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Abstract. This paper deals with the initial boundary value problem for a higher-order parabolic
equation with logarithmic source term

Ur + (—A)"u = u""2uln|u|.

By employing the potential wells technique we show the global existence of the weak solution.
Also, we obtain the exponential decay for the weak solutions.
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1. INTRODUCTION

In this article, we deal with the following higher-order parabolic equation with
logarithmic source term

u +Pu=u""2uln|ul, xeQ, t>0,
DVu(x,t) =0, [y|<m—1, x€dQ, t>0, (1.1)
u(x,0) = up(x), xXeQ,

where P = (—A)™, m > 1 a positive integer, @ C R" (n > 1) is a bound domain with
smooth boundary 0Q, Y= (1,72, ...,¥») is multi-index, y; (i = 1,2,...,n) are positive

integers,

. . ol .. E o
YI=vi+v2+...+V, D= PPN are derivative operators, A = i)::l a2

is the Laplace operator, and r satisfies
2<r<+w, n=12,
2<r< 2 n>3.
n—=27
When m = 1, equation (1.1) becomes a heat equation as follows
uy — Au=u""2uln|ul,

where 2 < r, which case was considered by many authors [1, 4, 10]. In the case
of r =2, Chen et al. [1] obtained under some suitable conditions for the global
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existence, decay estimate and blow-up at 4o of weak solutions, via the logarithmic

Sobolev inequality and potential well technique. In the case of 2 < k, Peng and Zhou

[10] studied the existence of the unique global weak solutions and blow-up in the

finite time of weak solutions, via potential well technique and energy technique.
When m = 2, Li and Liu [7] established the equation

ur + A%u = u""uln|ul,

where 2 < r. They studied the existence of global solutions, by using potential well
technique. In addition, they also studied result of decay and finite time blow-up for
weak solutions.

Nhan and Truong [9] studied the following nonlinear pseudo-parabolic equation

ur — Auy — div <\Vu\r_2 Vu) = |u|"? ulog|ul,

where 2 < r. They obtained results as regard the existence or non-existence of global
solutions, by using the potential well technique and a logarithmic Sobolev inequality.
Also, He et al. [5] proved the decay and the finite time blow-up for weak solutions of
the equation, by using the potential well technique and concave technique.

Recently many other authors investigated higher-order hyperbolic and parabolic
type equation [2, 3,06, 1 1-15]. Ishige et al. [6] studied the Cauchy problem for non-
linear higher-order heat equation as follows

u+ (—A)"u = |u|".

They obtained existence of solutions of the Cauchy problem by introducing a new
majorizing kernel. In addition, they studied the local existence of solutions under the
different conditions.

Xiao and Li [13] considered the initial boundary value problem for nonlinear
higher-order heat equations of

ur+ (—A)"up + (—A)"u = f(u).

They established the existence of a weak solution to the static problem, by using the
potential well technique.

The remainder of our work is organized as follows. In Section 2, some important
Lemmas are given. In Section 3, the main result is proved.

2. PRELIMINARIES

2
Let [[ul| ym(q) = ( Y HDYuHiQ(Q)> denote H™(Q) norm, let HJ'(Q) denote the
[v|<m
closure in H™(Q) of C3'(Q). Let ||. |, and ||.|| denote the usual L"(€) norm and L*(Q)
norm.
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For u € H'(Q)\{0}, we define the energy functional

1 2] 1
J(u)zEHP%uH —;/Q\u|rln]u|dx+ﬁ||u||;,

/ |u|"1n|u| dx.
Q
By (2.1) and (2.2), we obtain

J(u) = %I(u)%— <; - i) ‘ Phall +

and Nehari functional

L2
u):HPfu -

1
rﬁ”“”:‘

Further, let

d = inf J(u),
ueN()

597

2.1

(2.2)

(2.3)

2.4)

denote the potential depth, where A is the Nehari manifold, which is defined by

N=A{ue Hé"(Q)\{O} () = 0}.

Then there is a constant C dependmg

Jull, < ||P2u

‘ , Vue HI'(Q).
Lemma 2. J(¢) is a nonincreasing function fort > 0 and

J (u) = —/utzdxg 0.
Q

Proof. Multiplying equation (1.1) by &, and integrating on €2, we get

/u,zdx+/Puutdx:/u’_lutln|u]dx.

