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Abstract. In the paper we consider canonical almost geodesic mappings T, (e), e = %1, of spaces
with affine connection onto 2-symmetric, 3-symmetric and m-symmetric spaces. The main equa-
tions for the mappings have been obtained as closed systems of PDEs of Cauchy type in covari-
ant derivatives. We have found the maximum numbers of essential parameters which the general
solutions of the systems depend on.
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1. INTRODUCTION

The paper is devoted to further study of the theory of almost geodesic mappings of
affinely connected spaces. The theory goes back to the paper [14], by T. Levi-Civita,
in which the problem on the search for Riemannian spaces with common geodesics
was stated and solved in a special coordinate system. We note a remarkable fact that
this problem is related to the study of equations of dynamics of mechanical systems.

The theory of geodesic mappings has been developed by T. Thomas, J. Thomas,
H. Weyl, L. P. Eisenhart, P.A. Shirokov, A.S. Solodovnikov, N.S. Sinyukov, A.V. Ami-
nova, J. Mikes, and others, see [, 16,20].

Issues arisen by the exploration were studied by V.F. Kagan, D.V. Vedenyapin,
G. Vranceanu, Ya.L.Shapiro and others. The authors discover special classes of
(n —2)-projective spaces.

In [17], A.Z.Petrov introduced the notion of quasi-geodesic mappings. In par-
ticular, holomorphically projective mappings of Kéhlerian spaces are special quasi-
geodesic mappings; they were examined by T. Otsuki and Y. Tashiro, M. Prvanovi¢,
J. Mikes, and others, see [16,20].
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A natural generalization of these classes of mappings is the class of almost geodesic
mappings introduced by Sinyukov (see [19,20]). He also specified three types of al-
most geodesic mappings 7y, Ty, T3.

The theory of almost geodesic mappings was developed by V.S.Sobchuk [22],
N.Y. Yablonskaya [25], V.E.Berezovski, J. Mikes [2-11, 15, 16], L;j.S. Velimirovi¢,
N. Vesié, M.S. Stankovic, [24] et al.

In this paper we consider almost geodesic mappings of the second type m;(e),
e = %1, of spaces with affine connection onto 2-symmetric, 3-symmetric and m-sym-
metric spaces. The main equations for the mappings have been obtained as closed
systems of PDEs of Cauchy type in covariant derivatives. Also we have found the
maximum numbers of essential parameters which the solutions of the systems de-
pend on.

2. BASIC DEFINITIONS OF ALMOST GEODESIC MAPPINGS OF SPACES WITH
AFFINE CONNECTIONS.

Let us recall the basic definition, formulas and theorems of the theory presented in

[’ b b 9 ]'

Consider a space A, with an affine torsion-free connection I"f’](x) The space is

referred to a local coordinate system x',x2 ..., x".
A curve [: x" = x"(t) in the space A, is a geodesic if its tangent vector A"(1) =
dx"(t) /dt satisfies the equations

A =p(1)-\,
where

M= NS = N (1) /i + Tl (x()) A4 ()P (1),

9

and p(¢) is a function of 7. We denote by comma “, ” the covariant derivative with
respect to the connection of the space A,.

A curve [: x* = x"(¢) in the space A, (n > 2) is an almost geodesic if its tangent
vector A (¢) satisfies the equations

Mo=a(t) M +b@r) A

where M = k}l”al‘*, a(t) and b(t) are functions of ¢.

We say that a mapping f : A, — A, is an almost geodesic mapping if any geodesic
curve of A, is mapped under f onto an almost geodesic curve in A,,.

Suppose, that a space A,, with affine connection I’ flj(x) admits a mapping f onto

a space A, with affine connection l:f’j (x), and the spaces are referred to a common

coordinate system x!,x%,...,x".

The tensor

Plix) =T} (x) — T (x) @.1)

J



CANONICAL ALMOST GEODESIC MAPPINGS 7 (e) 95

is called a deformation tensor of the connections Ff’j(x) and l:f’j (x) with respect to
the mapping f. The symbols Ff-‘j (x) and 1:1}»’1- (x) are components of affine connections

of the spaces A, and A, respectively. The components are expressed in the common
local coordinate system.

