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BLOCK REPRESENTATIONS FOR THE g-DRAZIN INVERSE IN
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Abstract. We present new formulas for the g-Drazin inverse of the sum in a Banach algebra.
The block representations for the g-Drazin inverse of a 2 x 2 block operator matrix are thereby
established. These extend the known results obtained in [3,7].
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1. INTRODUCTION

Let A4 be a complex Banach algebra with an identity 1. The commutant of a € 4

is defined by comm(a) = {x € 4 | xa = ax}. Let 29! ={a € 4 | 1 —comm(a)a C

A1}, Asis well known, we have a € 29! & lim || a" ||$: 0. We say that a € 4 has
n—yoo

g-Drazin inverse (i.e. generalized Drazin inverse) if there exists b € comm(a) such
that b = bab,a — a*b € A9, Such b is unique, if it exists, and it is denoted by a?.
When we have in the preceding a — a?b is nilpotent, then b is the Drazin inverse a”
of a. The Drazin and g-Drazin inverse are useful in matrix and operator theory. It
has been applied in many fields such as ordinary differential equations, statistics and
probability, Marcov chain, etc (see [2]).

The g-Drazin inverse of the sum of two elements in a Banach algebra has been
studied by many authors, e.g. [3,6,8,10,11] and [12]. In [9, Theorem 2.1], Yang
and Liu gave the representation of the Drazin inverse of two complex matrices P
and Q such that PQP = 0, PQ? = 0, which recovered the case PQ = 0 studied by
Hartwig et al. In [7], Ljubisavljevic and Cvetkovic-Ilic derived an expression of
(P + Q)P under a weaker condition PQP? = 0,PQPQ = 0,PQ*P = 0 and PQ* = 0.
As the computational and applied requirements, the explicit representation of the
g-Drazin inverse is expected under certain weaker conditions. This inspires us to
derive the explicit formulas of (a+ 5)? in terms of a, b and their g-Drazin inverses in
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Banach algebras. In Section 2, we give the explicit representations for (a+b)¢ under
the conditions aba®> = 0,abab = 0,ab*a = 0 and ab® = 0 in a Banach algebra 4.
Furthermore, the representation of (a + b)? under the conditions a*ba = 0,abab =
0,ab’*a = 0 and ab® = 0 is presented. The known results are thereby extended to
wider cases (see [7, Corollary 2.3] and [9, Theorem 2.1]).

Let L(X) denote the set of all bounded linear operators on a Banach space X. Let

M= < P ) (%)

where A € L(X),D € L(Y) have g-Drain inverses and X,Y are complex Banach
spaces. Then M is a bounded linear operator on X @Y. In Section 3, we apply our res-
ults and give the representations for the g-Drazin inverse of some operator matrix M
whose Shur complement is zero, i.e. D = CA?B. As Drazin and g-Drazin inverses co-
incide with each other for complex matrices, our results also extend [I, Theorem 4.1
and Theorem 4.2] with alternative formulas for the Drazin inverse of 2 x 2 block
complex matrices.

2. ADDITIVE RESULTS

In [3, Theorem 2.2 and Theorem 2.4], the authors investigated the g-Drazin in-
vertibility of a + b under the preceding conditions. The purpose of this section is
to further study such problems and establish the explicit formulas of the g-Drazin
inverse of the sum. If p = p?> € 4 is an idempotent, We can represent a € 4 as
a= < andn ) , where a1 = pap,ayp = pa(l — p),az = (1 — p)ap and ax =

a1 an /,
(1—p)a(l — p). We use a” to stand for the spectral idempotent 1 —aa of a € 4.