Q Q Q
By straightforward calculation, we obtain

1d
2 —
[waes g gl =0 o infeldr— 3 2 il
Q

which yields that

2dtH —f—/ |u|” ln|u\dx+ i || I, = /utzdx.

Q

2 1y Ly )
‘ —;/Q\u| ln]u|dx+r—2||uH, :—/u,dx.
Q

Thus, we get

d (1]
| Zllp2
dr <2H u

(2.5)

(2.6)



598 T. COMERT AND E. PISKIN

By (2.1) and (2.6), we obtain

d

—J(u) = — / uldx. (2.7)
Q

Moreover, integrating (2.7) with respect to ¢ on [0,¢], we arrive at

J(u(t)) +/Ot s (0) |t = J (o). 2.8)

Lemma 3. Let u € HJ'(Q)\{0} and j(A) = J(Au). Then we get
() limy o+ j(A) = 0 and limy_, o, j(A) = —o,
(ii) there is a unique N* > 0 such that j'(A*) =0,
(iii) j(A) is decreasing on (N*,+o0), increasing on (0,\*) and taking the max-
imum at A*,

(iv) I(Au) <O for A € (A*,400), (M) > O for A € (0,A%) and I(A*u) = 0.
Proof. By the definition of j, for u € H} (Q)\{0}, we get

r

> W, LU U
| ——/\u| Infuldx— Il 45 ull. 29)
r JQ r

i =2 Pk &

By (2.9), we have

d

7\’}'—1 xr—]
%J

,
— Jull+ =

) :AHP%M

2
—N*I/ ] In u] dx — N~V In A Ju])” —
Q

:7u<HPéu

Let ¢(A) =A=' j/(A), thus we obtain

a1

2 2 2
( A /|u\f1n\uydx—w* m”uuj).
Q

o) = [|PAu

2
‘ —N’2/ \u|rln]u|dx—7»”21nk||u]\;.
Q
Then
o'(A) =—(r—2)7»"3/ Ju| I |u| dx — (r = 2)N > In [Jul[ — A7 [|ul|7,
Q

which yields that there exists a A* > 0 such that ¢/(A) < 0 on (A*,4e0), ¢/(A) > 0 on
(0,A*) and ¢'(A) = 0. Thus, ¢(A) is decreasing on (A*,+o0), increasing on (0,A*).
Since limy_,o+ ¢(A) > 0, lim)_, ;.. ¢(A) = —co, there exists a unique A* > 0 such that
O(A*) =0, i.e., j/(A*) = 0. Then, j’(A) = Ad(]) is negative on (A*,+o0), positive on
(0,A%). Thus, j(A) is decreasing on (A*,+oc0), increasing on (0,A*) and taking the
maximum at A*. By (2.2), we get

() = Hpé(xu)Hz/nyu|*1n|xu|dx
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2
=22 ||Phu —w/ )" 1n |ue] dx — A" Tn k]|
Q

=1 (A).
So, I(Au) < 0 for A € (A", 4o00), I(Au) > 0 for A € (0,A*) and I(A*u) = 0. Therefore,
the proof is completed. g

Lemma 4 ([8]). Let u be a constant and g : R™ — R be a nonincreasing function

such that

+oo 1

/ g (t)dr < Zg #(0)g(t), forallt> 0.
t

Hence

(i) g(r) <g(0) ( Lu ) Yt >0, whenever u > 0,
(ii) g(t) < g(0)e'~%, vVt > 0, whenever u = 0.

3. MAIN RESULTS

As in [9], we consider the following notations:

Wr = {u € Hy(Q\{0} : J(u) < d}, Wa = {u € Hy(Q\{0} : J (u) = d},
W ={ue W :1(u) >0}, Wy ={ue Wh:1(u) >0},
W, ={uec W :1(u) <0}, Wy, ={uec W, :1(u) <0},

W =W Unh, Wr=wrunt, wWo=w un, .
We refer to W/ as the potential well and d as the depth of the well.