It is known [16,20,21] that a necessary and sufficient condition for the mapping
of a space A, onto a space A, to be almost geodesic is that the deformation tensor
Pf; (x) of the mapping f in the common coordinate system x!,x?, ..., x" has to satisfy

the condition
h h h
Al AN = a- PRAAP + 2"
2 n

where A" is an arbitrary vector, a and b are certain functions of variables x',x?,... x
and A', A%, ... A" The tensor A/?.k is defined as

def

Al S Pl 4+ PIPY.
According to the character of a and b, i. e. depending on how the functions involve
the coordinates A!,A%,..., A" of the vector A, N.S. Sinyukov [16, 20] distinguished

three kinds of almost geodesic mappings, namely 7, 7, and 7.
A mapping f : A, — A, is called almost geodesic of type T, if the conditions

h h h
Alijoy) = 8(iajk) +biPy

are satisfied, where a;; is a symmetric tensor, b; is a covariant vector, and Bf‘ is the
Kronecker delta. We denote by the round parentheses an operation called symmetriz-
ation without division with respect to the indices i, j and k.

A mapping f: A, — A, is called almost geodesic of type T, if the conditions

Pli= Sh.wj +F(’?<p i) (2.2)
Fl )+ FaFito) = 8wy + Flipj (2.3)

holds. Here y;, @;, u;, p; are some covectors, Fi”‘ is a tensor of type (1,1).

We consider mappings 7, : A, — A, characterized locally in a common coordinate
system, by the equations (2.2) and (2.3) as corresponding to Fih (x).

A mapping T, satisfies the mutuality condition if the inverse mapping is also an
almost geodesic of type 7, and corresponding to the same affinor Fl.h (x).

The mappings T, satisfying the mutuality condition will be denoted as m;(e),
where e = —1,0, 1.

As it was proved in [23], in the case when e = *1 the basic equations of the
mappings T, (e) can be written as (2.2), the differential equations

7
/ h
Fli=F),  F, ®,jk7 Hij = HMijs  Mijk =Oijk, (2.4
and algebraic equations

5
Fij) = Fiup =8 Fjpa,  FeF*=e8!, ) =0y, (25)
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where
L 2 hpo. h o ph op
®le _®Uk+® ®jki+2F0€R O ji — F R ]k—l—F R T R OW,
2
®), = HiF}), _Sl(liFﬁk“%
3 o h
0. k_® ®k]l+F Rouk F, Rﬂk,

n 1B B
®]k_ B @ +2FB]FOL/€’
1

(n—1—Fg)? (= 1)
1

@U\
|||

8 B
®U+®QBF F}),

6, 2
O = 5 (o) + Ff g + g — 8m () — 8jmizg — iy O ),

7 1,5 5
Ok = poRyj; + 3 (©ijx + ®ik,j —Oui),  mij=F uq,,

Fl'(x), Fi? (x), ui(x), pij(x) are unknown functions, Rf‘jk(x) is the Riemann tensor of
the space A,. We denote by the brackets [ik] an operation called antisymmetrization
(or, alternation) without division with respect to the indices i and &.

Obviously, right hand sides of the equations (2. 4) depend on unknown functions
Fl'(x), Fi’} (x), ui(x), pij(x), and on the components I" ( ) of the space A,,.

The equations (2.4) and (2.5) form a closed mlxed system of differential equations
of Cauchy type in covariant derivatives with respect to the functions F}"(x), Fli’ (x),
ui(x), uij(x). Also the mapping 7>(e) depends on unknown functions y;(x), @;(x)
(see the equations (2.2)).

An almost geodesic mapping T, for which y; = 0 is called canonical. It is known
[21] that any almost geodesic mapping T, can be written as the composition of a
canonical almost geodesic mapping of type 7, and a geodesic mapping. The latter
may be referred to as a trivial almost geodesic mapping.

Hence canonical almost geodesic mappings T, (e), e = £1, are determined by the
equations

h h
Plijy = Fi®j> (2.6)
and also by the equationi (2.4) and (2.5).
A mapping f : A, — A, is almost geodesic of type 3, if the conditions

8’1\|1])+6hau, o) =p-8/+0"a;

holds. Here 6" is a certain vector, V;, a; are certain covectors, g;; is a certain sym-
metric tensor and p is a certain function.

The types of almost geodesic mappings 7, Tz, T3 can intersect. The problem
of completeness of classification had long remained unresolved. V. Berezovsky and
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J. Mikes [7] proved that for n > 5 other types of almost geodesic mappings except
T, T, and 73 do not exist.

