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Abstract. This paper aims to introduce various concepts of statistical Riemann-Stieltjes sum
via the deferred Norlund summability mean for the sequence of functions as well as the se-
quence of distribution functions. We first establish some fundamental limit theorems for statist-
ical Riemann-Stieltjes sum in the sequence space. Then over the probability sequence space, we
establish some more advanced results. Finally, over both the spaces we establish some inclusion
theorems via our proposed mean in association with statistical Riemann-Stieltjes integral.
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1. INTRODUCTION AND MOTIVATION

Let [a,b] C R, and for all k € N there is a function gy : [a,b] — R and it is called a
sequence (gi) of functions on [a, b].

We now define the Riemann-Stieltjes sum of a sequence (gx) of functions along
with a tagged partition ©? which is given by

k
8(ews?) =Y &) [o(ri) — oufri-1)],
i=1
where o is a monotonic increasing function.
Let F be a real-valued monotone transformation on / C R,
F:I— F(I).

We next assume that (A ) is a real-valued sequence of step functions on the interval
1,

I
M=

hk(l) Cil(IEIi),

i=1
where ¢;’s are constants and I; is a partition with / = U, I;.
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We now recall the Riemann-Stieltjes integral of (/i (u)) sequence of functions as
k
[ m@d7 @) = Y cil 7 @)
i=1

Note 1. Let |F(I)| = F (max([;)) — F (min(L;)). If I; = (a;,b;), then
| F () [= F (bi) = F (ai),

and the integral value of (/i (u)) is

k
/Ihk(u)df(u) = Z]Ci(,‘]:(bi) — F(ai)).

i=
Accordingly, we make the following definition.

Definition 1. Let 7 be an increasing function and (g;) be a sequence of functions
defined over the interval I. The given sequence (gi) of functions is Riemann-Stieltjes
integrable with respect to ¥, if for every € > 0, there exists a sequence of step func-
tions /j and A} such that

[ @)~ [Hwasw<e ¢ <g<n)
I I
and
[ () = sup [ m(was ).
where iy < g and hy is a sequence of step functions.

Note 2. The Riemann integral is a special case of Riemann-Stieltjes integral, when
Fx) =x

is the identity transformation. Thus,

/ a(1)dF (1) = / a(t)di (becauseF (1) = 1).

The study of convergence on sequence space is one of the most important and
fascinating aspects in the domain of real and functional analysis. The gradual im-
provement in this study leads to the development of statistical convergence which is
more general than the usual convergence. The credit for independently defining this
beautiful concept goes to both Fast [3] and Steinhaus [20]. Nowadays, this potential
notion of statistical convergence has been a field of interest of many researchers and
becoming an active research area in various fields of pure and applied Mathematics.
In particular, it is very much useful in the study of Machine Learning, Soft Comput-
ing, Number Theory, Measure theory, Probability theory, and so on. For some recent
research works in this direction, see [1], [4], [5], [6], [71, [8], [9], [12], [14], [19] and

[21].
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Suppose 9 C N, and let 9%, ={{:{ <k and C€ 9}. Then the natural density
d() of ¥ is defined by

|94
d = 1 —_— =
(9) = lim == =p,
where the number p is real and finite, and |9%| is the cardinality of ;.
A given sequence (yy) is statistically convergent to a if, for each € > 0,

Y%e={C:CeN and |y —a|>¢e}
has zero natural density (see [3] and [20]). Thus, for each € > 0,

9%
kg?o k 0

d(9¢)

We write
stat lim y; = a.
k—yoo

In the year 2002, Mdricz [11] studied and introduced the notion of statistical
Cesaro summability. Subsequently, Karakaya and Chishti [10] introduced the idea
of weighted statistical convergence. Recently, Srivastava et al. [16] introduced and
studied the notion of statistical probability convergence via the deferred Norlund
mean and its applications to approximation theorems, and in the same year Srivastava
et al. [14] also studied a result on deferred weighted statistical probability conver-
gence together with its applications to approximation theorems. Furthermore, Jena
and Paikray [5] also proved a result on the product of deferred Cesaro and deferred
weighted statistical probability convergence and its applications to Korovkin-type
theorems. Subsequently, Srivastava et al. [18] established another result on statistical
product convergence of martingale sequences and its applications to Korovkin-type
approximation theorems. Recently, Jena and Paikray [6] demonstrated statistical con-
vergence of martingale difference sequence via deferred weighted mean and proved
a Korovkin-type theorem. Moreover, such concepts have been generalized in many
aspects. In this direction, the interested readers may refer, [17], [15] and [13].

We now make the following definition of statistical Riemann-Stieltjes integrablility
for sequence of functions.

