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Abstract. In this paper, we prove the existence of infinitely many solutions for a fractional
p&q-Laplacian system involving Hardy-Sobolev exponents and obtain new conclusion under
different conditions. The methods used here are based on variational methods and Ljusternik-
Schnirelmann theory.
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1. INTRODUCTION

In this paper, we study the following fractional p&q-Laplacian system involving
Hardy-Sobolev exponents:

(—A)‘;u—l-(—A)‘;u:x|u|r—2u+27aM na

o+B \xge
_ 2 oly|B-2 .
— Ay (=A)v=plv| v+ a—fﬁ% in Q, (1.1)
u=v=0 on RM\Q,
where Q C R" is a bounded domain containing the origin, p € (1,%0), s € (0,1), 1 <
r<q<p,0<6<sp<N,o+p=p]gandA,u>0are two parameters, pj o = (%:i)sp

N

is the fractional Hardy-Sobolev exponent, the fractional p-Laplacian operator (—A) »

is the nonlocal operator defined on smooth functions by

— p=2 —
oy =2t [ OO 0D
N0 /B (x) e =y |V
This definition is consistent, up to normalization depending on N and s. We would

like to point out that, in the last decades, problems involving fractional p-Laplacian
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are widely studied. We refer the readers to [2, 5, 6, 10, 13, 18-24] and references
therein.
Then system (1.1) reduces to the critical fractional p-Laplacian equation with
Hardy-Sobolev exponents
> 2
A= Mul"u+ Sop inQ

(_ (1.2)
u=~0 on 0Q.

Ning, Wang and Zhang proved the existence, multiplicity and bifurcation results for
the above problem in [15]. When 6 =0, in [1 1], Khiddi proved that problem (1.2)
has infinitely many solutions with negative energy by using Ljusternik-Schnirelmann
theory. When r = p, Ghoussoub and Yuan obtained multiple solutions in [8]. In [16],
Perera and Zou proved that this problem has a nontrivial solution where s =1, r = p,
A > A is not an eigenvalue and A, is the first eigenvalue of the eigenvalue problem.
However, only a few articles have studied the p&g-Laplacian system, the results

for the case can be seen in [4,9, 12, 14], for example,
: s, -2 2 -2 :
(=A)pu+ (=A)gu = Mul™u+ 575 ul* ulv® inQ, (13)
u=v=0 on RM\ Q.

Obviously, system (1.3) is equivalent to 6 = 0 of system (1.1), Chen and Gui proved
the existence of infinitely many solutions of problem (1.3) in [4]. Moreover, in [3],
Chen and Deng proved that problem (1.3) has at least two positive solutions when
pP=q

Yet even fewer authors study systems involving Hardy-potential and critical non-
linearities. Motivated by the above works, this paper discusses the fractional p&g-
Laplacian system with Hardy-Sobolev exponents, by some techniques to establish
new estimates to overcome difficulties. We prove the existence of infinitely many
solutions by using Ljusternik-Schnirelmann theory. This result extend some results
in the literature for the fractional p&g-Laplacian problem.

Before stating our main result, we introduce some notations. Let

o= (B o)

be the Galiardo seminorm of a measurable function #: RY — R, and let
Ws’p(RN) ={uc LP(RN): us,, < oo}

be the fractional Sobolev space endowed with the norm

lulls,p = (lul + [l ) 7
where |- |, is the norm in L”(R"). We define

X,(Q)={ue WSP(RY): u=0ae.in RVN\Q}
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equivalently renormed by setting | - |5, = ['], ,, which is a uniformly convex Banach
space. We work in the closed linear subspaces W), = X;(Q) x X;(Q) and W, =
X;(Q) x X7(€), which are reflexive Banach spaces endowed with the norms
1 1
1@, )llp = Cllaell§, + 1115 ) 7 and [[(u,v)llg = (lullS g + VIS 7 (1.4)
Set E = W, N W, endowed the norm || (u,v)|| = ||(«,v)||, + (&, v)||4. Defining

A = | OO OO 00 g1

joc — y[NEs

We say that (u,v) € E is a weak solutions of problem (1.1), if V(¢,y) € E, the fol-
lowing holds

s 1,0) + Ay (10,0) + Ay (1) + Ay 9) =1 [ [l 2o
2Py 2B 1 P vy

The corresponding energy functlonal of system (1.1) is deﬁned dy

D, v) = ;WMWV *WMWW

al,|B
—< /|u|rdx+,u/ |v|’dx> P ]u;x‘:\ dx, (1.6)
5,0 Q

for (u,v) € E, it is easy to know that J, , is even, J, , € C' (E,R) and
(D (1), (u,v)) = 1|, ) 15 4 ()[4

( /|u|rdx+,u/ \v|rdx> 2/ [u* MB dx. (1.7)

Our result can be stated as follows.

dx.