3. CANONICAL ALMOST GEODESIC MAPPINGS T;(¢e), e = +1, OF SPACES A,
WITH AFFINE CONNECTIONS ONTO 2-SYMMETRIC SPACES

A space A, with an affine connection is called 2-symmetric if its Riemann tensor

R?jk satisfies the condition
=
Riitimp = 0. (3.1)

we denote covariant derivative respect to the connection of the

ER]

By the symbol “
space Aj,.

We recall that symmetric spaces A, are characterized by Rl =0. Symmetric

ijk|lm
spaces were introduced by P.A. Shirokov [18] and E. Cartan [12], see also S. Hel-
gason [13].

Let us consider the canonical almost geodesic mappings of type m,(e), e = +1, of
spaces A, with affine connection onto 2-symmetric spaces A,, which are determined

by the equations (2.4), (2.6) and (2.5). Suppose, that the spaces A, and A, are referred

to a common coordinate system X2, X
Since
—h =0 5h
Rijk\m = 1—J Rz]k (X]k F R kaRijw
then taking account of (2. l) we can obtain
Bh h P o o B
Rijk\m = Rl]k m+ P Ri]k PmlROLJk ijRi PmthJoc (3.2)

Since according to the definition of covariant derivative
—h
oR;;
—h ijklm -0 (x 71
(Rijk\m) o oxP + F(xp t}k\m F Rocjk\m F lock|m ka 1]0(|m L t}k\ocv

then taking account of (2.1), we have

—h —h
(Rijk\m) P = Rijk|mp P szk|m + PaROcjk|m + P Rzock|m

. 3.3)
+ IS;L)Rijoc\m + PmpRt]k\oc
Differentiating (3.2) with respect to xP in the space A,,, we get
(Rijk\m)7 Rz;kmp+P OCplek—’_Pl Rijkp Pt?;l pR(;]k PaROcjkp (3.4)
— — —h :
ij pRlOLk Pr(r); Rtock P Pmk pszoc R%kRij(Lp
Substituting in (3.3) from (3.4), we have
—h -h
Rijk,mp = Rijk|mp P Rt]k\m PuRoc]k\m +P(x z(xk\ +Pkp tj(x\
ho B h Y »
+Pa szk|oc Pm(x pRijk - PmocRijk,p +Pr(r>:l pRocjk +Pa R(l]k p
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+PJpRzock+ sztakp+ r(r)lckpRt](x_’—P lejOLp (35)

Suppose that the space A, is a 2-symmetric space. Then the identity (3.1) holds.
Hence from (3.5) we obtain

h

- —h
Rijk,mp P Rl]k\m + PaRa]k\m +P; pRtock\m + P/?é)Rij(x\m

_ PR — _
+Pa Rt]k\oc Pm(x pRtjk _Pm Rijk p +PI’?1€1 pRocjk +Pa Roc]k p (3.6)
+P(xj pit(xk +P mj Lockp +P mk psza+Pa lj(Xp

Let us introduce the tensor R, Jkm defined by

—h —h
Rijk.m = Rijiom- (3.7
It is known [16,20] that the Riemann tensors of the spaces A, and A, are related to
each other by the equations
N h i i i i
Riji = Riy+ Py — Pij j + PigPy; — P Py (3.8)

Since the deformation tensor of the mapping Pihj is represented by the equations (2.6),
it follows from (3.8) that

0ijFy + Qi jF — @iiF] — @ iF = Clly, (3.9)
where
Cz;k 7ljk ;]k i (FkJ + (pOCFkth + eak(PJ (PotFa - es?@k)
+(Pk( ij+(p(XFiath) (PJ( k"‘(PocFaFk) (3.10)
Let us multiply (3.9) by Fj" and contract for p and h. Hence we have
&1 @i+ 8 Or j — 87 @ix — 870k = eCiii Fy'. (3.11)
Contracting the equations (3.11) for m and i we get
o, =& o B
Orj = @jk = nr 1CB.ikF°" (3.12)
Again, contracting the equations (3.11) for m and k we get
nQij— ;i = eCligFa. (3.13)
Taking account of (3.12) the equations (3.13) can be written as
e 1 B
(pi’j:n—l(ciajﬁin—l—lcgﬂ)Fa' (3.14)