We begin with

Lemma 1. Let

Then

xd . ad 0 or bd Z

“\z b 0 a? ’
p p
where
7= Z (bd)i+2caian+ Z bibnc(ad)iJrZ —bdcad.
i=0 i=0
Proof. See [6, Theorem 2.1]. O

Lemma 2. Leta,b € 2, Ifab=0, thena+b e a9, In this case

(a—{—b)d — ZbibTE(ad)i+1 + Z(bd)i-i-laian‘
i=0 i=0
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Proof. See [4, Lemma 2.2]. g
We are now ready to extend [3, Theorem 2.2] and prove:
Theorem 1. Let a,b € A°. If aba® = 0,abab = 0,ab*a = 0 and ab® = 0, then
(a+b) =a + (a?)’ba+ (a®)?b+ (a®)’b?
+b(a®)? +b(a®)ba+b(a)*b+b(a®)* b + a(b?) aba + (b?)¥aba
+a(b®’a?b+a(b)Bab+ a(b®)’ab® + (b?)2a*b + (b)) ab + (b%)Bab?
+ (ab +b*)z(a + a®ba+ aab + ab?)
+ (a(bd)4 + (bd)3)z(a2ba +a’b+a*b?),

where
z=—b%(a?)? +b"(a?)* +bb"(a?)’ + (b?)*a"
— a — (b P+ X
n=1
U, = b3n71bn(ad)3n+3 + bSnbn(ad)3n+4 + b3n+lb7t(ad)3n+5
+ (bd)3n+4a3na7c + (bd)3n+3a3n71an + (bd)3n+203n72a7c'
Proof. Set

M @ +a’b+aba+ab®> @b+ a*b* + abab + ab?
“\ @ +ab+ba+b? a’b+ab? + bab + b?

Then M = G+ F, where

G a?b+aba+ab®> @b+ a’b? _ a’ 0
- 0 a*b+ab*+bab ) " T\ d+ab+ba+b* b

Clearly F = A+ B, where

0 0 a’ 0
A_<ab O)and3_<a2+ba—|—b2 b3)'

Moreover we have B = H + K, where

a’ 0 0 0
H_<a2+ba o>andK_<b2 b3>'

In view of [3, Theorem 2.2], we have

(a+b)" = (a+b,ab+b2)Md< i‘ )

where M¢ = F¢ + (F4)2G and
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oo

B = (I-KKY)| i K"(HY"|H' + K[ Y (K*)"H"](I— HH?),

n=0 n=0

_ (a?)? 0
H = ( () +b(ad)s 0 )
0 0
Kd: ( (bd)4 (bd)3 >
We compute that

0
d .
I1—HH E 1),

( Hsz 3n 71', 0 ‘
a+b 3n 2 ‘rt 0 ’
I—KK? = <

1
ba’ bn)a

0

(K Kde b%n lec b%nbn > neN.

Moreover we have
d\3n+3
a 0 0
(H)"! = ( (a?)3 4 4 p(ad)ntS >, (Kt = < ()34

Therefore we have

n=1

—i—Kd(I—HHd)—i- i(Kd>n+l(H_H2Hd)n

n=1
(@ 0
- < z (bd)S )7
——bd(ad)3 +bn(ad)4+bbn(ad)5_|_(bd)4an

S T
n=1

Uy = b3n71bn(ad)3n+3 + b3nbn(a;)3n+4 + b3n+1bn(ad>3n+5

where

(bd)3n+3

+ (bd)3n+4a3nan + (bd)3n+3a3n—1an + (bd)3n+2a3n—2an‘

Then we have

F?=BI(1+BA)

).
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(D 2 (s )= (o Dy )

Moreover we have

d\3
d _ pd dey — (a) 0
M®=F*(I+F G)-( (b")0ab (b3 )
1+a%b+ (a®)?ba+ (a?)*b? aa’b+alb?
z(a*b + aba + ab?) 2(@*b+ a*b?) + (b4)3 (a®b + bab + ab?)
Therefore (a+b)? = (a+b,ab + b*)M? < cll > = vw, where
3
_ 2 (a) 0
V= (a+b,ab+b ) < (bd)loab (bd)5 )
= ((a")* + + (a+b)bz+ (a+b)(b*)ab, (a+b) (b)),
B 1+adb+ N2ba + (a)?b? aa’b+ a’b?
- 2b + aba+ ab?) z2(@®b+a*b?) + (b?)>(a*b + bab + ab?)

( | )
( a+ a’ba+ aa’b + ab?
z(a

2ba+a’b +a*b?) + (b%)’ (a®b + bab + ab?)

