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Abstract. In this paper, we first introduce new class of 2D-k-Laguerre-Konhauser polynomi-
als, δL(α,β)

k,n (x,y), which generalizes the 2D-Laguerre-Konhauser polynomials (see [18]). Then,

we define a new family of bivariate k-Mittag-Leffler functions E(γ)
k,α,β,δ(x,y) and establish the

k-Riemann-Liouville double fractional integral and derivative of the functions E(γ)
k,α,β,δ(x,y).

Moreover, we introduce an integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ which contains the bivariate

k-Mittag-Leffler functions E(γ)
k,α,β,δ(x,y) in the kernel and investigate the semigroup property of

this operator. Finally, the left inverse operator of the integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ is con-

structed.
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1. INTRODUCTION

In recent years, fractional calculus and its wide application have been paid to an
ever increasing extent attentions. In mathematical analysis, the fractional calculus is
a very important device to achive differentiation and integration with the real number
or complex number of the differential or intergral operator (see [2,9,10]). Miller and
Rose [13] and Kiryakova [12] defined a well known number of different fractional
calculus operators along with their properties and applications.

In recent decades, the fractional integral and derivative operators in terms of spe-
cial functions have started the use of important applications in different areas of math-
ematical analysis. The Mittag-Leffler function which includes the Gamma function
is one of the most famous special funtion which is used in the solution of fractional
order integral equations or fractional order differential equations.
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Apart from fractional calculus, the Mittag-Leffler function also plays a signific-
ant role in various braches of applied mathematics and engineering sciences, such as
chemistry, biology, statistics, thermodynamics, mechanics, quantum physics, inform-
atics, signal processing and others.

In this paper, we define and study a new class of 2D-k-Laguerre Konhauser poly-
nomials δL(α,β)

k,n (x,y) which generalizes the 2D-Laguerre-Konhauser polynomials (see

[3]). Also, we introduce a new family of k-Mittag-Leffler functions, E(γ)
k,α,β,δ(x,y). We

calculate k-Riemann-Liouville double fractional integral and derivative of the func-
tions E(γ)

k,α,β,δ(x,y). Moreover, we introduce an integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ with

respect to two variable k-Mittag-Leffler function, E(γ)
k,α,β,δ(x,y) in the kernel. We are

also able to define fractional derivative operators, making use of the semigroup prop-
erty.

In 2006, Diaz and Pariguan [6, 17] defined the Pochhammer k-symbol and
k-gamma function as

(γ)n,k :=

{
Γk(γ+nk)

Γk(γ)
if k ∈ R; γ ∈ C\{0};

γ(γ+ k) . . .(γ+(n−1)k) if n ∈ N; γ ∈ C;
(1.1)

where k-Gamma function Γk has a relation with the classical Euler’s gamma function
as:

Γk(x) = k
x
k−1

Γ

(x
k

)
(Re(x)> 0, k ∈ R+). (1.2)

Knowing that

Γ(x) =
∫

∞

0
tx−1e−tdt (Re(x)> 0).

When k = 1, (1.2) reduces to the classical Pochhammer symbol and Euler’s gamma
function, respectively. Integral representation of k-Gamma function [6, 17] is given
by

Γk(x) =
∫

∞

0
e−

tk
k tx−1dt (Re(x)> 0, k ∈ R+).

From (1.1) and (1.2), we have

(x)rq,k = krq
(x

k

)
rq

(k ∈ R+, x,r,q ∈ C).

As particular case

(x)r,k = kr
(x

k

)
r
.

The k-Beta function Bk [6] is defined by

Bk(x,y) =
1
k

∫ 1

0
t

x
k−1(1− t)

y
k−1dt (k ∈ R+, Re(x)> 0, Re(y)> 0)
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and we have

Bk(x,y) =
Γk(x)Γk(y)

Γk(x,y)
=

1
k

B
(m

k
,
n
k

)
.

The generalized k-Mittag-Leffler function is introduced by Chand et al. [5] as

Eγ,q
k,α,β(z) =

∞

∑
n=0

(γ)nq,k

Γk(αn+β)

zn

n!

(k ∈ R, α,β,γ ∈ C, Re(α)> 0, Re(β)> 0, Re(γ)> 0, q ∈ R+).

(1.3)

Special Cases of Eγ,q
k,α,β(z):

(1) For q = 1, (1.3) reduces to k-Mittag-Leffler function (see [8]) such that

Eγ,1
k,α,β(z) =

∞

∑
n=0

(γ)n,k

Γk(αn+β)

zn

n!
= Eγ

k,α,β(z).

(2) For k = 1, (1.3) yields Mittag-Leffler function (see [4]) defined as

Eγ,q
1,α,β(z) =

∞

∑
n=0

(γ)nq

Γ(αn+β)

zn

n!
= Eγ,q

α,β(z).