And finally, taking account of (2.4), (2.6) and (3.7) the equations (3.6) can be written

as
h

ﬁijkm p ®1]kmp ’ (3 15)
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where
Ot = —F o) R+ 19 Regjm + F{ 09 Riosim + i@ Rijoim
+ F(%(Pp)ﬁ?jkm - (F(}rln|p\(p(x) +F (%‘Poc),p)kg'k — K (Z(Pa)ﬁgkp +(F, (nlp| @)
+F (%(Pi)-,p)kgjk + F(%(Pi)kzjkp + (o) @) + F(?n‘Pj),p)E?ock

—=h —=h —=h
+F 9 Riokp + (Fonip)@1) + Fnu®i).0) Rijor + F @) Rijsp-

. —h .
Suppose, that in the above formula the tensors R; ;,, and @; ; are expressed according

to (3.2) and (3.14). Also we suppose that E?jkm = Fﬁljkm. Obviously, in the space A,
the equations (2.4), (3.7), (3.14) and (3.15) form a system of PDE’s of Cauchy type
in covariant derivatives with respect to functions F/*(x), Flil (x), mi(x), pij(x), E?jk (x),
R} jtm (%), @i(x), and the functions Fl'(x), Fi’} (x), ui(x), pij(x) must satisfy the algebraic
conditions (2.5). The algebraic conditions for the functions R?jk (x) are

—=h —h

Since R?( kim) = 0 and taking account of (2.6) and (3.2), we obtain another algebraic
condition

—h . h =0 h -0 h =0
Ri(jkm) = —F(m(Pa)Rijk - F(k(poc)Rimj - F(j(POL)Rikm
—h —h —h
+ F @i Roji + Fx @iy Roumj + F(790) Rogan- 3.17)

Hence we have the following theorem.

Theorem 1. In order that a space A, with affine connection admit almost geodesic
mapping of type m(e), e = +1, onto a 2-symmetric space A,, it is necessary and
sufficient that the closed mixed system of differential equations of Cauchy type in
covariant derivatives (2.4), (3.7), (3.14), (3.15), (2.5), (3.16), (3.17) have a solution

. . —h —h
with respect to functions F/'(x), Fl’} (), 1i(x), pij(x), Ry (%), R jiom (%), @i(x).

Consequence 1. The general solution of the closed mixed system of Cauchy type
(2.4), (3.7), (3.14), (3.15), (2.5), (3.16) and (3.17) depends on no more than

1
n(n®42n+2)+ gnz(n—}— (n*>—1)
essential parameters.

4. CANONICAL ALMOST GEODESIC MAPPINGS T, (e), e = £1, OF SPACES WITH
AFFINE CONNECTIONS ONTO 3-SYMMETRIC SPACES

A space A, with an affine connection is called 3-symmetric if its Riemann tensor

R; ;. satisfies the condition

—h
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We differentiate the equations (3.5) covariantly with respect to x/ and the con-
nection of A,. Then in the left-hand side we express the covariant derivative with
respect to the connection of A, in terms of the covariant derivative with respect to the
connection of A, using the formula

—h = pp— osh
(Rijk\mp)J - Rijk\mpl - PoclRijk\mp +F Rajk\mp +Pjj Rlak\mp

—h -h
+PISRija|mp +Pn(§lRijk|(xp +P leJk\moz

Let us introduce the tensor Rl kmp defined by
—h =h
Rijkm,p = Rijkmp' (42)

Suppose that the space A, is a 3-symmetric space. Then from the obtained equation,
if we take account of the equations (4.1) and (4.2), we have

Rijkmp,i = Ojkmpts 4.3)
where
h _ h O ol oc*h o o,
Ofjkmpt = —PazRijk|mp + Py Rojkjmp + PR iock|mp +PklRijoc|mp + PR jkjop

+ P lRl]k|m0L + ( P Rl]k\m +P R(xﬂc\m +P Rzock\m

h P o
+PkpRijoc|m +P Rz]k|oc Pmoc pRka Pn11 Rijk p +Pn01(z pRocjk +Pa Rocjk p
+Pr%] pRl(Xk + mJRlOLk p +Pmk pRzJOL +PI?1LI<R1]OL p)

We have assumed that in the last formula the covariant derivatives of the tensors are
expressed according to the formulas (3.5), (3.4), (3.3), (3.2), (2.6) and (3.14).
Obviously, in the space A,, the equations (2.4), (3.7), (3.14), (4.2) and (4.3) form

a system of PDEs of Cauchy type with respect to the functions F/(x), Flil (x), wi(x),