Definition 1 (Weak Solution). We say that function u(z) is a weak solution of
problem (1.1) on Q x [0,T], if u € L*(0,T; HI'(Q)) with u, € L*(0,T;HI'(Q)) and
implies the initial condition u(0) = uy € H{'(Q)\{0}, and the following equality

(ur,w) + <P%u,P%w> = <|u|r72uln|u| ,w) ,

forallw € Hy' () holds fora.e. r € (0,77, and (., .) means the inner product (., .)2(q) ;

that is
M.8)= [ neEdx

Definition 2 (Maximal Existence Time). Suppose that u(¢) is a weak solutions of
problem (1.1). We define the following the maximal existence time Tp,x

Tinax = sup{T > 0 : u(r) exists on [0, T]}.
Then

(a) If Thax = oo, we say that u(z) is global;
(b) If Thnax < oo, we say that u(z) blows up in finite time.
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Theorem 1 (Global Existence). Let ug € ‘W . Then problem (1.1) admits a global
weak solution. We get u(t) € W holds for any t € [0,+o0), and the energy estimate

J(u(r)) —l—/ot lus(s)||* ds < J(ug), t € [0,+oo).

Also, the solution decays exponential provided ug € ‘W1+.

Proof. We will the investigate the following two cases:
Firstly, we address the case of the initial data ug € W;".
The Faedo-Galerkin’s methods is used. In the space HJ'(Q2), we take a bases
{w;}7.; and define the finite orthogonal space
Vs = span{wi,wa,...,ws}.

Let ugs be an element of V; such that

asjwj — ug, in Hy'(Q), (3.1)

s
Uos =

j=1
as s — co. We construct the following approximate solution u(x,#) of problem (1.1)

S
us(xat> = Z asj(t)wj(x)7 (3.2)
j=1

where the coefficients a; (1 < j <) imply the ODEs

/ us,w,-dx+/ Puywidx = / |us|r72 ug In |ug| widx, (3.3)
o) Q Q
fori € {1,2,...,s}, with the initial condition

axj(O) = dyj, ] c {1,2,...,S}. (34)

We multiply both sides of (3.3) by a;, sum for i = 1, ..., s and integrating with respect
to time variable on [0, 7], we get

t
J(us(0)) + /O lise(T) 2T < J(ttgy), 0 <t < T, (3.5)

where T, is the maximal existence time of solution u,(¢). We shall prove that
Tinax = +oo. From (3.1), (3.5) and the continuity of J, we obtain
J(us(0)) — J(uos), as s — oo. (3.6)
Thanks to J(up) < d and the continuity of functional J, it follows from (3.6) that
J(ugs) < d, for sufficiently large m.

And therefore, from (3.5), we get

t
J(us(t))—i—/ sz ()P dT < d, 0<1< Toa, 3.7
0
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for sufficiently large s. Next, we will study
us(t) € Wi, 1 €10, Tna), (3.8)

for sufficiently large s. We assume that (3.8) does not process and think that there
exists a sufficiently small time 7y such that us(f) ¢ W;". Then, by continuity of
us(ty) € 0OW,". So, we get

J(us(to)) = d, (3.9)
and

I(us(tp)) = 0. (3.10)
Nevertheless, by definition of d, we see that (3.9) could not consist by (3.7) while if
(3.10) holds then, we get

d’z;[nf.](u) < J(us(t0)),

which also contradicts with (3.7). Moreover, we have (3.8), i.e., I(us(t)) > 0, and
J(us(t)) < d, forall t € [0, Thax), for sufficiently large s. Then, from (2.3), we obtain

d > J(us(1))
— %I(us(t)) + <; — :.) HP%MS(Z‘)HZ + % Hus(t)H;

2
> (3 1) [Puo ] + 2w
which gives
\ug(t)|| < r*d, (3.11)
and

2r
. 12
r—2d (3.12)

Since us(x,1) € W, for s large enough, it follows from (2.3) that J (us) > 0 for s large
enough. So, by (3.7) it follows for s large enough

fpacof <

t
/ g (T)]* dT < d. (3.13)
0
By (3.12), we know that
Thax = +oo.

It follows from (3.11) and (3.13) that there exist a function u € HJ'(€2) and a sub-
sequence of {u,}7_, is indicated by {u,}7_; such that

us — u weakly* in L (0,00, Hy' (Q)), (3.14)
ug — u; weakly in L2(0,00;L?(Q)). (3.15)
By (3.14), (3.15) and the Aubin-Lions compactness theorem, we obtain
us — u strongly in C([0, +oo]; L*(Q)).
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This yields that
lug|" 2 ugIn|us| — |u) " ulnlu| ae. (x,1) € Q x (0,+oo). (3.16)
Moreover, since
o tno=—(e(r—1))"" for a>1,

and

Ino = 21n (a%) <207 for o> 0.