(3) For q = 1 and k = 1, (1.3) gives Mittag-Leffler function presented by
Prabhakar [19]

Eγ,1
1,α,β(z) =

∞

∑
n=0

(γ)n

Γ(αn+β)

zn

n!
= Eγ

α,β(z).

(4) For q = 1, k = 1 and γ = 1, (1.3) reduces the following Mittag-Leffler
function (see [21])

E1,1
1,α,β(z) =

∞

∑
n=0

zn

Γ(αn+β)
= Eα,β(z).

(5) For q = 1, k = 1, γ = 1 and β = 1, (1.3) gives Mittag-Leffler function
introduced by Gösta Mittag-Leffler (see [14, 15])

E1,1
1,α,1(z) =

∞

∑
n=0

zn

Γ(αn+1)
= Eα(z).

As an initial motivation, we consider the following class of generalized Laguerre-
Konhauser polynomials were introduced by Bin-Saad [3]

δL(α,β)
n (x,y) = n!

n

∑
s=0

n−s

∑
r=0

(−1)s+rxr+αyδs+β

s!r!(n− s− r)!Γ(α+ r+1)Γ(δs+β+1)

(α,β ∈ R, δ = 1,2, · · ·).
(1.4)
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Recently, Özarslan and Kürt (see [18]) have considered Laguerre-Konhauser poly-
nomials δL(α,β)

n (x,y) and defined a bivariate Mittag-Leffler functions E(γ)
α,β,δ(x,y) by

E(γ)
α,β,δ(x,y) =

∞

∑
r=0

∞

∑
s=0

(γ)r+s

Γ(α+ r)Γ(β+δs)
xr

r!
yδs

s!

(α,β,γ ∈ C, Re(α),Re(β),Re(δ)> 0).
(1.5)

Remark 1. According to the convergence conditions investigated by Srivastava
and Daoust ([20], pp. 155) for the generalized Lauricella series in two variables, the
series in (1.5) converges absolutely for Re(δ)> 0.

From (1.4) and (1.5), we see

δL(α,β)
n (x,y) = xαyβE(−n)

α+1,β+1,δ(x,y).

In a view of the above definitions and motivations, in this paper, we introduce a
new class of 2D-k-Laguerre-Konhauser polynomials by

δL(α,β)
k,n (x,y) =

n

∑
s=0

n−s

∑
r=0

(−nk)k,r+sxr+αyδs+β

Γk(α+ r+1)Γk(δs+β+1)
xr+α

r!
yδs+β

s!

= n!
n

∑
s=0

n−s

∑
r=0

(−1)r+skr+s

(n− s− r)!Γk(α+ r+1)Γk(δs+β+1)
xr+α

r!
yδs+β

s!

(1.6)

In the case k = 1, relation (1.6) coincides with the 2D-Laguerre-Konhauser polyno-
mials (1.4).

According to the inverse operator
∧
D
−α

x i.e.
∧
D
−α

x f (x) :=
1

Γ(α)

∫ x

0
f (t)dt , Re(α)> 0;

we can rewrite δL(α,β)
k,n (x,y) in the operational representation as

δL(α,β)
k,n (x,y) =

n

∑
s=0

n−s

∑
r=0

(−nk)k,r+s kD̂−r
x kD̂−δs

y

{
x

α

k y
β

k

Γk(α+1)Γk(β+1)

}
which further yields the Rodrigues-type relation

E(γ)
α,β,δ(x,y) =

(
1−

∧
D
−1

x

∧
D
−δ

y

)−γ{
xα−1yβ−1

Γk(α)Γk(β)

}
.

We also motivate by the above results and define the following extended type
k-Mittag-Leffler function of two variables:

E(γ)
k,α,β,δ(x,y) =

∞

∑
r=0

∞

∑
s=0

(γ)r+s,k

Γk(α+ r)Γk(β+δs)
xr

r!
yδs

s!(
k ∈ R+, α,β,γ ∈ C, Re(α),Re(β),Re(δ)> 0

)
.

(1.7)
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Remark 2. According to the convergence conditions investigated by Srivastava
and Daoust ([20], pp. 155) for the generalized Lauricella series in two variables, the
series in (1.5) converges absolutely for Re(δ)> 0.

Special Cases of E(γ)
k,α,β,δ(x,y):

(1) For k = 1, (1.7) is a particular case of (1.5).
(2) When x→ 0 and r = 0, we get a k-Mittag-Leffler function of one variable

E(γ)
k,α,β,δ(0,y) =

1
Γk(α)

Eγ

k,δ,β(y
δ).