+/J/ [v|"™ 2v\|/dx+

Theorem 1. There exists A, > 0 such that for each 0 < kﬁ —l—,up%' < A, the
system (1.1) has infinitely many solutions with negative energy.

Remark 1. The system in [4] is a special case of system (1.1). In [12], when 8 =0,
s = 1, Li and Yang proved that problem (1.3) has at least cat(Q)+1 distinct positive
solutions by Lusternik-Schnirelmann category under condition (A):

<p<p =

A):N > I<r<g< .
(A) Py 1<r<g<—r— N »

The paper is organized as follows. In Section 2, we show that the (PS), condition
holds for the related energy functional in certain critical levels. In Section 3, we prove
Theorem 1.
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2. THE (PS). CONDITION FOR J ,,

In this section, we show that the Palais-Smale condition, (PS). holds for the related
energy functional in certain critical levels.

Definition 1. Let ¢ € R, E is a Banach space and J; , € C!(E,R). We say that
{(ux,vi)} is a (PS), sequence for J, , in E if Jy ,(ux,vk) = c+o(1) and J)’W(uk,vk) =
o(1) strongly in E* (the dual space of the Sobolev space E) as k — oo. We say that
Jyu satisfies the (PS). condition if any (PS). sequence {(ux,vx)} for Jy , in E has a
convergent subsequence.

Let
p
. Ulls,
S50 = inf 7” ]|,|*S'p 5
ueX;(Q)\{0} (fQ Ju| ;9 )m
|x]

which is positive by the fractional Hardy-Sobolev constant of X,, — LPso (RV) and
independent of Q. In order to simplify calculation, set

_r
Vo(Q) = / x| %0 dx.
Q
We need the following Lemmas.

Lemma 1. If {(u,vi)} CE is a (PS). sequence for J, ,, then {(ux,vi)} is bounded
inkE.

Proof. Let {(ux,vi)} C E is a (PS), sequence for J , satisfying
Sk, vi) = c+o(1) and Jy  (ug,vi) = o(1) in E™.
From (1.6) and (1.7), we obtain

1 11
I (ies vie) = —— (i (g, i), (s vie) ) = (= — —=) [ (e, vid) |1
ps,e p pS‘O

LS T,
T % Uk, Vi
q9 Dsp d
11 ) )

-(=—= )/(klukl +ulv|dx. (2.1)
r ps’e Q

From the definition of S ¢, Holder and Sobolev inequalities, we conclude that

p;“ffr |uk |[7;9 ﬁ
/ (Mug|” + plve|")dx < AVp(Q) Fse 5 dx
@ o x|

Pt P\ 7
+uVe(Q) p,;,e< [ dx)

o |x[°
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Psp"

<Vo(Q) "¢ S, & (Muilly +allvelly)
P,f,e*r -
o —— P _r_ p—r r

< Vo(Q) "o S g (A +pr=) 7 || (e, vid) [
]7;‘167r .
* - P _p_ p—r

< Vo(Q) "0 S g (A +ur=r) 7 [| (e, vi) || 2.2)

From (2.1) and (2.2), we deduce that
1 1 1 1
C(L [ (e vl + [ (e, vi ) = (= = —= )| (i, vie) I +- ( ) ey vie) 15

5,0 q ps,G

(2.3)
We suppose the contrary, we may assume that ||(ug,vi)|| — o as k — oo, we need to
consider the following three cases:

Case 1: If ||(uk,v)||p — o and ||(uk,vk)|lq — o=. For k large enough, we obtain
| (e, vie) || p > 1 and || (ux, vi) |5 > || (ux, vi) || Indeed, using the inequality (a+b)7 <
Cy(a? +b7) and (2.3), we deduce that

N
COU A Gty vio) [ 4 Gy vi) [|7) = min{ = — ——, = — ——}({[ (s, vio |7, + [ (at, vi) 1)
p ps7e q ps7e
1 .
> (= = —=)C;  (l Cag, vie) [+ 11 (g, vi) )
P Psp
1 1

* C ! Uk, Vi )
( ‘o ) q H ( ) H
both sides are divided by || (I/lk, Vk) H , WE have

! ! 11
* T2 (- —- C, M | ey vi) |7
e vl | ey i) 7! ) (p p&e) g (e, vid) |

we get C > oo, as k — oo, this is impossible.

