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Abstract. In this work @ — g—supplemented modules are defined and some properties of these
modules are investigated. It is proved that the finite direct sum of & — g—supplemented modules
is also @ — g—supplemented. Let M be a distributive and & — g—supplemented R—module.
Then every factor module and homomorphic image of M are & — g—supplemented. Let M be
a @ — g—supplemented R—module with SSP property. Then every direct summand of M is
@ — g—supplemented.
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1. INTRODUCTION

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R -module. We will denote a submodule N of M by
N <M. Let M be an R -module and N < M. If L = M for every submodule L of
M such that M = N + L, then N is called a small submodule of M and denoted by
N <« M. Let M be an R -module and N < M. If there exists a submodule K of M
such that M = N+ K and NN K =0, then N is called a direct summand of M and it is
denoted by M = N & K. For any R—module M, we have M = M & 0. The intersection
of all maximal submodules of M is called the radical of M and denoted by RadM.
A submodule N of an R -module M is called an essential submodule and denoted by
N <M in case KN N # 0 for every submodule K # 0. Let M be an R -module and K
be a submodule of M. K is called a generalized small (or briefly, g—small) submodule
of M if for every essential submodule 7" of M with the property M = K + T implies
that 7 = M, then we write K <, M (in [10], it is called an e-small submodule of
M and denoted by K <, M). It is clear that every small submodule is a generalized
small submodule but the converse is not true in general. Let M be an R -module.
M is called a hollow module if every proper submodule of M is small in M. M is
called a generalized hollow (or briefly, g—hollow) module if every proper submodule
of M is g-small in M. Here it is clear that every hollow module is generalized hollow.
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The converse of this statement is not always true. M is called a local module if M
has the largest submodule, i.e. a proper submodule which contains all other proper
submodules. Let U and V be submodules of M. If M = U +V and V is minimal with
respect to this property, or equivalently, M =U +V and U NV <« V, then V is called
a supplement of U in M. M is called a supplemented module if every submodule
of M has a supplement in M. If every submodule of M has a supplement that is a
direct summand in M, then M is called a &—supplemented module. Let M be an R
—module and U,V <M. f M =U+V and M =U +T with T <V implies that
T =V, orequivalently, M =U +V and UNV <, V, then V is called a g-supplement
of U in M. If every submodule of M has a g-supplement in M, then M is called a
g-supplemented module. A module M is said to have the Summand Sum Property
(SSP) if the sum of two direct summands of M is again a direct summand of M (see
[1]). We say that a module M has (D3) property if M| N M, is a direct summand
of M for every direct summands M| and M, of M with M = M| + M, (see[7]). The
intersection of all essential maximal submodules of an R—module M is called the
generalized radical of M and denoted by Rad,M (in [10], it is denoted by Rad.M). If
M have no essential maximal submodules, then we denote Rad,M = M.

More information about supplemented modules are in [2, 9]. More results about
@ —supplemented modules are in [3,4,7]. More information about g-supplemented
modules are in [5].

Now we will give some important properties of generalized small submodules.

Lemma 1. Let M be an R -module and K, N < M. Consider the following condi-
tions.

(1) If K < N and N is a generalized small submodule of M, then K is a general-
ized small submodule of M.

(2) If K is contained in N and a generalized small submodule of N, then K is a
generalized small submodule in submodules of M which contains N.

(3) Let T be an R—module and f : M — T be an R-module homomorphism. If
K <4 M, then f(K) <, T.

4) IfK<;Land N <o T with L, T <M, then K+N <o L+T.

Proof. See [5, Lemma 1]. O

Corollary 1. Let M be an R -module and K <N < M. If N <¢ M, then N/K <,
M/K. [5]

Corollary 2. Let M be an R -module, K <, M and L <M. Then (K+L) /L <,
M/L. [5]
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2. @ — g—SUPPLEMENTED MODULES

Definition 1. Let M be an R—module. If every submodule of M has a g-supplement
that is a direct summand of M, then M is called a & — g—supplemented module. (See
also [8])

Clearly we can see that every & — g—supplemented module is g—supplemented.
We also clearly can see that every @&—supplemented and every generalized hollow
modules are & — g—supplemented.

Lemma 2. Let M be an R—module, V be a supplement of U in M and X,Y <V.
Then X is a g-supplement of Y in'V if and only if X is a g-supplement of U +Y in M.