Comparing (1.6) and (1.7), we see that

δL(α,β)
k,n (x,y) = xαyβE(−nk)

k,α+1,β+1,δ(x,y). (1.8)

This paper is organised as follows: In Section 2, we investigate the Riemann-
Liouville double k-fractional integral and derivative of E(γ)

k,α,β,δ(x,y) and δL(α,β)
k,n (x,y).

In Section 3, we obtain the double Laplace transform of E(γ)
k,α,β,δ(x,y) and δL(α,β)

k,n (x,y).

Also, we find the linear generating function for the polynomials δL(α,β)
k,n (x,y) by

means of E(γ)
k,α,β,δ(x,y). In Section 4, we introduce an integral operator and estab-

lish its fundamental properties.

2. FRACTIONAL CALCULUS APPROACH

In this section, we study the Riemann-Liouville double k-fractional integral and
derivative properties of E(γ)

k,α,β,δ(x,y) and δL(α,β)
k,n (x,y).

Definition 1 (see [16]). Let α ∈ R+ and n ∈ N such that n − 1 < α < n,
f ∈ L1([0,∞). Then the Riemann-Liouville integral of f is

Iα

k f (x) =
1

kΓk(α)

∫ x

0
(x− t)

α

k−1 f (t)dt.

Clearly, when k = 1 then Iα

k f (x) reduces to the Riemann-Liouville fractional in-
tegration formula (see [11]).

Similarly, k-Riemann-Liouville double fractional integral of f (x,y) is defined as
follows:

k,yIλ

b+ k,xIµ
a+ f (x,y) =

1
k2Γk(µ)Γk(λ)

∫ y

b

∫ x

a
(y− τ)

λ

k−1(x− t)
µ
k−1 f (t,τ)dtdτ

(x > a, y > b, Re(λ)> 0, Re(µ)> 0).

Theorem 1. For α,β,γ,δ ∈ C, Re(α),Re(β),Re(δ),Re(γ),Re(λ),Re(µ) > 0, we
have

k,xIλ

a+ k,yIµ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]
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=
(x−a)

α+λ

k −1(y−b)
β+µ

k −1

k2 E(γ)
k,α+λ,β+µ,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k ).

Proof. Interchanging the order of series and fractional integral operators yields

k,xIλ

a+ k,yIµ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]

=

x∫
a

y∫
b

(x− t)
λ

k−1(t−a)
α

k−1(y− τ)
µ
k−1(τ−b)

β

k−1E(γ)
k,α,β,δ

(ω1(t−a)
1
k ,ω2(τ−b)

1
k )dτdt

=
1

kΓk(λ)

1
kΓk(µ)

∞

∑
r=0

∞

∑
s=0

(γ)r+s

Γk(α+ r)Γk(β+δs)
ωr

1
r!

ωδs
2

s!
×

x∫
a

(x− t)
λ

k−1(t−a)
α

k +
r
k−1dt

y∫
b

(y− τ)
µ
k−1(τ−b)

β

k +
δs
k −1dτ

=
(x−a)

k

α+λ

k −1 (y−b)
k

β+µ
k −1

×

∞

∑
r=0

∞

∑
s=0

(γ)k,r+s

Γk(α+λ+ r)Γk(β+µ+δs)

[
ω1(x−a)

1
k

]
r!

[
ω2(y−b)

1
k

]δs

s!

=
(x−a)

k

α+λ

k −1 (y−b)
k

β+µ
k −1

E(γ)
k,α+λ,β+µ,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k ),

which completes the desired proof. �

Corollary 1. As a consequence of (1.8) and Theorem 1, we have

k,xIλ

a+ k,yIµ
b+

[
δL(α,β)

k,n (ω1(x−a),ω2(y−b))
]
= δL(α+λ,β+µ)

k,n (ω1(x−a),ω2(y−b)),

where α,β,γ,δ ∈ C, Re(α),Re(β),Re(δ),Re(γ),Re(λ),Re(µ)> 0.

Definition 2 (see [7]). Let k,α ∈ R+ and n ∈ N such that n− 1 < α < n,
f ∈ L1([0,∞). Then the Riemann-Liouville derivative of f is

Dα

k f (x) =
(

d
dx

)n

kn
k,xInk−α

a+ f (x).

Obviously, if k = 1 then Dα

k f (x) coincides with the Riemann-Liouville fractional
derivative (see [11]).

Similarly, k-Riemann-Liouville double fractional derivative of f (x,y) is defined as
follows:

k,yDλ

b+ k,xDµ
a+ f (x,y) =

(
∂

∂x

)n (
∂

∂y

)m

kn km
k,xInk−α

a+ k,yImk−µ
b+ f (x,y)
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(x > a,qy > b, Re(λ)> 0, Re(µ)> 0).

Theorem 2. For α,β,γ,δ ∈ C, Re(α),Re(β),Re(δ),Re(γ),Re(λ),Re(µ) > 0, we
have

k,xDλ

a+ k,yDµ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]

= (x−a)
α−λ

k −1(y−b)
β−µ

k −1E(γ)
k,α−λ,β−µ,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k ).