Case 2: If || (ux, vi)||p is bounded and || (ug, vi)||g — oo. By (2.1) and (2.2), we obtain

11
C(1+ | (i, vi)ll p + 1| (ks vie) lg + | (e, vi) Il ) > (5— ) G, vi) (|,
5,0
both sides are divided by ||(u, vk)||4, we conclude that
1 [ (e vid) [ 1 G vl 11
[evollg — Novi)llg || ueyvi) |4 Naovi)lle” ~ @ Pre’

we get 0 > é — pi > 0, as k — oo, this is a contradiction.
5,0

Case 3: If || (uk,vk)||p — oo and || (ug,vk)||4 is bounded. Similar to Case 2.
From Cases 1-3, we can conclude that { (ux,vx)} is bounded in E. O
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Lemma 2. If {(u,vi)} is a (PS). sequence for J, , with (ug,vk) — (u,v) in E,
then J; H(u, v) = 0, and there exists a positive constant Cy such that

J?x.,,u(uvv) > _CO(}"TZ +:U#)
Proof. If {(ux,vi)} is a (PS). sequence for J; , with (ux,vk) — (u,v) in E, then
/ o . * oo
Jru(Uk,vi) = o(1) strongly in E* as k — co.
Let (¢,y) € E, we have

<J;L,,u(”k7 Vk) _J;L,,u(u?‘})v (¢7\If)> = 'qlm(”kv (l)) - /qp,s(u’ ¢) + ﬁl%s(uk,(])) - ﬂq,s(uv ¢)
+ ﬂp,S(Vk) V) — ﬂps("u W) + /‘le(vk, V) — /’4%5(\/, V)

—x/ (el 2y — |ul"2u)ddlx
Q

g [ (l 2= )y
Q

_ 2:1/ |Mk|°°_2b(tak|V1<|B_|M|°c_2:|"’B odx
Ps,e Q ’X‘ ‘.X|

_ 2B (mmw&m_wmejwm

Pie /e J[® [x[°

where 4, ; is defined in (1.5). Since {(ux,vi)} is bounded in E, up to subsequence,
this implies the following:

up — uin X, (Q),
up — ua.e. in Q, 2.4)
up — uin L'(Q), 1 <r < piq

and
|y (x) — uk(y)\l’*i(]uk(x) —ur(y)) is bounded in L7 (RY)
=y 7 ’
therefore,
|k (x) — e () |P §uk(x) —ue(y)) | Ju(x) —u(y) \”’zgu_(X) —ul) (RY),
lx—y| » x—y| »

where 5+ = 1, and =00)  1p(RN), so

Pe—y| P
Ap s (Ui, §) = Ay 5(u,0), as k — oo, (2.5)

Similarly, we obtain

Ay s (g, ) = Ay (1, 0), as k — oo, (2.6)
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Similar to (2.4), we have
vp = vin X, (Q),
Vi — vae. in Q, 2.7
vi »vin L'(Q), 1 <r<p;g

and
Vi) =i () [P~ (i (%) =i ()

N+sp

x—y| 7

is bounded in L' (RY),

it follows that
i (x) = v )P 2 (v (x) =) | [v(x) —v) P (v(x) —v(y)) in L (RV)

NJrIJp NJrlsp
x—y| » x—y| »
" 5 —v0)
yix) —yly
- e LP(RY),
=y
SO
Ay s(Vi, W) = Ap (v, ), as k — oo, (2.8)
Similarly, we obtain
Ay s(Vi, W) = Ay s(v, V), as k — oo, 2.9

Moreover, by (2.4) and (2.7), we conclude that

gl = |l v Pve ="y in L7(Q),

*
P50

L G 7 ol SN i

. p* '71
BE EET o L),
thus,
/ (gl 2aagla]” ) ddx — 0,
Q (2.10)
/ (vl 2vev|"2v)ydx — 0, as k — oo,
Q
and
o—2 B o—2 B
PR ST PO
Q |x[® |x[®
(2.11)

|x]° [
From (2.5)-(2.6) and (2.8)-(2.11), we deduce that
<Ji7u(uk,vk) —ng(u,v), (0,v)) — Oforall (0,y) €E,

al, B2 o|y|B-2
/ (|Mk ilP" v ful*]v] V) ydx — 0, as k — oo.
o
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furthermore, we obtain (J;Ly(u, v), (u,v)) = 0, it implies that