Proof. (= )Let M =U+Y + T with T < X. Since V is a supplement of U in
MandY+T <V,V =Y +T and since X is a g-supplement of Y in V, then 7 = X.
Hence X is a g-supplement of U +7Y in M.

(<) LetV=Y+T with T <X. Since V is a supplement of U in M, M =
U+V =U+Y+T and since X is a g-supplement of U +Y in M, then T = X. Hence
X is a g-supplement of Y in V. O

Corollary 3. Let M =M &M, and X,Y < M,. Then X is a g-supplement of Y in
M, if and only if X is a g-supplement of My +7Y in M.

Proof. Clear from Lemma 2. O

Lemma 3. Let M be an R—module and M = M| & M,. If M| and M, are & —
g—supplemented, then M is also & — g—supplemented.

Proof. LetU be any submodule of M. Since M, is ® — g—supplemented, (M| +U)
MM has a g-supplement X that is a direct summand of M. Since X is a g-supplement
of (M +U)NMyin My, My = (M +U)NMp+X and (M, +U)NX = (M;+U)N
M)NX <, X. By M = M +U)NMy+X, M =M, &My, =M+ (M;+U)N
M, +X =M;+U+X. Since M is & — g—supplemented, (U +X) N M, has a g-
supplement Y that is a direct summand of M. Since Y is a g-supplement of (U +X)N
MyinM,M;=U+X)NM;+Y and (U+X)NY =U+X)NM;NY <, Y. By
Mi=U+X)NM+Y M=M+U+X=U+X)NM+Y+U+X=U+X+Y.
Since (M1 +U)NX <z X and (U+X)NY <, Y, by Lemma 1, UN(X+Y) <
U+Y)NX+U+X)NY < (M +U)NX+(U+X)NY <z X+Y. Hence X +Y
is a g-supplement of U in M. Since X is a direct summand of M, and Y is a dir-
ect summand of My, X + Y is a direct summand of M = M; & M,. Hence M is
@ — g—supplemented. O

Corollary 4. Let M be an R—module and M =M, &M, & ... &M,,. If M; is & —
g—supplemented for every i =1,2,...,n, then M is also & — g—supplemented.

Proof. Clear from Lemma 3. ]
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Proposition 1. Let M be a & — g—supplemented module. If every g-supplement
submodule in M is a direct summand of M, then every direct summand of M is & —
g—supplemented.

Proof. Let N be a direct summand of M and M = N @ K with K < M. Since M is
g-supplemented, by [5, Theorem 2], M/K is g-supplemented. By % % = ﬁ =
% = N, N is also g-supplemented. Let X < N and Y be a g-supplement of X in N.
Since M = N ® K, by Corollary 3, Yis a g-supplement of K + X in M. Since every g-
supplement submodule in M is a direct summand of M, Y is a direct summand of M.
By Y <N, Y is also a direct summand of N. Hence N is & — g—supplemented. [

Lemma 4. Let M be a & — g—supplemented R—module and K < M. If % isa
direct summand of % for every direct summand X of M, then % is & — g—supplemented.

Proof. Let U/K be any submodule of M/K. Since M is © — g—supplemented, U
has a g-supplement X in M that is a direct summand in M. Since X is a g-supplement
of U in M and K < U, by [5, Lemma 4], £ is a g-supplement of U /K in M/K.

X+K

Since X is a direct summand of M, by hypothesis, *%= is a direct summand of M /K.

Hence M /K is & — g—supplemented. U
Lemma 5. Let M be a distributive and @& — g—supplemented R—module. Then
every factor module of M is & — g—supplemented.

Proof. Let K < M and X be a direct summand of M. Since X is a direct summand

of M, there exists Y < M suchthat M = X &Y. SinceM =X Y, %:¥+%.

Since M is distributive, (X +K) N (Y +K) = K and XK 0 K — w =
% =0. Hence % = % &) % and by Lemma 4, M /K is ® — g—supplemented. [

Corollary 5. Let M be a distributive and ®& — g—supplemented R—module. Then
every homomorphic image of M is & — g—supplemented.

Proof. Clear from Lemma 5. ]

Lemma 6. Let M be a ® — g—supplemented R—module with (D3) property. Then
every direct summand of M is & — g—supplemented.