137 (%), R5(x): R (x), Ry (), 9i(x). The functions F(x), Fh( ) #(3). ()

must satisfy the algebraic conditions (2.5). In turn the functions R, jk( x) and R; ka( X)
must satisfy the algebraic conditions (3.16) and (3.17).
Hence we proved the theorem:

Theorem 2. In order that a space A, with affine connection admit almost geodesic
mapping of type Ta(e), e = 1, onto a 3-symmetric space A, it is necessary and
sufficient that the closed mixed system of differential equations of Cauchy type in co-

variant derivatives (2.4), (3.7), (3.14), (4.2), (4.3), (2.5), (3.16), (3.17) have a solu-

. . . - = —h
tion with respect to functions F!'(x), F/J1 (x), mi(x), pij(x), R;jk(x), Rl-ljkm(x), Rijimp (%),

@i (x).
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Consequence 2. The general solution of the closed mixed system of Cauchy type
(2.4), (3.7), (3.14), (4.2), (4.3), (2.5), (3.16), (3.17) depends on no more than

1
n(n®+2n+2)+ gl’lz(l’l—l- D —1)

essential parameters.

5. CANONICAL ALMOST GEODESIC MAPPINGS T, (e), ¢ = 1, OF SPACES WITH
AFFINE CONNECTIONS ONTO m-SYMMETRIC SPACES

A space A, with an affine connection is called m-symmetric if its Riemann tensor

R; . satisfies the condition
—h
Rijkipips..om = 0- (5.1)
Of course 2-symmetric spaces and 3-symmetric spaces are special cases of m-sym-
metric spaces.

. Sh —h
Let us introduce the tensors Rz, 6,055 > Rijkp1paps...om 2pm_, defined by
—h —h
Rijkpips.p3 = Rijipipaps>
. (5.2)
—=h —h
R =R

ijkP1P2P3--Pm—2,Pm—1 ijkp1P2P3- -Pm—2Pm—1"

We differentiate (4.3) covariantly (m — 2) times with respect to the connection of the
space A, and in the left-hand side express the covariant derivatives with respect to the
connection of A, in terms of the covariant derivatives with respect to the connection
of A, using the formula

=h -h h B o B
(Rijklpl...p:fzpm),pT = Rijlpy...peape1pe ~ FopRijalpr..peapes T FipRetjklpy . peapes
ol —=h o —=h
+ J'PrRiOCk\leprszxfl +Pkerija|plwpr—zpr—l

o —=h A —h
T B0 0 Rijio.peapes T Fo o Rijilpr.pesarr
This equation was obtained maliing use of (2.1).
Let us assume that the space A,, is m-symmetric (m > 2). Hence, from the obtained
equation because of (5.3), using substitutions and transformations, taking account of
(5.1), we get

-h Ak
Ri,jkp1~--pm—2pm—lvpm - ®ijkpl~~-pmflpm’ (5'3)
h . . . h h ) B
where O ko1 1pm 18 @ tensor which involves unknown tensors F;", Fl-j, Mis Hij,
—=h  —=h —h i . .
®is Riji> Rijip,s -+ Rijip,..p,,- The tensor @y, . also involves some given
tensors.

Obviously, in the space A, the equations (2.4), (3.7), (3.14), (4.2), (5.2), (5.3) form
a closed system of PDEs of Cauchy type with respect to the functions F/*(x), Fli’ (x),
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ui(x), pij(x), @i(x), Rijk(x), Rijko, (x), ..., Rijkor. oms (x). The functions must satisfy
the algebraic conditions (2.5), (3.16) and (3.17).
Finally, we obtain the following theorem.

Theorem 3. In order that a space A, with an affine connection admit almost
geodesic mapping of type T (e), e = £1, onto an m-symmetric space A,, it is neces-
sary and sufficient that the closed mixed system of differential equations of Cauchy
type in covariant derivatives (2.4), (3.7), (3.14), (4.2), (5.2), (5.3), (2.5), (3.16) and
(3.17) have a solution with respect to functions F/'(x), Flé’(x) ui(x), pij(x), @i(x),

—h —h —h
Rijk (), Rijep, (X), - Rijkpy oy (X)-

Consequence 3. The general solution of the closed mixed system of Cauchy type
(2.4), (3.7), (3.14), (4.2), (5.2), (5.3), (2.5), (3.16) and (3.17) depends on no more
than

1
n(n*+2n+2) + gnz(lﬁ— (™ —1)

essential parameters.
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