Proof. Interchanging the order of series and fractional integral operators yields

k,xDλ

a+ k,yDµ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]

=

(
∂

∂x

)n(
∂

∂y

)m

knkm

=k,n Ink−λ

a+ k,mImk−µ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]

=

(
∂

∂x

)n(
∂

∂y

)m

knkm 1
kΓk(nk−λ)

1
kΓk(mk−µ)

∞

∑
r=0

∞

∑
s=0

(γ)k,r+sω
r
1ωδs

2
r!s!Γk(α+ r)Γk(β+δs)

×
x∫

a

(x− t)
nk−λ

k −1(t−a)
α+r

k −1dt
x∫

b

(y− τ)
mk−µ

k −1(τ−b)
β+δs

k −1dτ

=

(
∂

∂x

)n(
∂

∂y

)m

knkm 1
kΓk(nk−λ)

1
kΓk(mk−µ)

∞

∑
r=0

∞

∑
s=0

(γ)k,r+sω
r
1ωδs

2
r!s!Γk(α+ r)Γk(β+δs)

× Γh(nk−λ)Γk(α+ r)
Γk(nk−λ+α+ r)

Γk(mk−µ)Γk(β+δs)
Γk(mk−µ+β+δs)

× (x−a)
nk−λ+α

k + r
k−1(y−b)

mk−µ+β

k + δs
k −1

Since Γk(nk − λ + α + r) = k
nk−λ+α+r

k −1
Γ(nk−λ+α+r

k ) and Γk(mk − µ + β + δs)

= k
mk−µ+β+δs

k −1
Γ(mk−µ+β+δs

k ), we have

k,xDλ

a+ k,yDµ
b+

[
(x−a)

α

k−1(y−b)
β

k−1E(γ)
k,α,β,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k )
]

= (x−a)
α−λ

k −1(y−b)
β−µ

k −1

∞

∑
r=0

∞

∑
s=0

(γ)k,r+sω
r
1ωδs

2
Γk(α−λ+ r)Γk(β−µ+δs)

(x−a)
r
k−1

r!
(y−b)

δs
k −1

s!

= (x−a)
α−λ

k −1(y−b)
β−µ

k −1E(γ)
k,α−λ,β−µ,δ(ω1(x−a)

1
k ,ω2(y−b)

1
k ).

Hence, the result is achieved. �
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Corollary 2. As a consequence of (1.8) and Theorem 2, we have

k,xDλ

a+ k,yDµ
b+

[
δL(α,β)

k,n (ω1(x−a)
1
k ,ω2(y−b)

1
k )
]

= δL(α−λ,β−µ)
k,n (ω1(x−a)

1
k ,ω2(y−b)

1
k ),

where α,β,γ,δ ∈ C, Re(α),Re(β),Re(δ),Re(γ),Re(λ),Re(µ)> 0.

3. LAPLACE TRANSFORM AND GENERATING FUNCTION

In this section, we obtain the double Laplace transform of E(γ)
k,α,β,δ(x,y) and

δL(α,β)
k,n (x,y). Moreover, we derive the linear generating function for the polynomi-

als δL(α,β)
k,n (x,y) in terms of E(γ)

k,α,β,δ(x,y). The double Laplace transform (see [1]) of
f (x,y) is defined as

L2[ f (x,y)](p,q) =
∞∫

0

∞∫
0

e−(px+qy) f (x,y)dxdy (Re(p)> 0, Re(q)> 0).

Theorem 3. Let α,β,γ,δ ∈ C, Re(α),Re(β),Re(δ),Re(γ),Re(p),Re(q) > 0,∣∣∣ωδ
2

qδ

∣∣∣< 1 and
∣∣∣∣ ω1qδ

p(qδ−ωδ
2)

∣∣∣∣< 1. Then we have

L2

(
x

α

k−1y
β

k−1E(γ)
k,α,β,δ(ω1x

1
k ,ω2y

1
k )
)
(p,q)

= p−
α

k q−
β

k k2k−
α

k k−
β

k

(
1−

kωδ
2(pk)

1
k +ω1(qk)

δ

k

(pk)
1
k (qk)

δ

k

)− γ

k

.

Proof. Interchanging the order of series and fractional integral operators yields

L2

(
x

α

k−1y
β

k−1E(γ)
k,α,β,δ(ω1x

1
k ,ω2y

1
k )
)
(p,q)

=
∞

∑
r=0

∞

∑
s=0

(γ)k,r+sω
r
1ωδs

2
Γk(α+ r)Γk(β+δs)r!s!

