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Abstract. This work deals with a Timoshenko equation with delay term and variable exponents.
Firstly, we obtain the blow up of solutions for negative initial energy in a finite time. Later, we
establish the decay results by using an integral inequality due to Komornik. These, improve and
extend the previous studies in the literature.
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1. INTRODUCTION

This paper is interested to study the following problem:

utt +∆
2u−M

(
∥∇u∥2

)
∆u−∆ut

+µ1ut (x, t) |ut |m(x)−2 (x, t)

+µ2ut (x, t − τ) |ut |m(x)−2 (x, t − τ)

= bu |u|p(x)−2

in Ω×R+,

u(x, t) = ∂u(x,t)
∂υ

= 0 on x ∈ ∂Ω, t ∈ [0,∞) ,

u(x,0) = u0 (x) , ut (x,0) = u1 (x) in Ω,

ut (x, t − τ) = f0 (x, t − τ) in Ω× (0,τ) ,

(1.1)

which is contained a Timoshenko equation over Ω×R+ with the Dirichlet-Neumann
conditions on ∂Ω and the initial conditions on Ω and finally a initial condition related
to the presence of the delay time τ > 0, given in Ω× (0,τ) where Ω is a bounded
domain in Rn with sufficiently smooth boundary. µ1 is a positive constant, µ2 is a real
number, b ≥ 0 is a constant and υ is the unit outward normal vector on ∂Ω. M (s) is
a positive C1-function given as M (s) = 1+ sγ for s ≥ 0, γ > 0. The exponents m(·)
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and p(·) are given continuous functions on Ω and satisfy{
2 ≤ m− ≤ m(x)≤ m+ ≤ m∗

2 ≤ p− ≤ p(x)≤ p+ ≤ p∗,
(1.2)

where

m− = ess inf
x∈Ω

m(x) , m+ = ess inf
x∈Ω

m(x)

p− = ess inf
x∈Ω

p(x) , p+ = ess inf
x∈Ω

p(x) ,

and {
2 < p∗,m∗ < ∞ if n ≤ 4,
2 < p∗,m∗ < 2n

n−4 if n > 4.

The Timoshenko equation is among the famous wave equation’s model which de-
scribe extensible beam theory. It has been introduced in 1921 by Timoshenko [31].
For detailed information on derivation the equation, see [9]. The problems with vari-
able exponents arises in many branches in sciences such as nonlinear elasticity theory,
electrorheological fluids and image processing [6,8,29]. Time delay appears in many
practical problems such as thermal, biological, chemical, physical and economic phe-
nomena [15].

Datko et al. [7], indicated that a small delay in a boundary control is a source of
instability. In [20], Nicaise and Pignotti studied the equation as follows

utt −∆u+a0ut (x, t)+aut (x, t − τ) = 0,

where a0, a are positive real parameters. They obtained that, under the condition
0 ≤ a ≤ a0, the system is exponentially stable. In the case a ≥ a0, they obtained a
sequence of delays that shows the solution is instable. In [32], Xu et al. obtained the
same result similar to the [20] for the one space dimension by adopting the spectral
analysis approach. In [19], Nicaise et al. studied the wave equation in one space
dimension in the case of time-varying delay. In that work, they showed that an expo-
nential stability result under the condition

a ≤
√

1−da0,

where d is a constant such that

τ
′ (t)≤ d < 1, ∀t > 0.

In [11], Feng studied the following equation

utt +∆
2u−M

(
∥∇u∥2

)
∆u−

∫ t

0
g(t − s)∆u(s)ds+µ1ut +µ2ut (t − τ) = 0.

He obtained well-posedness of solutions with |µ2| ≤ µ1, and proved decay results
under the assumption |µ2|< µ1.

Park [21], looked into the following equation
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utt +∆
2u−M

(
∥∇u∥2

)
∆u+σ(t)

∫ t

0
g(t − s)∆u(s)ds

+a0ut +a1ut (t − τ(t)) = 0.

He established decay results under the assumption |a1|<
√

1−da0.
Antontsev et al. [2] concerned with the following equation with variable exponents

utt +∆
2u−∆ut + |ut |p(x)−2 ut = |u|q(x)−2 u. (1.3)

They proved the local weak solutions and obtained the blow up results for the (1.3)
under suitable conditions.

Antontsev et al. [5] examined the following equation with variable exponents

utt +∆
2u−M

(
∥∇u∥2

)
∆u+ |ut |p(x)−2 ut = |u|q(x)−2 u. (1.4)

They established the local existence and proved the nonexistence of solutions with
negative initial energy for the equation (1.4).