Definition 2. Let F be an increasing function, and let (gx) be a sequence of func-
tions defined over the interval I. The given sequence (gx) of functions is statistical
Riemann-Stieltjes integrable to g with respect to ¥, if for every € > 0, there exists a
sequence of step functions /; and /; such that

[ w)— [Hwasw<e 0 <g <)
and the set

%= {t:¢en ‘/ng(u)dﬂu)—g' el
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has zero natural density (see [3] and [20]). Thus, for each € > 0,

d(9%) = klim 19l _ 0.

—oo K

We write
statrg lim /gk(u)df(u) =g.
k—oo JT

By making use of Definitions 1 and 2, we setup an example (below), every Riemann-
Stieltjes integrability implies statistical Riemann-Stieltjes integrability. However, the
converse is not true.

Example 1. Let g : [0,1] — R be a sequence of functions defined by

]
3 (x€QN[0,1); k=%, jEN)

8k(x) = (1.1)
) (otherwise).

It is easy to see that the sequence (g;) of functions is statistically Riemann-Stieltjes
integrable to 1 over [0, 1], but not Riemann-Stieltjes integrable (in the ordinary sense)
over [0,1].

Next, in view of Definition 2, we establish the following theorem.

Theorem 1. Let F be a bounded and increasing function on I, and let the se-

quence of functions (gx) be bounded and uniformly convergent on I. Then (g) is
statistically Riemann-Stieltjes integrable on I.

Proof. Given ¥ be a bounded and increasing function on I = [a, b], that is,

—oo<€:T(a):irllffgsupfzf(b):L<+00.
1

Suppose that [ is finite. Since (g) is uniformly convergent to a function g and also
bounded on I, so for each € > 0 there exists a natural number N(g) with k > N(¢)
such that

gx(t) —g()l <& (Vrel).
Next, let J; be a partition with I = U?_,I; and | F (I;)| < & (8 > 0), and let

m; =infg,(r) and M;=supg(t),
tel; tel;

where M; —m; < €.
Further, the sequence of step functions are

k k
h(t) =Y ml{teL} and h(t)=) M;1{t €}
i=1 i=1

with /. < gk < hyl.
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Thus,

/hk YdF (u Zm,|f |<ZM|{F \_/h

which implies that

/[h'k'(u /hk VAT () < Y (M; —m)| (1)

i=1

<SZ\T )| =¢elF ()],

where F (I;)’s are disjoint.

Thus, for each € > 0, (h) and (h]) are sequences of step functions, and we get
(gr) is statistically Riemann-Stieltjes integrable on I.

Next, for [ is infinite, and ¥ being increasing and continuous (piecewise), for
every € > 0 there exists a finite interval 7 with I C I such that

max(sup F —sup F;inf F — irIlfT) <E.
I 7 I

Also, since (g) is bounded

sup lgx| < G-
N

This implies
[ GaF 0~ [ ~Garw <2ge

assuming ﬁnite~number of points of / and I. Successively, we choose the sequences of
step functions Ay = (—G,hy,,—G) and i) = (=G, ', —G) such that k) < (gx) < hy/,
that is, (gx) is bounded over I and as such

/h /h’ VA (u /h (u)—/ih;(u)df(u)
Ngdf(u)— —GdF (u)
N
<e|ff()!+2ge

Hence, (g ) is statistically Riemann-Stieltjes integrable over 1. O

We next discuss the following two special cases of statistically Riemann-Stieltjes
integrals.

Corollary 1. Let F be an increasing step function on I such that

k
F l‘) = ZC,’I{I §t,’},
i=1
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with min(l) =19 < t; < --- < ty = max(l), and ¢; > 0. Then (g) is uniformly con-
vergent, and

k
statgrs hm / gr(t)dF (1) = Z

Proof. In view of statistical Riemann-Stieltjes sums

k
statrs Y g (¥i) [F (t1) — F (ti-1)]

i=1
with

N ' Gk (l,‘_l <7uk<ti;li—li_1 <8)
T “’1)‘{0 (e (1= 1-1)17 ), (-2

we have,
k
statrs Y gk (Yo) [F (1) — F (ti-1) ng Yi)e
i=1
Next, (gx) is uniformly convergent with y; — A;, that is gx(y;) — gx(A;). Thus,
lim Z k() [F (t:) — F (ti-1)] = ’}g{}o ng(Yi)Cz
i=1

ne il
k
= ’}gg Z gk(ti)ct
=

O

Corollary 2. Let F be differentiable with F = f (continuous). Then (gy) is integ-
rable, and

statgs /1 (1)dF (1) = statgs /1 a(0)£(0)dr.