By the direct computation, we complete the proof. U

Bu and Zhang considered the Drazin inverses of block complex matrices under the
conditions PQP?> =0,QPQP =0 and Q? =0 (see [ |, Remark 3.1]). As an immediate
consequence of Theorem 1, we now derive

Corollary 1. Let a,b € 2°. If aba®> = 0,abab = 0 and b*> = 0, then
(a+b)? =a + (a®)?b+ (a?)*ba+b(a®)? + b(a?)*b + b(a®)*ba.

Proof. Using the notations in Theorem 1, we have u, = 0,z = (a?)* 4+ b(a?)’. In
view of Theorem 1, a + b has g-Drazin inverse and

(a+b)? = a® + (a®)*ba+ (a®)?b+ b(a®)? + b(a?)*ba+ b(a®)*b
+abz(a+ a®ba + aa’b)
=a’ + (a)*b+ (a?)*ba+ b(a?)* + b(a®)* b+ b(a®)*ba,
as asserted. O

Using the previous corollary, we now extend [3, Theorem 2.4].
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Theorem 2. Let a,b € A%. If a’ba = 0,abab = 0,ab*a = 0 and ab® = 0, then
(a+b)* = [(a+b)*pT + (a+b)A] [T +A(a+b)d]
+ [(a+b)*bA+ (a+b)E] [A+E(a+Db)al,
where
I = o 4 zBo+ oz po® + 71 o,
A=z +aizBa+ 7B,
A=Bla+t (B0 + B’ + Bor’zi o+ Boza B Bor
+ Bo?zoBa? + Boza Bl o,
E =B+ (B") o+ Bz + Bo’zBo+ Bozapla,
o= b>+ab,B = ba+a?,
o = (b7 + (b")*ab, B! = (a®)* + b(a)® + bab(a?)?,
2 = i(ad)i+2BiBn + i oo™ (BY) 2 — ol B,
i=0 i=0
2=z +z1p7.
Proof. Let o = b* +ab and B = ba + a®. Since ab® = 0, it follows by Lemma 2

that o has g-Drazin inverse and a = (b%)% + (b?)*ab. Since a*ba = 0, similarly, we
have B¢ = (a?)? +b(a?)? + bab(a?)>. Set

M — b* +ab 1
~ \ (a+b)ala+b)b ba+a* )
Then M = A + B, where

A:(‘(’)‘ é)andB:<B(2x 8).
21

d
In view of Lemma 1, A4 = ( 0 B ) , where
7= Z(Oﬁd)iHBiBn + Z OLiOLn(Bd)Hz _ OCdBd.
i=0 i=0
Let 7, = afz; —l-Zle. Then

dy2 _ (ad)z 22
W‘( 0 <Bd>2)‘

Clearly B?> = 0, and so BY = 0. We compute that

wips=( B0 o).
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(B)*a? (B)*a
0 0
L
B(A?)3B = 0 0
(A%)°B = < Bz Bou+ BazofiBo 0 )’
B(AY)*BA = < 0 0 ) .

BodzoBo® + Bazafpla®  BodzoPar+ Bozapla

We easily check that ABAB = 0,ABA% = 0 and B> = 0. In view of Corollary 1, we
have

(AT)3BA — < o/zBo’ +z1B%?  alzPo+z1fla >,

M? =AY+ (A9)?B+ (A?)°BA + B(AY)? + B(A?)*B+ B(A?)*BA = ( /F\ é )

—

where
T = o’ + zpo+ odzpo? + 21 plo?,
A=z +a'zBa+ 7B,
A=Pplo+ (B + B + Pz Pa+ PozaBiBar
+ BodzoBo” + Boza plor?,
E =B+ (BY)*a+ Bazs + BozoPo+ Bozapla,
Let N = (( clz > (b,1)>2. Then N = < Ptab  ath ) . As in the proof of

ab*+a*b  a*+ab
[3, Theorem 2.4], we have

M 1 0 (a+b)b 1 N (a+b)b 1 1 0
-\ 0 a+b ala+b)b a )’ \ ala+b)b a 0 a+b )
By using Cline’s formula (see [5, Theorem 2.9]), N has g-Drazin inverse and
d __ (Cl+b)b 1 di12 1 O
N = ( ala+b)b a [M] 0 a+b )
In view of [5, Theorem 2.7], Q := < clz > (b, 1) has g-Drazin inverse and (Q9)? =