∞∫
0

e−pxx
α

k +
r
k−1dx

∞∫
0

e−qyy
β

h+
δs
k −1dy

=
∞

∑
r=0

∞

∑
s=0

(γ)k,r+s

Γk(α+ r)Γk(β+δs)r!s!
ωr

1

p
α+r

k

ωδs
2

q
β+δs

k

∞∫
0

e−uu
α+r

k −1du
∞∫

0

e−vv
β+δs

k −1dv

=
1

p
α

k

1

q
β

h

∞

∑
r=0

∞

∑
s=0

(γ)k,r+s

Γh(α+ r)Γh(β+δs)r!s!
Γ

(
α+ r

h

)
Γ

(
β+δs

k

)(
ω1

p

) r
k
(

ω2

q

) δs
k

Since
Γ( α+r

k )
Γk(α+r) =

1
k

α+r
k −1

and
Γ

(
β+δs

k

)
Γk(β+δs) =

1

k
β+δs

k −1
, it follows

L2

(
x

α

k−1y
β

k−1E(γ)
k,α,β,δ(ω1x

1
k ,ω2y

1
k )
)
(p,q)
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=
1

p
α

h

1

q
β

k

k2 1

k
α

k

1

k
β

k

∞

∑
r=0

∞

∑
s=0

(γ)k,r+sω
r
1ωδs

2

r!s!
(

k
1
k

)r(
k

δ

k

)s

(
1

p
1
k

)r(
1

q
δ

k

)s

=
1

p
α

k

1

q
β

k

k2 1

k
α

k

1

k
β

k

∞

∑
r=0

(γ)k,rω
r
1

r!
(

k
1
k

)r

(
1

p
1
h

)r
∞

∑
s=0

(γ+ kr)h,sω
δs
2

s!
(

k
δ

k

)s

(
1

q
δ

k

)s

=
1

p
α

k

1

q
β

k

k2 1

k
α

k

1

k
β

k

∞

∑
r=0

(γ)k,rω
r
1

r!
(

k
1
k

)r

(
1

p
1
k

)r(
1−

kωδ
2

(qk)
δ

k

)−( γ+kr
k )

=
1

p
α

k

1

q
β

k

k2 1

k
α

k

1

k
β

k

(
1−

kωδ
2

(qk)
δ

k

)− γ

k ∞

∑
r=0

(γ)k,rω
r
1

r!
(

k
1
k

)r

(
1−

kωδ
2

(qk)
δ

k

)−r

=
1

p
α

k

1

q
β

k

k2 1

k
α

k

1

k
β

k

(
1−

kωδ
2

(qk)
δ

k

)− γ

k
1− ω1(qk)

δ

k

(pk)
1
k

(
qk)

δ

k − kωδ
2

)
−

γ

k

= p−
α

k q−
β

k k2k−
α

k k−
β

k

(
1−

kωδ
2(pk)

1
k +ω1(qk)

δ

k

(pk)
1
k (qk)

δ

k

)− γ

k

.

Whence the result. �

Corollary 3. For the polynomials δL(α,β)
k,n (x,y), we have

L2

(
δL(α,β)

k,n (ω1x,ω2y)
)
(p,q) =

ωα
1

pα+1
ω

β

2

qβ+1

(
pqδ− (ωδ

2 p+ω1qδ)

pq)δ

)n

.

In the next theorem, we give the linear generating function for the polynomials

δL(α,β)
k,n (x,y) in terms of the bivariate k-Mittag-Leffler function E(γ)

k,α,β,δ(x,y).

Theorem 4. For α,β,σ ∈ C and |kt|< 1, we have
∞

∑
n=0

(σ)k,n

n! δL(α,β)
k,n (x,y)tn

= xαyβ(1− kt)−
σ

k E(σ)
k,α+1,β+1,δ

(
xt

kt−1
,y
(

t
kt−1

) 1
δ

)
.

(3.1)

When k = 1, (3.1) reduces to Theorem 22 in [18].

Proof. Using the Cauchy product of the series, we get
∞

∑
n=0

(σ)k,n

n! δL(α,β)
k,n (x,y)tn
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=
∞

∑
n=0

n

∑
s=0

n−s

∑
r=0

(σ)k,n(−1)s+rks+rxα+ryβ+δs

s!r!(n− s− r)!Γk(α+ r+1)Γk(β+δs+1)
tn

=
∞

∑
n=0

∞

∑
s=0

n

∑
r=0

(σ)k,n+s(−1)s+rks+rxα+ryβ+δs

s!r!(n− r)!Γk(α+ r+1)Γk(β+δs+1)
tn+s

=
∞

∑
n=0

∞

∑
s=0

∞

∑
r=0

(σ)k,n+r+s(−1)s+rks+rxα+ryβ+δs

s!r!Γk(α+ r+1)Γk(β+δs+1)
tn+r+s

n!
.