2/ |u|® |v| = 1) 12+ [, v) 9 — /(Mu|r+y|v!r)dx7

therefore,

D) = (5 =+ = )l

5,0 ps,G
() [l
T PieJe a
ps—0 1 1 /
> v M v)llp— (= - Mul”+ ulv|")dx. 2.12
= (N—G)pH(M vl = p;e) | (a4 ) (2.12)

By Sobolev embedding, Holder and Young inequalities, we deduce that

Psp"

X/gz\u]’dxgve(ﬁ) R S;e;kH”H;
-1
ps—0 1 1
< N=o\7 . Huﬂg
(N )p r ps,G

p—r|p ps—0 (1 1) | el

— —_ e - p
+ = - — Vo(Q) 56 S P AT
p |r(N=8)p (r ps,e> +9

Similarly, we have

-1
ps—0 1 1
v’dx<7 -— v||b
e < g ( p*e> vl

S,

p—r|p ps—06 [1 1 N AT

— — 3 —_r p
+ = S Vo(Q) oS, g urT
p |r(N=8)p (r ps,e> "0

S0,

-1
ps—06 1 1
Mul” Ndx < ——— - |2
[ 0u +mv>x_(N_e)p< :e) Il

rp
—1] "5
Jperlp s (11
p |r(N=8)p\r pig
p(pfvefr)
VG(Q)t S pr(}\‘P r+yﬂ r)
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-1
ps—0 ! ! ~n = _r_
“(N—0)p <r —p*) (V) |2+ C A7 +u77),

5,0

~ —r — -1 e *o(p—r 7%r
where C = 27 ['j B (- 3) ] Vo(Q)707 5 27, By (2.12), we con-
clude that

1 1 ~ D a
J}b”u(l/l,V) 2 — (r — p*) C(}\,pir —|—,Uplir>7
5,0
it follows that, let Cy = (% — Pie) C , We can get

Do,v) = —Co(M7 +p77).

]
Lemma 3. J, , satisfies the (PS). condition with
N-6
2(ps—0) (Sap\»r® r_ v
_— —_— — C 7\‘ p—r —r
where Sy g = inf %
(M,V)EE\{(0,0)} (f \M‘OLMB dx) l’ie
Q Me
Proof. Let {(ux,vr)} be a (PS). sequence for Jj , in E, these hold that
1 1
c+o(1) = —[[(ux, vi) 5 + — Il (ure, vi) 1
p q
1 / 2 [ Jug|*elP
— = (Mug|]" +|ve |") dx— /7dx
A e e
and
o(V)| Cotge, vie) | = 1l Gtz vie) 1+ 1] (et vi 11
oy, |B
—/ (o] + [ve | )dx — 2 de. (2.13)
o o |

By Lemma 1, {(ux,vx)} is bounded in E, then up to a subsequence, we have (uy, vy) —
(u,v) in E and we deduce from Lemma 2 that J)’w(u,v) = 0, we will show that

(ug,vk) — (u,v) in E. Since uy — u, vy — v strongly in L"(Q), so
/Q(xyukm vi) dx — /Q(Mu]’—l—,u]v\r)dx, as k — oo.
Applying Brezis-Lieb Lemma [25, Lemma 1.32], it follows that
G, vio)l15; = [l (uge = w, vie = )[4 [, ) [ 4 0(1),

2.14
[, vi) 1§ = | Cutie =, vie = )| § 4 1| (u, v)[[§ + 0(1) @1
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an

Joage|* v [P |Vk|B /!Mk—u\“lvk—vlﬁ /\
— dx 1). 2.15
/ BT ST * \w Toll)- @19

From (2.14)-(2.15), we conclude that

1 1
¢ =Sl v) F0(1) = G = wvi= vl + 2l o — v =)l

2 — u|*ve —v[P
Y el Ul N (2.16)
ps79 Q |x’
By (2.13), we obtain
o v =) o ==y =2 [ P do(1). @217

Therefore, we may assume that
H(uk—u,vk—v)Hz —d,
H(uk—u,vk—v)HZ —1,

i — | vy — v[P

2 dx — m, as k — oo,

o [x|®
Moreover, d,/ > 0and d+1 = m. If d =0, then (ug,vk) — (u,v), the proof is done.