When M(s) ≡ 1, and in the absence of (+∆2u) term and without strong damping
term (−∆ut), the equation (1.1) becomes the following equation

utt −∆u+µ1ut (x, t) |ut |m(x)−2 (x, t)

+µ2ut (x, t − τ) |ut |m(x)−2 (x, t − τ) = bu |u|p(x)−2 . (1.5)

Messaoudi and Kafini [14] established the decay estimates and proved the global
nonexistence of the equation (1.5).

In recent years, some other authors investigated related studies (see [1, 2, 12, 13,
16, 22–28, 30, 33–38]).

In the present paper, we consider the blow up and the decay results for the
Timoshenko equation (1.1) with delay term and variable exponents. Our aim in this
work is to study the Timoshenko equation with the strong damping term (−∆ut),
delay term (µ2ut (x, t − τ)) and variable exponents.

The plan of this paper is as follows: In Section 2, the definitions of the variable
exponent Lebesgue spaces Lp(·) (Ω) and Sobolev spaces W 1,p(·) (Ω), as well as some
of their properties, are stated. In Section 3, we prove the blow up of solutions for neg-
ative initial energy. In Section 4, we establish the decay results by using an integral
inequality due to Komornik.

2. PRELIMINARIES

Let us start by presents our functional spaces and some related results taken from
[3, 4, 8, 10, 18].

Let p : Ω → [1,∞) be a measurable function. The variable exponent Lebesgue
space with a variable exponent p(·) defined as

Lp(·) (Ω) =

{
u : Ω → R measurable in Ω :

∫
Ω

|u|p(·) dx < ∞

}
,
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and inner with a Luxemburg-type norm

∥u∥p(·) = inf
{

λ > 0 :
∫

Ω

∣∣∣u
λ

∣∣∣p(x) dx ≤ 1
}
,

is a Banach space (see [8]).
We define the variable-exponent Sobolev space W 1,p(·) (Ω) as follows

W 1,p(·) (Ω) =
{

u ∈ Lp(·) (Ω) : ∇u exists and |∇u| ∈ Lp(·) (Ω)
}
.

Variable exponent Sobolev space with respect to the norm

∥u∥1,p(·) = ∥u∥p(·) +∥∇u∥p(·) ,

is a Banach space. The space W 1,p(·)
0 (Ω) is defined to be the closure of C∞

0 (Ω) in
W 1,p(·) (Ω). The dual space of W 1,p(·)

0 (Ω) is W−1,p′(·)
0 (Ω), defined in the same way

as in the classical Sobolev spaces, where

1
p(·)

+
1

p′ (·)
= 1.

Assume that

|p(x)− p(y)| ≤ − A
log |x− y|

and |m(x)−m(y)| ≤ − B
log |x− y|

(2.1)

for all x,y ∈ Ω, A,B > 0 and 0 < δ < 1 with |x− y|< δ. (log-Hölder condition).
If p ≥ 1 is a measurable function on Ω, then

min
{
∥u∥p−

p(·) ,∥u∥p+

p(·)

}
≤ ρp(·) (u)≤ max

{
∥u∥p−

p(·) ,∥u∥p+

p(·)

}
for a.e. x ∈ Ω and for any u ∈ Lp(·) (Ω).

Let p,q,s ≥ 1 be measurable functions defined on Ω such that

1
s(y)

=
1

p(y)
+

1
q(y)

for a.e. y ∈ Ω.

If f ∈ Lp(·) (Ω) and g ∈ Lq(·) (Ω), then f g ∈ Ls(·) (Ω) and

∥ f g∥s(·) ≤ 2∥ f∥p(·) ∥g∥q(·) .

(Hölder’s inequality).

Lemma 1 (pp. 506 in [4], Poincarė’s inequality). Suppose that p(·) satisfies (2.1)
and let Ω be a bounded domain of Rn. Then,

∥u∥p(·) ≤ c∥∇u∥p(·) for all u ∈W 1,p(·)
0 (Ω) ,

where c = c(p−, p+, |Ω|)> 0.
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Lemma 2 ([8]). Let m(·) ∈ C
(
Ω
)

and p : Ω → [1,∞) be a measurable function,
such that

x ∈ Ω
ess inf

(m∗ (x)− p(x))> 0.

Then, the Sobolev embedding W 1,m(x)
0 (Ω) ↪→ Lp(x) (Ω) is continuous and compact,

where {
nm−

n−m− if m− < n,
any number in [1,∞) if m− ≥ n.

If in addition m(·) satisfies log-Hölder condition, then{
nm(x)

n−m(x) if m(x)< n,

any number in [1,∞) if m(x)≥ n.