Proof. In view of the statistical Riemann-Stieltjes sums, we have

k
statrs Y gk (¥i)[F (1) — F (ti-1)). (1.3)

i=1
Following mean value theorem,

F(t:) = F (tio1) = f(ua) (ti —ti-1)
for some y; € (f;—; —t;). Consequently from (1.3), we obtain
k

k
statrs ) (Vi) [F (1) — F (ti-1)] = statrs Y, gk (Yo) f (1) (1 — 1i-1),

i=1 i=1
which ends the proof of the Corollary 2. U
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Motivated chiefly essentially by the above-mentioned investigations and develop-
ments, we introduce various concepts of statistical Riemann-Stieltjes sum via the
deferred Norlund summability mean for the sequence of functions as well as the se-
quence of distribution functions. We first establish some fundamental limit theorems
for statistical Riemann-Stieltjes sum in the sequence space. Then over the probabil-
ity sequence space, we establish some more advance results. Finally, over both the
spaces we establish some inclusion theorems via our proposed mean in association
with statistical Riemann-Stieltjes integral.

2. RIEMANN-STIELTJES INTEGRABILITY OVER A PROBABILITY SPACE

Let (Q,FF,P) be a probability space, and let (X,),cn be the sequence of random
variables defined on €, such that

{oeQ:X,(0) <x}€F

for each x € R. Also, it is known as measurability.
Accordingly, we can define the sequence of distribution functions (F;(x)) of (X,),
that is,
F,(x) =P{oe Q:X,(0) <x}.

Definition 3. Let (X, ),cn be the sequence of random variables with sequence of
distribution functions (F;(x)). Then the expectation E(X,) of (X,) is

E(X,) = / xdF, ().
We next present the statistical version of Definition 3.

Definition 4. Let E(X,) be the expectation of (X,). Then, for each € > 0, we
define the statistical expectation E(X,,), that is,

Y%e={C:LeN and |E(X,)—h|>c¢}
has zero natural density (see [3] and [20]). Thus,

= lim =—— =0.
d(9%) klfrolo X 0
We write

statsg lim E(X,,) = h.
k—boo

We interpret the expectation E(X,) in the form of Riemann-Stieltjes integral, that
is,
n

E(Xp;&) = Y &i[Fu(xi) — Fu(xio1)] @.1)

i=1
where & € (x;_1,x;].
We next present below the statistical version of (2.1).
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Definition 5. Let F;,(x) be a sequence of distribution function, and let E(X,,) be the
expectation of (X, ). Then, for each € > 0, we define the statistical Riemann-Stieltjes
integral of E(X,), that is,

Y% ={C:LeN and |E(X;;§)—h|>c¢}
has zero natural density (see [3] and [20]). Thus,

(00~ im B2 =0

We write
statggs lim E(X,,;§) = h.
k—yo0

We now easily capable to adopt the following propositions from the earlier estab-
lished Corollaries 1 and 2, and Definition 5.
Proposition 1. If (F;) is a sequence of step functions with jump at (x;), then
n
staters E (Xn; ) = statgrs in[fn (xi) = Falxiz1)].
i=1

Proposition 2. If (F;) is differentiable with _’Fil = f;, then
statgrs E (Xn) = statgrs / Xfn (x)dx.
Let f be a function on R with

/ F)dF,(x) < oo
such that
{o: f(Xu(®)) <u} e F, ueR?
We can define the distribution function F of ¥,
Fa(y) =P{o: Yy(o) <y}
Then the expectation of (V) is

E<Yn) = /den(y)

(exists and finite).
We next define below the statistical version of E(Y,,).

Definition 6. Let E(Y,) be the expectation of (¥,). Then, for each € > 0, we define
the statistical expectation of E(Y,,), that is,

Y% ={0:LeN and |E(Y,) —h| >¢}
has zero natural density (see [3] and [20]). Thus,

d(9%) :IEE?QWI:’ = 0.



STATISTICAL RIEMANN-STIELTJES INTEGRALS 797

We write
statggr lim E(Yn) =h.
k—yo0

We now reform the expectation E(Y,) in the form of Riemann-Stieltjes integral,

Ym& Z&z l yt 1)] (2-2)

where & € (yi—1,yi].
We next present the statistical version of (2.2).

Definition 7. Let (F,(y)) be a sequence of distribution function, and let E(Y;)
be the expectation of (¥,). Then, for each € > 0, we define the statistical Riemann-
Stieltjes integral of E(Y,,), that is,

Y% ={C:CeN and |E(Y,;&)—h|>¢}
has zero natural density (see [3] and [20]). Thus,

o 1%

Jm =

d(9) = =0.

