¢"-integral). Let f: [a,b] — R} be a continuous IVF, the definite
integral Ig’-integral of f on [a,b] is given by

PIf(x) /f 0)’djt=(1—q)(b— qu"qu+(1— "\b).
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Theorem 6. Ler f, g: [a,b] — Ry are continuous IVFs and L € R, we have the
following properties:

(1) PL,(f+8)(x) ="If(x)+ P I,g(x),
(2) PI (A f)(x) = AP I f(x).

Proof. By Definition 6, we have

oo

"L(f+8)x) =(1—q)(b—x) Y. ¢"(f+8)(¢"x+ (1—¢")b)
n=0

—(1—q)(b—x) Y. " (Fg"x+ (1 —g")b) + glg"x + (1 —¢")b)
=0

n=

—(1-g)(b—x) ioq"f<q"x+ (1-¢")b)

(- g)(b—2) ioq"g(q"” (1—4")b)

=1, f(0) + " Lg(x),
and

oo

Pl ) = (1 —=q)(b—x) Y ¢" (A f)(g"x+ (1 —¢")b)

n=0
A (1—q)(b—x) Y ¢ (g + (1—g)b) = AP Lf(x).
n=0
]

Theorem 7. Let f: [a,b] — R; be a continuous IVF, then f is I q"-integral on
la,b] if and only if f and f is q’-integral on [a,b], and

Y1 0) = [Pt (), P,

Proof. The proof can be obtained by combining Definitions 4 and 6 and hence is
omitted. U

Example 3. Let f: [0,1] — R, be given by
fl) = [, ]

For 0 < g < 1, we have

1 1 1
11 _ 211 11
/o f(x) dyx= [/0 x° dyx, /0 X dqx}

- o 2
- [“‘”Zq”(l—q"ﬂ (1—61)261"(1—61”)] - {61(1“1) q]

n=0 n=0
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Theorem 8. Let f,g: [a,b] — R, are continuous IVFs, then
b b b
| 1w dixe, [ e alxc [T (1@ o) g
a a a
Moreover, if w(f(x)) —w(g(x)) has a constant sign on |a,b), then

b
[ 10 afxe, [ g tatv= [ (70 Ogae)

Proof. First, we have

/ab min [f(x) — g(x), f(x) —g(x)] *dx

q

< min{/ab (f(x)—g(x)) "d)x, /ab (f(x)—2g(x) bdlx}

q

< max{/ab (f(x)—g(x)) bdqlx, /b (f(x)—3(x)) bd;x}

a

b _
< [ max [£0) — g0, T) — ()] “djx

This implies that q
/a ’ f(x) Pdlxe, / bg(X) Ydx
= [min{/ab (f(x)—g(x)) Pd]x, /ab (f(x) —g()) bdqlx} ;

max{/ab (f(x)—g(x)) bdéx, /b (f(x)—2g(x) bdlx}]

q
|/ min {00~ 500,700 20} ",
[ max {160) - 0070 860} |
= [ (988t P

m
B
S
P
=
o
=1

This implies that

b b
/ F(x) bd;xeg/ g(x) bdqlx
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- [min{/ab (f(x) —g(x)) "d}x, /” (o) —200) bd;x},

a

max{/b (f(x) —g(x)) Pdlx /b () —20) bd;xH
[/fx ) bdlx /f bdf]@g[/ ()bdqx/ag(x)bdqlx:|
/ x) S 8(x)) "dx.

Example 4. Let f,g,h: [0,1] — R, are given by
f(x) =[x, g(x) =[], h(x) = [-22%,247].
We have w(f(x)) —w(g(x)) =2x(1 —x) >0, x€[0,1] and
fx) g g(x) =[x+, x =),

e [Nt
/ £(x) ”dqx@g/o g(x) Pdgx = [ [2]4[3]q’[2]q[3]q]’
, 1 i [ al—q+¢*) 9(1—q+4¢%)
/ f(x) bdqx@g/ h(x) bdqx— |:— 21,131, ’ 2],3]4 :| ’
2 2

and
1 1 1
| e e, [ ne g [ (rw e v

Theorem 9. Let f: [a,b] — Ry. If f is Iq°-differentiable on [a,b], then *D, f(x)
is 1qP-integrable. Moreover, if f is u-monotone on [a,b], then

fle)og flx) = /xC D, f(s) bd;s forall s € [x,b]. 4.1)
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Proof. If f is IqP-integrable on [a,b], then from Theorem 7 it follows that f and
f are g"-integrable. Hence, *D, f(x) and *D, f(x) are g’-integrable. Therefore, The-
orem 3 imply that *D,, f(x) is I¢q"-integrable.

If f is y-increasing on [a, b, then

quf(x) = [quI(x), qu?(x)] )
for all x € [a,b]. Then we have that

)= = [ PDuf(9) dys, T =TW = [ DF() s

X

It follows that
f(o) :f(x)—i—/xc "D, f(s) bdqls.

Since f is py-increasing on [a,b], we have

CEWORY| "D, f(s) d!s.