39 p’%e

Suppose that d > 0, by the definition of So g, we have d <m < 28 B” dr,or,

()

From (2.16), we deduce that

c=—+—-——+huuyv
P g Pig V)
1 1 1 1
= (7_ * )d (7 * )Z+J}L,H(u7v)

_|_ —
p ps7e q pS7e

N-6

2(ps—8) (Sap\ 2
> B)" o 4
> (N—e)p< 5 o(AP 4 pur=),

this is a contradiction with the definition of c. OJ

3. THE PROOF OF OUR MAIN THEOREM
Given the function Jy ,, defined by (1.6) and (2.2), we obtain that
2 [ |y
Pigla |x[°

1 r r
) 2 ) - [ (Mluar+ vl
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u,v . u,v)|”
p b Ps,e P ’

1 r p_ p-r
= Coo(Ar7 ) 7 ||(w )],

P, . p_ pr
= c1l|uv)llf — c2ll (w,v)[[p" — s (A +urr) v || (u, )5,
o e,
where ¢} = %, ) = %GS(LBP ,C3 = %CO,Q with Ce7Q = Ve(Q) P50 SLGP, If we define
fort >0, h(t): =ct? — cptPse —63(7\,1’%’ +uﬁ)%tr, then
J?».,,u(uvv) > h(H(”7v>HP) (31)

. . P P
It is easy to see that there exists A, such that for any 0 < Ar—7 +ur—+ < A,, we
have:

(1) h has exactly two distinct positive zero points denoted by Ry and Ry;
(2) h attains nonnegative maximum at R and it verifies Ry < R < Ry;
N-0
3 %](ijg)? (S(XTB) R Co(lﬁ +,uﬁ) > 0, where Cj is given in Lemma 2.
From the structure of h(z), we see that there are constants 0 < Ry < Rj, such that
h(Ro) = h(R;) =0 and

h(t) <0 if <Ry,
h(t) >0 if Ry <t <Ry,
h(t) <0 if ¢>Ry.
We now introduce the following truncation of the functional Jj ,. Taking the nonin-

creasing function T: R™ — [0, 1] and C*(R™) such that t(¢) = 1 if r < Ry; t(t) = 0 if
t > Ry. Let ¢(u,v) = t(||(u,v)]|p), consider the truncated functional

1 1 1
b(u,v) = pll(u,V)IIZJrqII(W)HZ—F/Q(Klulrder/«lIVI’)dx
2 [ ufy]?
- — u,v dx. 3.2)
pSﬁ(P( )Q o

Similarly to (3.1), we have

By (u,v) > h(]| (u,v)]|), (3.3)

7 * e p p=r
where (1) : = 11 — cotPot(t) — c3(Ai7 +urr) v 1"

By the definition of A(r) and 0 < 1(¢) < 1 for t+ > 0, we obtain h(r) > h(t) if

t > 0. It follows from t(r) = 1 if 0 <7 < Ry that h(t) = h(z) if 0 <t < Ry. From

h(Ro) =h(R;) =0and h(r) > 0if Ry <t < R;, we deduce that h(r) > 0if Rg <t <R;.
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Moreover, Z(t) =t"(cit?7" — 630»% —1—,11%)%) is strictly increasing if 7 > Ry, then
h(t) > 0ifr > R;. Consequently

h(t) >0 for 1> Ry. (3.4)
Lemma 4. We have the following results:
(1) I, € C'(E,R).
() If b, (u,v) <0, then ||(u,v)||, < Ro. Moreover, I ,(u,v) = Jy,(u,v) for all
(u,v) in a small enough neighborhood of (u,v).
(3) There exists A, > 0 such that if 0 < 7»% + ,u# < A, then by satisfies a
local (PS). condition for ¢ < 0.
Proof. Since ¢ € C and @(u,v) = 1 for (u,v) near (0,0), ,, , € C'(E,R) and
assertion (1) holds.
By taking I ,(u,v) < 0, we can deduce from (3.3) that

h(]l(u,v)ll,) <0

and by (3.4), we have
1, v)lp < Ro

implying (2).
For the proof of (3), let {(ux,vx)} C E be a (PS). sequence of I , with ¢ < 0. Then
we may assume that  ,(ux,vk) < 0, I;Ly(uk,vk) — 0. By (2), there exists A, >0

such that 0 < 7\.& +,u% < A, H(Mk,vk)Hp < Ry, so I;W(uk,vk) = J;W(uk,vk) and
I}’w(uk,vk) = J;hy(uk,vk). By Lemma 3, J, , satisfies the (PS). condition for ¢ <0,
thus 1 , satisfies the (PS). condition for ¢ < 0, this completes the proof. O

It is possible to prove the existence of level sets of /) , with arbitrarily large genus.
Now, we use the idea in [7] to construct negative critical value of I ,, via genus, more
precisely:

Lemma 5. Vk e N, 3e=¢g(k) > 0 such that
Y{(wv) €E: < —ek)}) 2 k.