Proof. Let K be any direct summand of M. Then there exists T < M such that
M=K®T. Let U < K. Since M is @ — g—supplemented, U has a g-supplement
X that is a direct summand in M. Here M = U + X and U NX <, X. Since U <K,
M =U +X = K+X and since M has (D3) property, K NX is a direct summand of M.
Then there exists Y < M such that M = (KNX) @Y. Here K = (KNX) & (KNY).
Since M =U +X and U < K, by Modular Law, K =U+(KNX). Letn: M — KNX
be a canonical projection. Since UNX <, X <M,by Lemma I, UNKNX =UNX =
T(UNX) <, KNX. Hence K is @ — g—supplemented. t

Corollary 6. Let M be a @& — g—supplemented R—module with (D3) property.
Then M /X is ® — g—supplemented for every direct summand X of M.
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Proof. Let X be any direct summand of M. Then there exists Y < M such that M =
X @Y. By Lemma 6, Y is ¢ — g—supplemented. Then by % = XXLY = XYW = % =y,
M /X is also & — g—supplemented. ([l

Corollary 7. Let M be a ® — g—supplemented R—module with (D3) property and
f M — N be an R—module epimorphism with N is an R—module and Ker (f) is a
direct summand of M. Then N is & — g—supplemented.

Proof. Clear from Corollary 6, since M /Ker (f) = Im(f) =N. O

Lemma 7. Let M be a © — g—supplemented R—module, K <M and K = (KN M)
@ (KNM,) for every My,My < M with M = My & M,. Then M /K is ® — g—supple-
mented.

Proof. LetU/K < M/K. Since M is & — g—supplemented, U has a g-supplement

V that is a direct summand in M. Here there exists X < M such that M =V @& X. By

hypothesis, K = (KNV)@ (KNX). Since V is a g-supplement of U in M and K < U,

by [5, Lemma 4], X is a g-supplement of U /K in M/K. Since M =V & X, ¥ =

VLK | X4K pape VAK A XK _ (VHKNXHK) _ (VHK)OXHK _ (VAKOVHKOX)OX K
K

K K K K K K
(VHKNX)NX+K _ VAX+KNX+K _ 0+K _ K __ M _ V+K o X+K
. e = e =% =% = 0. Hence 7 = "%~ ® *%~. Thus M/K
is ¢ — g—supplemented. U

Corollary 8. Let M be a & — g—supplemented R—module, f: M — N be and
R—module epimorphism with N be an R—module and Ker (f) = (Ker (f)NM;) ®
(Ker (f)NM,) for every My,M, < M with M = M| ® M,. Then N is ® — g—supple-
mented.

Proof. Clear from Lemma 7, since M /Ker (f) = Im(f) = N. O

Proposition 2. Let M be a & — g—supplemented R—module. Then there exist
My, My < M such that M = M| ® M>, RadgM1 < M, and RadgMz =M.

Proof. Since M is & — g—supplemented, Rad,M has a g-supplement M, in M
such that M, is a direct summand of M. Since M; is a direct summand of M, there
exists My < M such that M = M| ©® M,. Since M, is a g-supplement of Rad M in
M, M = Rad,M + M, and M| NRad,M <¢ M. Since M = M| & M>, by [6, Lemma
4], Rad;M = Rad,M\ ® Rad,M,. Hence Rad,M; = My N Rad,M <, M. Since
Rad,M = Rad,M ® Rad,M>, M = Rad,M + M = Rad,M + Rad,M> +M| = M ®
RadgMz. Hence M, =M, "M = M, N (Ml @RadgMz) = (M2 ﬁMl) @RadgMz =
0 @RadgMz = RadgMz. ]

Proposition 3. Let M be a & — g—supplemented R—module. Then there exist
My, My < M such that M = My ® M, RadM| <, M and RadM» = M.

Proof. We can also prove this similar to proof of the previous Proposition. But we
prove by different way. Since M is & — g—supplemented, RadM has a g-supplement
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M, in M such that M, is a direct summand of M. Since M; is a direct summand of M,
there exists M, < M such that M = M| & M,. Since M| is a g-supplement of RadM in
M, M = RadM + M, and RadM = M1 NRadM <z M;. Assume that X be a maximal
submodule of M». Since Mﬁx = A;{,}#‘;I(Z = MZO(IWA;1+X) = MZQ%IZH—X = %,Ml +Xisa
maximal submodule of M. Then M = RadM + M, < M; + X. This is a contradiction.
Hence RadM, = M. O

Lemma 8. Let M be a & — g—supplemented R—module with SSP property. Then
M /K is © — g—supplemented for every direct summand K of M.