We write
statgrs lim E(Y,;&) = h.
k—yo0
In view of Definition 7, we establish the following theorem.

Theorem 2. Let X,, is a sequence of random variables, and let f be a function on
R. Then the sequence of random variables (Y,) = f(X,) has the statistical expecta-
tion

stats E(Y,) = statp / F(0)dF(x).

Proof. Following the Riemann-Stieltjes integral,

statg/rs th 1 (yl 1,)’:)} = statg/rs Zét Y S (YI 1,y1])
i=1

= statg/rs Z &,l (yl layt])

= statg/rs Z EP(X, € £ (vi1,3i]),

where &; € (yi_1,yi)]. Also, recall that

& € ieny) <= mi=f"&) € fH{0i—L)]}
= f(Mi) € Oi-1,51)]-
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Consequently, we have
n
statsgr Y f(M)P(Xy € £~ (i 1,04]) (2.3)
i=1

withn; € f~{(yi-1,51)}-

Furthermore, if the intervals (y;_1,y;] form a partition, then the intervals (x;_;,x;] =
F~H(i-1,y]} also form a partition.

Thus, (2.3) can be written as

n
statgg’ Zf(n,)P(Xn € f(x,-,l ,xi]), (24)
i=1
where 1; € (x;_1,%;), which is the Riemann-Stieltjes sum. O

3. STATISTICAL RIEMANN-STIELTJES INTEGRABILITY VIA DEFERRED
NORLUND MEAN

Let (0x) and (@) € Z°F with ¢y < @ and limy_, @y = oo, and let (p;) be a
sequence of non-negative real numbers with

Pr

Pk = Z Poy—i-
i=r+1

Accordingly, we define the deferred Norlund summability mean for the Riemann-
Stieltjes sum 8(gx; P) of a sequence of functions with tagged partition P of the form

1 & .
%= 5 Y Poi—p 8(gp: P). (3.1)
Kp=git1

We now present the notions of statistical Riemann-Stieltjes integrability and stat-
istical Riemann-Stieltjes summability of a sequence of functions via the deferred
Norlund mean.

Definition 8. Let (¢;) and (¢;) € Z°*, and let (p;) be a sequence of non-negative
real numbers. Also let F be an increasing function, and let (gx) be a sequence of
functions defined over the interval /. The given sequence (g ) of functions is deferred
Norlund statistically Riemann-Stieltjes integrable to g with respect to ¥, if for every
€ > 0, there exists a sequence of step functions /j and 4] such that

i ag 0= [mdsu <e 0 <s<n)

and the set '

{C:C<P and pg,_¢|8(gc:P)—g|l>¢e}
has zero natural density. This implies that,
. HE:C<P and  po [8(s?) —gl e} _

i

0.4
k—yo0 Pk
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We write
DNRS;iy¢ ]}im d(gi;P) =g
o

Definition 9. Let (¢x) and (@) € Z°*, and let (p;) be a sequence of non-negative
real numbers. Also let F be an increasing function, and let (g;) be a sequence of
functions defined over the interval I. The given sequence (gi) of functions is stat-
istically deferred Norlund Riemann-Stieltjes summable to g with respect to F, if for
every € > 0, there exists a sequence of step functions /;, and 4} such that

a0 = [mdF ) <e 0 < <h),
and the set
{G:0<N and [o—g| > )
has zero natural density. This implies that,

. {C:8<P and |zx—g| > e}
lim =
k—roo Py

0.

We write
statpnrs lim z; = g.
k—yoo0

We now establish an inclusion theorem between these two new potentially useful
notions.

Theorem 3. Let (¢x) and (@) be sequences of non-negative integers and let (py)
be a sequence of non-negative real numbers. If a sequence (g )ren of functions is de-
ferred Norlund statistically Riemann-Stieltjes integrable to a function g on [a,b), then
it is statistically deferred Norlund Riemann-Stieltjes summable to the same function
g on [a,b), but not conversely.

Proof. Suppose (gi)ken is deferred Norlund statistically Riemann-Stieltjes integ-
rable to a function g on [a, b], then by Definition 8, we have

L HECSR and py fdsct) -2
k—roo P

Now assuming two sets as follows:

Je={C:C<P and py |8(g;P)—g| > €}
and

J={8:C<P and pe_¢|8(s;;P) —g| > €},
we have

1 & .
=gl = |5 X Po-pd(ge:?)—g
k p=oc+1
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1 O . 1 [
< P Z Por—p [S(gp;fP)—g] + P, Z Po—p8—8
kp=gx+1 K p=0c+1
1 . 1 Pr .
< 7 Z Ptprp‘s(gp;?)—ng, Z Poi—p [3(gp: P) — g
Kp=gi-+1 Kp=gc+1
(Ce%) (Ce%s)
Pk
+lel|5 X Pep—l
p=0x+1
1 1
< = —|5|=0.
= Pk ’]€‘+ Pk‘jg|
This implies that
2 —g| <e.