From (σ)k,n+r+s = (σ)k,r+s(σ+ rk+ k)k,n, we get

∞

∑
n=0

(σ)n

n! δL(α,β)
k,n (x,y)tn

=
∞

∑
s=0

∞

∑
r=0

(−1)s+rks+r(σ)delta,r+sxα+ryβ+δsts+r

s!r!Γk(α+ r+1)Γk(β+δs+1)

∞

∑
n=0

(σ+ r+ s)k,n
tn

n!

= xαyβ(1− kt)−
σ

k

×
∞

∑
s=0

∞

∑
r=0

(−1)s+rks+r(σ)k,r+s

s!r!Γk(α+ r+1)Γk(β+δs+1)

((
xt

kt−1

)r
(

yδt
kt−1

)s)

= xαyβ(1− kt)−
σ

k E(σ)
k,α+1,β+1,δ

(
xt

kt−1
,y
(

t
kt−1

) 1
δ

)
,

where we have interchanged the order of summations which is guaranteed because
of the uniform convergence of the series under the condition |kt|< 1. �

4. k-FRACTIONAL CALCULUS OPERATORS

In this section, we consider the following double (fractional) k-integral operator(
kε

(γ)
α,β,δ;ω1,ω2;a+,c+ϕ

)
(x,y)

=
∫ y

c

∫ x

a

(x− t)
α

k−1

k
(y− τ)

β

k−1

k
E(γ)

k,α,β,δ[ω1(x− t),ω2(y− τ)]×ϕ(t,τ)dtdτ

(x > a, y > c).

In the case γ = 0, the integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ reduces to the left-sided

k-Riemann-Liouville double fractional integral operator, i.e.(
hε

(0)
α,β,δ;ω1,ω2;a+,c+ϕ

)
(x,y) =

(
h,yIβ

c+ h,xIα

a+ϕ

)
(x,y).
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In the following theorem, we show the integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ is bound-

ed in the space L((a,b)× (c,d)) of Lebesgue measurable functions where

L((a,b)× (c,d)) =
{∥∥ f

∥∥
1 :=

b∫
a

d∫
c

| f (x,y)|dydx < ∞

}
Theorem 5. In the space L((a,b)× (c,d)) of Lebesgue measurable functions, we

show the integral operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ is bounded, i.e.∥∥∥kε
(γ)
α,β,δ;ω1,ω2;a+,c+ϕ

∥∥∥
1
≤ A‖ϕ‖1

where the constant A (0 < A < ∞) is given by

A =
(b−a)Re( α

k )(d− c)Re( β

k )

k2

×
∞

∑
r=0

∞

∑
s=0

|(γ)k,r+s|{
Re(α

k )+ r
}
|Γk(α+ r)|

{
Re(β

k )+δs
}
|Γk(β+δs)|

× |ω1(b−a)|r

r!
|ω2(d− c)|δs

s!
< ∞.

Proof. By using the Fubini’s Theorem, we get∥∥∥kε
(γ)
α,β,δ;ω1,ω2;a+,c+ϕ

∥∥∥
1
≤

b∫
a

d∫
c

|ϕ(t,τ)|×

 b∫
t

d∫
τ

(x− t)Re( α

k )−1

k
(y− τ)Re( β

k )−1

k∣∣∣E(γ)
k,α,β,δ(ω1(x− t),ω2(y− τ))

∣∣∣dydx
)

dτdt

=

b∫
a

d∫
c

|ϕ(t,τ)|

 b−t∫
0

d−τ∫
0

u
k

Re( α

k )−1 v
k

Re( β

k )−1 ∣∣∣E(γ)
k,α,β,δ(ω1u,ω2v)

∣∣∣dudv

dτdt

≤
b∫

a

d∫
c

|ϕ(t,τ)|

 b−a∫
0

d−c∫
0

u
k

Re( α

k )−1 v
k

Re( β

k )−1 ∣∣∣E(γ)
k,α,β,δ(ω1u,ω2v)

∣∣∣dudv

dτdt

≤ 1
k2

∞

∑
r=0

∞

∑
s=0

|(γ)k,r+s|
|Γk(α+ r)| |Γk(β+δs)|

|ω1|r

r!
|ω2|δs

s!
b−a∫
0

uRe( α

h )+r−1du
d−c∫
0

vRe( β

k )+δs−1dv‖ϕ‖1 = A‖ϕ‖1 .

Whence the result. �
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In the next theorem, we calculate double integrals which consist the product of
bivariate k-Mittag-Leffler functions E(γ)

k,α,β,δ(x,y) in the integrand.