Proof. Let K be any direct summand of M and U/K < M/K. Since M is & —
g—supplemented, U has a g-supplement V in M such that V is a direct summand of
M. By [5, Lemma 4], % is a g-supplement of U/K in M /K. Since K and V are
direct summands of M and M has SSP property, K +V is also a direct summand of
M. Hence there exists 7 < M such that M = (K+V)&T. Since M = (K+V)&T,

M _ KeVAT _ VEK | T4K Since (V 4+ K)NT =0, LK 0 LK — VHKIATHK)

M# = (”TK = (. Hence % = % & % and M/K is @ —g—supplementeg

Corollary 9. Let M be a & — g—supplemented R—module with SSP property. Then
every direct summand of M is & — g—supplemented.

Proof. Let T be any direct summand of M. Then there exists a submodule K

of M such that M =T ® K. By Lemma 8, M/K is ® — g—supplemented. Since

% = % = WTK = % =T,T is also & — g—supplemented. U

Remark 1. Let M be an R—module which has only four proper submodules 0,
A, B,CwithC<A,C<B,A«BandB<A. Then M is g-supplemented but not
¢ — g—supplemented.

ACKNOWLEDGEMENT

This research was in part supported by grants from Ondokuz Mayis University
(Project No: PYO.EGF.1901.17.003).

REFERENCES

[1] H. Calisict and A. Pancar, “@-cofinitely supplemented modules.” Czech. Math. J., vol. 54, no. 4,
pp- 1083-1088, 2004, doi: 10.1007/s10587-004-6453-1.

[2] J. Clark, C. Lomp, N. Vanaja, and R. Wisbauer, Lifting modules. Supplements and projectivity in
module theory., ser. Front. Math. Basel: Birkhduser, 2006.

[3] A. Harmanci, D. Keskin, and P. F. Smith, “On @®-supplemented modules,” Acta Math. Hung.,
vol. 83, no. 1-2, pp. 161-169, 1999, doi: 10.1023/A:1006627906283.

[4] D. Keskin, P. F. Smith, and W. Xue, “Rings whose modules are §-supplemented,” J. Algebra, vol.
218, no. 2, pp. 470-487, 1999, doi: 10.1006/jabr.1998.7830.

[5] B. Kosar, C. Nebiyev, and N. Sokmez, “g-supplemented modules,” Ukr. Math. J., vol. 67, no. 6,
pp- 975-980, 2015, doi: 10.1007/s11253-015-1127-8.


http://dx.doi.org/10.1007/s10587-004-6453-1
http://dx.doi.org/10.1023/A:1006627906283
http://dx.doi.org/10.1006/jabr.1998.7830
http://dx.doi.org/10.1007/s11253-015-1127-8

SOME PROPERTIES OF & — g—SUPPLEMENTED MODULES 341

[6] B. Kosar, C. Nebiyev, and A. Pekin, “A generalization of g-supplemented modules,” Miskolc
Math. Notes, vol. 20, no. 1, pp. 345-352, 2019, doi: 10.18514/MMN.2019.2586.

[7] S. H. Mohamed and B. J. Miiller, Continuous and discrete modules, ser. Lond. Math. Soc. Lect.
Note Ser. Cambridge etc.: Cambridge University Press, 1990, vol. 147.

[8] C. Nebiyev and H. H. Okten, “@® — g—supplemented modules,” in The International Symposium:
New Trends in Rings and Modules I. Gebze, Kocaeli, Turkey: Gebze Technical University, 2018.

[9] R. Wisbauer, Foundations of module and ring theory. A handbook for study and research., revised
and updated Engl. ed. ed., ser. Algebra Log. Appl. Philadelphia etc.: Gordon and Breach Science
Publishers, 1991, vol. 3.

[10] D. X. Zhou and X. R. Zhang, “Small-essential submodules and Morita duality.” Southeast Asian

Bull. Math., vol. 35, no. 6, pp. 1051-1062, 2011.

Authors’ addresses

Celil Nebiyev
(Corresponding author) Ondokuz Mayi1s University, Department of Mathematics, Kurupelit, Atakum,

55270, Samsun, Turkey
E-mail address: cnebiyev@stu.omu.edu.tr, cnebiyev@omu.edu.tr

Hasan Hiiseyin Okten
Amasya University, Technical Sciences Vocational School, 05489, Amasya, Turkey
E-mail address: hokten@gmail.com


http://dx.doi.org/10.18514/MMN.2019.2586

	1. Introduction
	2. -g-Supplemented Modules
	Acknowledgement
	References