By (3.11), we have

2r 2r

S (s b)) = [ (ol (o)) e

1
or
[ (o s e)]) " ax
Q)

S
2 2r(r l+2)

<leGr=1) 71004277 [ o) dx
Q

—le(r= 07T 10]+277 [ (o) dx
Q>

<Cpi=[e(r—1)] 771 |Q| +27512d, (3.17)
where
Q={xeQ:|u(r)| <1}, and Q ={x € Q: |us(t)| > 1}.
Hence, it follows from (3.16) and (3.17) that
"2 ugIn|uy| — |u) " uln|u| weakly* in L°°(O,—i—°<’;L2f2%1 Q).

Then integrating (3.3) respect to ¢t for 0 < ¢ < oo, we obtain
(e, wi) + (P%M,P%w,) = <|u|r_2uln|u| ,wi> .

On the other hand, there exists a global weak solution g € ‘Wf“ of problem (1.1).
Now we address the case of the initial data ug € ‘W;’.
First we can choose a sequence {a;}; ; C (0,1) and lim .. 0; = 1. Next, we
investigate the following problem:

u +Pu=u""2uln|u|, xeQ, t>0,
D'u(x,t) =0, [y|<m—1, x€dQ, t>0, (3.18)
u(x,0) = ups(x), xX€Q,

where ug; = Ozup. By I(up) > 0 and Lemma 3, it is clear that there exists a A* > 1.
Also, J(ups) = J(@up) < J(ug) = d and I(ups) = I(wsup) > 0 hold. So, we have
up € W5". Similarly to the previous situation, it is clear that problem (3.18) im-
plies that, for all s > 0, there exists a global u, which implies u, € L(0,00; H}'(Q)),
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ug € L2(0,00;L2(Q)), u5(0) = ugs = @sttg — ug strongly in H'(Q), and the following
equality

/us,wdx+/ Puswdx:/ lutg|" % g In |uag| wlx, (3.19)
Q Q Q
with any w € H['(Q) holds for a.e. 0 <t < co. Also, we get
us(t) € Wsh, 1 €10,00),
and .
Hus) + [ us(0)* e < (o) < d.

On the other hand, we can deduce (3.12), (3.13) and (3.17) for each s. Also, there
exist u and a subsequence still denoted by {u,}, such that, as s — oo,

us — u weakly* in L= (0, 00; Hy'(Q)),
ug — u; weakly in L?(0, 00, L*(Q)),
g2 ugIn [utg] — ul "2 uln|u| weakly* in L= (0, +-o0; L7°1 (Q)).
Then integrating (3.19) respect to ¢ for 0 < ¢ < oo, we obtain
(ug,w) + (P%u,P%w> = (|u|r72uln|u| ,w) .
Therefore, there exists a global weak solution ugy € ‘W; of problem (1.1).
Decay estimates

Thanks to ugy € ‘Wf’, we deduce from (2.3) that
J(uo) > J(u(t))
1 1 1 1 2 1 -
=)+ (57 ) [P+ o

z(i—)(Pu |+ % ol (3.20)

From Lemma 2, (2.4) and I(u(z)) > 0, there exists a A* > 1 such that /(A*u(z)) = 0.
We get

d < IV u(r))

oy (- (32 + )
s<wy<<;—>ﬂ O] + 5 It ). (3.21)

Using (3.20) and (3.21), we get
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which yields that

7»*2( d )r. (3.22)

By (2.2), we get

0= 1(u(t)) = () 1a(e)) + [ = ()] [ PHuto) | = ) md) o).

(3.23)
From (3.22), (3.23) and Lemma 1, we obtain
1 2
1u(r)) = [1= (7] [[Pratr)
d \7 1. 2
ok (J(u0)> |20
> C [lu(n)])?, (3.24)

where Cj is constant. Integrating the /(u(t)) with respect to T over (¢,7'), we obtain

/, " H(u()de = — /t ! /Q e (T)u(T)dxd < % ()| (3.25)

where C is constant. From (3.24) and (3.25), we have
/tTc] |lu(t)||*ds < % |u(t)||*, forall t € [0, T). (3.26)
Let T — +ocin (3.26), we can have
[ Il ds < s ute) P,

where C3 = 2% By Lemma 4, we have

1— L
lu(@®)|* < u(0)|*e™ %, 1 € [0,00).
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