(0*)? = N?. By using Cline’s formula again,

(a+b)d:(b,1)Nd< ;)

S (3,0 (2)



1266 HUANYIN CHEN AND MARJAN SHEIBANI
1
— 2 d12
— ((a+b)*b,a+b)[M] < 2t b )

= (((a+b)*b,a+b)M?)( (a +ba>
= [(a+Db)*bT + (a+b)A] [T+ A(a+b)d]
+ [(a+b)*bA+ (a+b)E] [A+E(a+Db)al.
This completes the proof. O
Corollary 2. Leta,b € 2%, If a*ba = 0,abab = 0 and b*> = 0, then
(a+b)! = [(a+b)abl + (a+b)A] [T+ A(a+ b)d]
+ [(a+b)abA+ (a+b)E] [A+E(a+Db)a],
where
I =zBa+zpa?, A=z +zp%:,
A= Blo+ (B)’ o + BazafBor+ Boza o,
E =B’ + (B*) o+ oz + Boza o,

a=ab, B=bat+d*, o?=0, B!=(a’)*+b(a’)}+bab(a’),
= (BN +ab(a?)®, z =B +ab(a®)®.
Proof. This is obvious by Theorem 2. O

For complex matrices, Drain and g-Drazin inverses coincide with each other. Thus
the preceding theorems give alternative formulas for the Drazin inverse of the sum of
two block complex matrices provided in [7, Corollary 2.]. The following example
illustrates that Theorem 2 is not a trivial generalization of [9, Theorem 2.1].

Example 1. Let

0100 0 -1 0 0
0010 0 0 1 0
a=1 9001 [?=|0 0 o1 |EMO
0000 0 0 0 0
Then a,b € M4y(C)?. Tt is clear that a’ba = 0,abab = 0,ab*a = 0 and ab® = 0, but
00 0 1
0000
_ 2 _
aba = ab”~ = 000 0 £0.
0000
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3. BLOCK OPERATOR MATRICES

In [1], Bu and Zhang considered a class of block complex matrices with zero
generalized Schur complement. The goal of this section is to provide explicit repres-
entations for the g-Drazin inverse of the operator matrix M given by (x). We now
derive.

Theorem 3. Let A € L(X) have g-Drazin inverse, D € L(Y) and M be given by
(¥). Let W = AAY + AYBCA?. If AW has g-Drazin inverse, AA"BCA = 0,CA*BCA =
0,AA™BCB = 0,CA™ BCB = 0 and D = CAYB, then M has g-Drazin inverse. In this
case

M? =P+ (P)?Q+ (P QP+ Q(P)* + Q(P')’Q+ Q(P!)* QP.

A AA‘B 0 A™B
whereP—<C CAdB)andQ—(O 0 )and

P4 = ( é‘:j > [(AW)9]* ( A,AAYB )

o [ AAY dYi42 [ pitl dprai—1
+;< cad )[(AW) [T ( ATAT 4+ AAYBCATIAT0 ).
Proof. One easily checks that

A B
MZ( CAdB>:P+Q’

A AA‘B 0 A™B
P_<C CAdB>’ Q‘(o 0 >
By hypothesis, we have PQPQ = 0, POP?> = 0,0* = 0. By virtue of Corollary 1, we
have M? = P!+ (P/)*Q+ (P4)? QP+ Q(P*)*+ Q(P!)*Q+ Q(P!)*QP. Moreover we

have - J
A2A¢ AA‘B AA™ 0
P:P1+P2’P1:<CAA" CA"B)’ PZ:(CA“ o)

and P,P; = 0. By virtue of Lemma 1, P, has g-Drazin inverse. Obviously, we have

P1:<AAd>(A,AAdB).

where

CA?
By hypothesis, we see that

d
( A,AA'B ) ( é‘zd ) =AW

has g-Drazin inverse. By using Cline’s formula, we see that

= ( e ) (AWE (aaa's ),
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For any i € N, we compute that
: AA? ditl 4 : AIA™ 0
(Pld)l = ( CAd ) [(AW) ]l+ ( A’AA B ) andPﬁ = CAi*lATE 0 .
According to Lemma 2, P has g-Drazin inverse and

Pl=Y PIPT(P)™ 4 Y (P PP
i=0

i=0

~ (o ) taw ) (aantp )

o [ AAY d1it2 [ pit dpeai-1
+l;< cad )[(AW) [T (ATTAT + AAYBCATIAT0 ).