Thus, the sequence of functions (g ) is statistically deferred Norlund Riemann-Stieltjes
summable to the function g on [a,b).

Next, in view of the non-validity of the converse statement, we present the follow-
ing example. O

Example 2. Let 0y = 2k, @x = 4k and p, _¢ =1 and let g; : [0, 1] — R be a sequence
of functions of the form

0 (xeQnI0,1]; k=2m:m e N)
8k(x) = 3.2)
1 (xeR—-QN[0,1]; k=2m+1:meN).

The given sequence (gi) of functions trivially indicates that, it is neither Riemann-
Stieltjes integrable nor deferred Norlund statistically Riemann-Stieltjes integrable.
However, as per our proposed mean (3.1), it is easy to see that, the sequence (g¢) of
functions has deferred Norlund Riemann-Stieltjes sum % under the tagged partition .
Therefore, the sequence (gx) of functions is statistically deferred Norlund Riemann-
Stieltjes summable to % over [0, 1] but it is not deferred Norlund statistically Riemann-
Stieltjes integrable.

We now present the notions of statistical Riemann-Stieltjes integrability and stat-
istical Riemann-Stieltjes summability of a sequence of random variables via the de-
ferred Norlund mean.

Definition 10. Let (¢;) and (¢;) € Z°F, and let (py) be a sequence of non-negative
real numbers. Let F;(x) be a sequence of distribution function, and let E(X,) be the
expectation of (X,,). Then, for each € > 0, E(X,) is deferred Norlund statistically
Riemann-Stieltjes integrable to the function g, if

{C:C<P and pg_¢|8(E(X::0);P)—g| > €}
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has zero natural density. This implies that,

LGS and py (BEXGY:P) glzel
k—roo Py

We write

DNER Sqat l}im O(E(Xy;k);P) = g.
—»00

Definition 11. Let (¢;) and (¢;) € Z°T, and let (py) be a sequence of non-negative
real numbers. Let F;(x) be a sequence of distribution function, and let E(X,) be the
expectation of (X,,). Then, for each € > 0, E(X,) is statistically deferred Norlund
Riemann-Stieltjes summable to g, if

{C:C<N and |z%(E(X;C)—gl > €}
has zero natural density. This implies that,

o HGEEN and (E(XG) —gl 2 el
k—boo Py

We write
SstatpNERS ]}im Zk (E (Xk; k) =g.
—>00

We now establish an inclusion theorem between these two new potentially useful
notions.

Theorem 4. Let (¢r) and (@) be sequences of non-negative integers and let (py)
be a sequence of non-negative real numbers. If (F,(x)) be the sequence of distri-
bution functions, and let E(X,) be the expectation of (X,), then E(X,) is deferred
Norlund statistically Riemann-Stieltjes integrable to a function g on [a,b| implies, it
is statistically deferred Norlund Riemann-Stieltjes summable to the same function g
on |a,b], but not conversely.

Proof. The proof of Theorem 4 follows in the similar lines from the proof of the
Theorem 3. Thus, we choose skip the details. U

4. CONCLUSION

In this study, we have introduced the notion of statistical Riemann-Stieltjes sum
on the sequence space via the deferred Norlund summability mean and established
some fundamental limit theorems. Next, considering the probability space, we also
established some basic new results based on the Riemann-Stieltjes integral for the
sequence of distribution functions. Finally, over both the spaces we established some
inclusion theorems via our proposed deferred Norlund summability means associated
with statistical Riemann-Stieltjes integral for the sequence of functions as well as the
sequence of distribution functions.
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Many researchers have considered different summability means on the sequence
spaces to prove several approximation results. A list of some articles has been men-
tioned in the references. Further combining the existing ideas and direction of the
sequence spaces associated with our proposed mean, many new Korvokin-type ap-
proximation theorems can be proved under different settings of algebraic and trigo-
nometric functions.

Influenced by a recently-published article by Srivastava [14], we draw the aware-
ness of the interested reader’s toward the prospect of establishing some Korvokin-
type approximation theorems over the Banach space as well as the probability space.
Furthermore, in view of a recent result of Das et al. [2], the attention of the curious
readers is also drawn for further researches towards fuzzy approximation theorems.
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