Theorem 6. Let α,β,δ,ζ,σ,γ,η∈C,Re(α),Re(β),Re(δ),Re(γ),Re(σ)> 0. Then

x∫
0

y∫
0

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t)

1
k ,ω2(y− τ)

1
k )t

ζ

k−1
τ

σ

k−1

×E(η)
k,ζ,σ,δ(ω1t

1
k ,ω2τ

1
k )dτdt =

1
k2 x

α+ζ

k −1y
β+σ

k −1E(γ+η)
k,α+ζ,β+σ,δ

(ω1x
1
k ,ω2y

1
k ).

Proof. Using the double convolution theorem for the double Laplace transform,
we have,

L2


x∫

0

y∫
0

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t)

1
k ,ω2(y− τ)

1
k )×

t
ζ

k−1
τ

σ

k−1E(η)
h,ζ,σ,δ(ω1t

1
k ,ω2τ

1
k )dτdt

}
(p,q)

= L2

{
x

α

k−1y
β

k−1E(γ)
k,α,β,δ(ω1x

1
k ,ω2y

1
k )
}
(p,q)

×L2

{
x

ζ

k−1y
σ

k−1E(η)
k,ζ,σ,δ(ω1x

1
k ,ω2y

1
k )
}
(p,q).

From Theorem 3, we have for Re(p),Re(q)> 0 ,
∣∣∣∣ kωδ

2

(qk)
δ
k

∣∣∣∣< 1,

∣∣∣∣∣∣ ω1(qk)
δ
k

(pk)
1
k

(
qk)

δ
k −kωδ

2

)
∣∣∣∣∣∣< 1,

L2


x∫

0

y∫
0

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t)

1
k ,ω2(y− τ)

1
k )×

t
ζ

k−1
τ

σ

k−1E(η)
k,ζ,σ,δ(ω1t

1
k ,ω2τ

1
k )dτdt

}
(p,q)

= L2

{
x

α

k−1y
β

k−1E(γ)
k,α,β,δ(ω1x

1
k ,ω2y

1
k )
}
(p,q)

×L2

{
x

ζ

k−1y
σ

k−1E(η)
k,ζ,σ,δ(ω1x

1
k ,ω2y

1
k )
}
(p,q).

=
1

p
α

k

1

q
β

k

k2 1

k
α

k

1

k
β

k

(
1−

kωδ
2(pk)

1
k +ω1(qk)

δ

k

(pk)
1
k (qk)

δ

k

)− γ

k

(4.1)

× 1

p
ζ

k

1
q

σ

k
k2 1

k
ζ

k

1

k
σ

k

(
1−

kωδ
2(pk)

1
k +ω1(qk)

δ

k

(pk)
1
k (qk)

δ

k

)− η

k
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=
1

p
α+ζ

k

1

q
β+σ

k

k4 1

k
α+ζ

k

1

k
β+σ

k

(
1−

kωδ
2(pk)

1
k +ω1(qk)

δ

k

(pk)
1
k (qk)

δ

k

)−( γ+η

k )

= L2

{
x

α+ζ

k −1y
β+σ

k −1E(γ+η)
k,α+ζ,β+σ,δ

(ω1x
1
k ,ω2y

1
k )
}
(p,q).

Taking inverse Laplace on both sides of (4.1), we get

x∫
0

y∫
0

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t)

1
k ,ω2(y− τ)

1
k )×

t
ζ

k−1
τ

σ

k−1E(η)
h,ζ,σ,δ(ω1t

1
k ,ω2τ

1
k )dτdt

=
1
k2 x

α+ζ

k −1y
β+σ

k −1E(γ+η)
k,α+ζ,β+σ,δ

(ω1x
1
k ,ω2y

1
k ).

�

In the following theorem, we state the semigroup property of the operator

kε
(γ)
α,β,δ;ω1,ω2;a+,c+ .

Theorem 7. Let α,β,δ,γ,ζ,η,σ,ω1,ω2 ∈ C, Re(γ),Re(α),Re(β),Re(σ),Re(ζ),
Re(η), Re(δ)> 0, then the relation(

kε
(γ)
α,β;ω1,ω2;a+,c+ kε

(σ)
ζ,η;ω1,ω2;a+,c+ϕ

)
(x,y) =

(
kε

(γ+σ)
α+ζ,β+η;ω1,ω2;a+,c+ϕ

)
(x,y)

is valid for any summable function ϕ ∈ L((a,b)× (c,d)). In particular(
kε

(γ)
α,β,δ;ω1,ω2;a+,c+ kε

(−γ)
ζ,η,δ;ω1,ω2;a+,c+ϕ

)
(x,y) =

(
k,yIβ+η

c+ k,xIα+ζ

a+ ϕ

)
(x,y).