Proof. Let k € N. We consider Ej be a k-dimensional subspaces of E. Let (u,v) €
Ej with norm ||(u,v)||, = 1. For 0 < p < Ry, we have

Sru(prt; pv) = b u(pu, pv)
=207+ By = [ (Ml e
P4 Torle

2pPhe jul*|v[P
- — (pu,v/ dx.
rio 2 Ja
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Since Ej is a space of finite dimension, all the norms in Ej are equivalent. If we
define

oye: = sup{||(u,v)[17: (u,v) € Eg, [[(u,v)|p =1} <o
and
By : :inf{/g|u|rdx: (u,v) € Ex, ||(u,v)]|, = 1} > 0.
Then we have
1, p? . p"
L u(pu,pv) < ;P + ;ak - Bkmln{}vﬂﬂ}j-
Then, there exist (k) > 0 and 0 < p < Rg such that I ,(pu, pv) < —¢(k) for (u,v) €
Ej with ||(u,v)||, = 1. Let S = {(u,v) € E: ||(u,v)||, = p}, s0
Sp NEx C {(H,V) €E: I;W/J(M,V) < _S(k)}’
therefore, by the property of genus in [17] and the fact y(S, N Ey) = k, it implies that
Y{(u,v) € E: hy(u,v) < —e(k)}) = ¥(Sp NEL) = k.
O

Now, we prove our main result.

Proof of Theorem 1. For k € N, set
I ={ACE\{(0,0)}: Aisclosed,A = —A,y(A) >k},
where Y(A) is the genus of A. Let us set

¢y = inf sup I ,(u,v),
A€l (u,v)€A #
and
K. ={(u,v) €E: I ,(u,v) = C,I;L’y(u,v) =0}.

Suppose 0 < = +,uﬁ < A, where A, is the constant given by Lemma 4. In fact,
if we denote I{; ={(u,v) €E: L ,(u,v) < —¢}, by Lemma 5, there exists £(k) > 0

such that y(l}: Z(k)) > k for k € N. Because /) ,, is continuous and even, I;: Z(k) eIy,
then ¢; < —£(k) < 0 for all k € N. But I , is bounded from below, hence ¢; > —oo
for all k € N.

Let us assume that ¢ = ¢x = ¢x41 = -+- = gy Note that ¢ < 0, therefore, I ,,
satisfies the (PS). condition, and it is easy to see that K is a compact set.

If y(K.) <, then there is a closed and symmetric set U with K, C U and y(U) <[
by the continuity property of genus [17]. By [, Lemma 1.3], there is an odd homeo-
morphism 1: E — E such that n(Ii:ls -U)C I}CLLS for some & > 0. By definition,

c=cy=cpy = inf sup I ,(u,v),
A€Tkys (u,v)€A
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there exists A € I';y; such that sup I ,(u,v) <c+9,ie. AC Iﬁrf’ andm(A—-U) C
(u,v)€A ’

T](I}CL_’JL8 -U)C Iﬁa, that is

sup I ,(u,v) <c—38. (3.5)
(u,v)EN(A-U)

Buty(A—U) >Yy(A) —y(U) > k,and Y(n(A—U)) =Yy(A—U) >k, thenn(A—U) €

I['x. This is a contradiction. In fact, N(A — U) € T implies that

sup I?u,,u(u>v) > =,
(uv)en(A-0)
which contradicts to (3.5). So we have proved that y(K,.) > [+ 1.
We are now ready to show that /) , has infinitely many critical points. Note ¢ is
nondecreasing and strictly negative. We distinguish two cases:

Case 1: Suppose that there are 1 < k; < --- < k; < -- -, satisfying
Ckl < .- <Ck,' < SRR
then Y(K.) > 1, and we see that {c, } is a sequence of distinct critical values of [ ,.

Case 2: We assume in this case that, for some positive integer kg, there is [ > 1 such
that ¢ = cx, = Cxg+1 = -+ - = Cky+1, then V(cho) > 1+1, which shows that K, contains
infinitely many distinct elements.

Since Jy ,(u,v) = b ,(u,v) if I ,(u,v) <0, we see that there are infinitely many
critical points of J ,(u,v), that is to say, there are negative energy solutions to prob-
lem (1.1). This completes the proof of Theorem 1. ]
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