This completes the proof. g

Corollary 3. Let A € L(X) have g-Drazin inverse, D € L(Y) and M be given by
(¥). Let W = AA? + AYBCA?. If AW has g-Drazin inverse, A"BC = 0 and D = CA’B,
then M has g-Drazin inverse. In this case

M? =P+ (P)’Q,

where
A AA‘B 0 A™B
P(c CAdB>’ Q(o 0)

and

AAd

Pl = ( oAl >[(AW)d]2( A,AAYB )
+i A4l [(AW)?]"*2 (| A1A™+ BCA'-1A™,0 ).
i=1 CcA? 7
Proof. Since QP = 0, we obtain the result by Theorem 3. U

The following example illustrates that Theorem 3 is a nontrivial generalization of
[9, Theorem 3.3].

Example 2. Let A, B,C and D be the linear operators on C? given by 2 x 2 matrices
over C.

0 1 I —1 1 1
A (8 )= () Yo (1 amneo

Set M = é g ) . Then M can be seen as the linear operator acting on C? x C2.
We check that

AA™BCA = 0,CA™BCA = 0,AA™BCB = 0,CA™BCB =0
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and D = CAYB, while CA™BC = < 8 _22 ) £0.

Finally, we split the block operator matrix M in an other way and extend [ !, The-
orem 4.2] as follows.

Theorem 4. Let A € L(X) have g-Drazin inverse, D € L(Y) and M be given by
(). Let W = AAY + ABCA“. If AW has g-Drazin inverse, BCA™A? = 0, BCA™AB =
0, BCA™BCA? = 0 and D = CA“B, then M has g-Drazin inverse. In this case

MY =P+ (P)Q+ (P QP+ Q(P!)’ + Q(P')*Q + Q(P!)* QP,

A B 0 0
P_<CAAd CAdB)’ Q_<CAT‘ o)

where

and

P— (e )Wy R (aaats )

o [ AT1ATBCA? dyit2 d
+;( o Y w1 (aants ).

Proof. Clearly we have

A B
M‘<c CAdB>_P+Q’
where
A B 0 O
P= ( CAAY CA‘B ) and 0= ( CA™ 0 >
Then we check that POPQ = 0, POP> = 0,0?* = 0. In view of Corollary 1, we have
M? = P!+ (P')’Q+ (')’ QP+ Q(P!)* + Q(P!)* 0 + Q(P!)*QP.

Moreover we have

CAAY CA‘B 0 0

and PP, = 0. In light of Lemma 2, P, has g-Drazin inverse. As in the proof of
Theorem 3, we have

2 ad d T b
P:P1+P27P1:<AA AAB>7 P2:<AA AB>

= (oo ) AWy R (aats ),

For any i € N, we compute that

(P) = < AA° ) [(AW)?]T ( A,AAB ) and P} = <

AiATc Ai—lATcB
cA? > '

0 0
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According to Lemma 2, P has g-Drazin inverse and

= X AP+ Y (P AT
i=0 i=0

~ (o ) 1wy (aantp )
+Z ( Al lATtBCAd ) KAW)d]H-Z( A,AAB )’

and we are through. O
As an immediate consequence of Theorem 4, we have

Corollary 4. Let A € L(X) have g-Drazin inverse, D € L(Y) and M be given by
(). Let W = AA? + A?BCAY. If AW has g-Drazin inverse, BCA™ = 0 and D = CA*B,
then M has g-Drazin inverse. In this case,

:Pd+Q(Pd)2a
()

P ()R (aaats )
+Z ( A= 1A“BCAd >

where

[(AW)]"*2 (4,448 ).
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