Proof. Direct calculations yield(
kε

(γ)
α,β,δ;ω1,ω2;a+,c+ kε

(σ)
ζ,η,δ;ω1,ω2;a+,c+ϕ

)
(x,y)

=
1
k2

y∫
c

x∫
a

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t),ω2(y− τ))

×k ε
(σ)
(ζ,η,δ;ω1,ω2;a+,c+)ϕ(t,τ)dtdτ

=
1
k4

y∫
c

x∫
a

τ∫
c

t∫
a

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t),ω2(y− τ))

× (t−u)
ζ

k−1(τ− v)
η

k−1×E(σ)
k,ζ,η,δ(ω1(t−u),ω2(τ− v))ϕ(u,v)du dv dt dτ

=
1
k4

y∫
c

x∫
a

y∫
v

x∫
u

(x− t)
α

k−1(y− τ)
β

k−1E(γ)
k,α,β,δ(ω1(x− t),ω2(y− τ))
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× (t−u)
ζ

k−1(τ− v)
η

k−1E(σ)
k,ζ,η,δ(ω1(t−u),ω2(τ− v))ϕ(u,v)dt dτ du dv

=

y∫
c

x∫
a

y−v∫
0

x−u∫
0

(x−m−u)
α

k−1(y−n− v)
β

k−1

×E(γ)
k,α,β,δ(ω1(x−m−u),ω2(y−n− v))k

ζ

k−1l
η

k−1

×E(σ)
k,ζ,η,δ(ω1m,ω2n)ϕ(u,v)dm dn du dv.

Now, using Theorem 6, we obtain(
kε

(γ)
α,β,δ;ω1,ω2;a+,c+ kε

(σ)
ζ,η,δ;ω1,ω2;a+,c+ϕ

)
(x,y)

=
1
k2

y∫
c

x∫
a

(x−u)
α+ζ

k −1(y− v)
β+η

k −1E(γ+σ)
k,α+ζ,β+η,δ

(ω1(x−u)
1
k ,ω2(y− v)

1
k )ϕ(u,v)dudv

=
(

kε
(γ+σ)
α+ζ,β+η,δ;ω1,ω2;a+,c+ϕ

)
(x,y),

which is the desired result. When σ = −γ, the above theorem yields h-Riemann-
Liouville double fractional integral of ϕ(x,y). �

By using the above theorem, we can enable to define an inverse to the fractional
integral operator and hence we give the following theorem to find the corresponding
fractional derivative operator.

Theorem 8. Let α,β,γ,δ,ω1,ω2 ∈ C and let Re(α),Re(β),Re(δ) > 0. For any
ζ,η ∈ C with Re(ζ),Re(η) > 0, then the following left inverse operator of

kε
(γ)
α,β,δ;ω1,ω2;a+,c+ is defined by

kD(γ)
α,β,δ;ω1,ω2;a+,c+ ϕ(x,y) =k,y Dβ+η

c+ k,xDα+ζ

a+ kε
(−γ)
ζ,η;ω1,ω2;a+,c+ϕ(x,y).

Proof. Consider f ∈ L1((a,b)× (c,d)). Then

ϕ(x,y) :=
(

kε
(γ)
α,β,δ;ω1,ω2;a+,c+ f

)
(x,y). (4.2)

By Theorem 5, the operator kε
(γ)
α,β,δ;ω1,ω2;a+,c+ is bounded on the space L1space. It

follows that ϕ ∈ L1. Now, we contruct the operator kε
(−γ)
ζ,η,δ;ω1,ω2;a+,c+ and we apply it

to (4.2) and we get

kε
(−γ)
ζ,η,δ;ω1,ω2;a+,c+ϕ(x,y) =

(
kε

(−γ)
ζ,η,δ;ω1,ω2;a+,c+kε

(γ)
α,β,δ;ω1,ω2;a+,c+ f

)
(x,y) (4.3)

=
(

k,yIβ+η

c+ k,xIα+ζ

a+ f
)
(x,y).
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Since Re(α+ ζ) > 0 and Re(β+η) > 0, by the Theorem 5, kε
(−γ)
ζ,η,δ;ω1,ω2;a+,c+ ∈ L1.

Applying the double fractional k−derivative on both sides of (4.3), we get(
k,yDβ+η

c+ k,xDα+ζ

a+ kε
(−γ)
ζ,η,δ;ω1,ω2;a+,c+ϕ

)
(x,y) =

(
k,yDβ+η

c+ k,xDα+ζ

a+ k,yIβ+η

c+ k,xIα+ζ

a+ f
)
(x,y)

= f (x,y).

In other words,

kD(γ)
α,β,δ;ω1,ω2;a+,c+ ϕ(x,y) = f (x,y).

So, we have shown that, kD(γ)
α,β,δ;ω1,ω2;a+,c+ is the left-inverse of kε

(γ)
α,β,δ;ω1,ω2;a+,c+ . �
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(Corresponding author) Final International University, Department of Computer Engineering, Tor-
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