If f is u-decreasing on [a, b], then

quf(x) = [quf(x), quJj(X)] )

for all x € [a,b]. Then we get that

[ "Durts) Pals = [ [ tDFs) s, [ 0D,f) bdqs}

X

Remark 1. If f is p-increasing on [a, b], then (4.1) is equivalent with
c
F€) = £+ [ "Df(s) Pl
X

and if f is y-decreasing on [a, b], then (4.1) is equivalent with

109 =10+ (= [ *Dus9) s ).

X
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5. Iq*-HERMITE-HADAMARD INEQUALITIES

Now we review the definition of interval convex function.

Definition 7. [20, Definition 5] Let f: [a,b] — R} be an IVF. We say that f is
interval convex function or that f € SX([a,b],R}), if for all x,y € [a,b] and € [0, 1],
we have

flx+(1=1)y) 21f(x) + (1 =1)f(y).
Next, we prove the Hermite-Hadamard type inequalities for I¢”-integrable IVFs.

Theorem 10. Let f: [a,b] — R} be a gH-differentiable convex IVF over |a,b),
then the following inequalities hold for 1q°-integral:

a+qgb 1 b fla)+qf(b)

where g € (0,1).

Proof. We observe that

a[;]zb = io(l —q)q" (¢"a+(1—-q")b),

oo

where Y (1 —g)q" = 1. Thus, by the convexity of f, Jensen’s inequality implies

n=0

a+qb - 1 b
7(“52) 2 Lo s @ar (=0 = 1 [ ) b

and the first inequality in (5.1) is proved.
Now, for the second inequality in (5.1), we suppose that

o) = oy FOI SO0 brle) ety

and for the convexity of f, we have
fx) 2 s(x).
Hence by using I¢”-integration, we have

[ ot [ = [0

and the second inequality in (5.1) is also proved. The proof is completed. O

Lemma 1. If f(x) = [f(x),f(x)] and f(x) = f(x) for all x € [a,b], then we get
the (2.1). If in (5.1), we get the classical Hermite-Hadamard inequality.
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Example 5. Let f: [0,1] — R} is given by f(x) = [x?,x], then f is interval convex
function, and

a+qgb —q72 q
1 2, )= 2RI ]

1 b bl [q(1+4°) 9
s=a, 109 4= " [21]
fla)+qf®) | qq

2. L2l

Then, we obtain that

¢ q | [a0+d) a1 [a a
[[2]3,’ mq] . [ 2,3, ’mq] . {mq’ mq]'

Consequently, Theorem 10 is verified.

Summing up the results in Theorem 10 and Theorem 5.3 of [11] yields the next
corollary.

Corollary 1. Let f: [a,b] — R} be a gH-differentiable convex IVF over |a,b),
then we have

() () 2 om0 e g [
2 f(a)+ f(b)

where g € (0,1).

Corollary 2. Let f: [a,b] — R} be a gH-differentiable convex IVF over |a,b),
then we have

zf(a+b> 5

where g € (0,1).

ia {/abf(@ bdéH/ubf(x) adq’x} 2 f@)+f(b),  (53)

Proof. By Corollary 1, it is enough to see that by the convexity of f,
a+b lga+b la-+gb 1 a+b 1, (agq+b
H(57) =G ) 2 () o ()
2 2 2], 2 2], 2 2], 2 2],

Remark 2. If in (5.2) or (5.3), we make g — 1, we get the classical Hermite-
Hadamard inequality.

g
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Theorem 11. Let f: [a,b] — R} be a gH-differentiable convex IVF over |a,b),
then the following inequalities hold for 1q°-integral:

qa+b (1-¢)(b—a), ga+b 1 b ) baly
f( 2]4 )+ 2], qu( 2]4 )217_‘1/0 f®) dq
(@) +af(b)
- 2

where g € (0,1).

Proof. According to the Ig°-differentiability of f on [a, b], there are two tangents

at the point % q“+b € (a,b), and their equations are
ga+b (I—g)(b—a), ga+b
hy(x) = f ( ) + Dyf
) =1 2] l+gq =\ 2 lq
and
— —(qa+b (I1—q)(b—a), ga+b
hy(x) = f( > + D,f
2] I+q ! 2]
Since f € SX([a,b],R}), we have
ha(x) 2 f(x),
for all x € [a,b]. By IqP-integrating this inequality with respect to x on [a, b] we have

[ i

L) m(52) (2
(552 (52 ([ )
() (5

oo (452 o (452)
8 <(1_Q)(b_a) [(1 1q_ 1—1612>a+ 1 —1612]?] _(b_a)a[;]jb>

— (b—a)f<qc[12£b> n quf<qc[12£b) <(b_a)a+qb _(b_a)Qa+b>
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_ (b_a)f(aﬂzb) . quf(an) (b—a)’(1-q)

[2]61 mq l+q
b
D[ flx)? d; X.
a
Combining the above formula with (5), we come to the conclusion. ]

CONCLUSIONS

We introduced the concept of Ig”-calculus of interval-valued functions and studied
their important properties. Furthermore, we gave Hermite-Hadamard-type inequalit-
ies by using these results. Our results generalized some existing theories of quantum
calculus. Next, we intend to further study some applications of quantum calculus and
quantum calculus of fuzzy interval-valued functions.
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