Remark 1. Let c be various positive constants which may be different from line to
line. Then, we use the embedding

H2
0 (Ω) ↪→ H1

0 (Ω) ↪→ Lp (Ω)

which satisfies

∥u∥p ≤ c∥∇u∥ ≤ c∥∆u∥ ,

where 2 ≤ p < ∞ (n = 1,2), 2 ≤ p ≤ 2n
n−2 (n ≥ 3). Moreover,

∥u∥p ≤ c∥∆u∥ , p =


∞ if n < 4,
any number in [1,∞) if n = 4,

2n
n−4 if n > 4.

3. BLOW UP RESULTS

In this part, we give the blow up result of solutions under two conditions, the first
one if the initial energy is negative and the second if the weight of the external force
b > 0. Firstly, as in [20], we introduce the new function

z(x,ρ, t) = ut (x, t − τρ) , x ∈ Ω, ρ ∈ (0,1) , t > 0 (3.1)

which gives

τzt (x,ρ, t)+ zρ (x,ρ, t) = 0, x ∈ Ω, ρ ∈ (0,1) , t > 0.

Then, the problem (1.1) takes the form
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

utt +∆
2u−M

(
∥∇u∥2

)
∆u

−∆ut +µ1ut (x, t) |ut (x, t)|m(x)−2

+µ2z(x,1, t) |z(x,1, t)|m(x)−2

= bu |u|p(x)−2

in Ω× (0,∞) ,

τzt (x,ρ, t)+ zρ (x,ρ, t) = 0 in Ω× (0,1)× (0,∞) ,

z(x,ρ,0) = f0 (x,−ρτ) in Ω× (0,1) ,
u(x, t) = ∂u(x,t)

∂υ
= 0 on x ∈ ∂Ω, t ∈ [0,∞) ,

u(x,0) = u0 (x) , ut (x,0) = u1 (x) in Ω.

(3.2)

Similar to the work of Kafini and Messaoudi [14], we can write the following
definition:

Definition 1. Fix T > 0. We call (u,z) a strong solution of (3.2) if

u ∈W 2,∞ ([0,T ) ;L2 (Ω)
)
∩W 1,∞ ([0,T ) ;H2

0 (Ω)
)

∩L∞
(
[0,T ) ;H2 (Ω)∩H2

0 (Ω)
)
,

ut ∈ Lm(·) (Ω× (0,T )) ,

z ∈W 1,∞ ([0,1]× [0,T ) ;L2 (Ω)
)
∩L∞

(
[0,1] ;Lm(·) (Ω)∩ [0,T )

)
and (u,z) satisfies the initial data and (3.2) in the following sense:∫

Ω

utt (·, t)vdx+
∫

Ω

∆
2u(·, t)vdx−

∫
Ω

M
(
∥∇u(·, t)∥2

)
∆u(·, t)vdx

−
∫

Ω

∆ut (·, t)vdx+µ1

∫
Ω

|ut (·, t)|m(·)−2 ut (·, t)vdx

+µ2

∫
Ω

|z(·,1, t)|m(·)−2 z(·,1, t)vdx

= b
∫

Ω

|u(·, t)|p(·)−2 u(·, t)vdx

and
τ

∫
Ω

zt (·,ρ, t)wdx+
∫

Ω

zρ (·,ρ, t)wdx = 0,

for a.e. t ∈ [0,T ) and for (v,w) ∈ H2
0 (Ω)∩L2 (Ω).

The energy functional related to (3.2) is given by

E (t) =
1
2
∥ut∥2 +

1
2
∥∆u∥2 +

1
2
∥∇u∥2 +

1
2(γ+1)

∥∇u∥2(γ+1)

+
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ−b

∫
Ω

|u|p(x)

p(x)
dx,
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for t ≥ 0, where ξ is a continuous function satisfying

τ |µ2|(m(x)−1)< ξ(x)< τ(µ1m(x)−|µ2|) , x ∈ Ω. (3.3)

The following lemma shows that the related energy of the problem is nonincreasing
under the condition µ1 > |µ2|.

Lemma 3. Let (u,z) be a solution of (3.2), such that

E ′ (t)≤−C0

∫
Ω

(
|ut |m(x)+ |z(x,1, t)|m(x)

)
dx ≤ 0,

for some C0 > 0.

Proof. Multiplying the first equation in (3.2) by ut , integrating over Ω, then mul-
tiplying the second equation in (3.2) by 1

τ
ξ(x) |z|m(x)−2 z and integrating over

Ω× (0,1), then summing, we obtain

d
dt

[
1
2
∥ut∥2 +

1
2
∥∆u∥2 +

1
2
∥∇u∥2 +

1
2(γ+1)

∥∇u∥2(γ+1)

+
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ−b

∫
Ω

|u|p(x)

p(x)
dx

]
=−µ1

∫
Ω

|ut |m(x) dx−
∫

Ω

|∇ut |2 dx

− 1
τ

∫
Ω

∫ 1

0
ξ(x) |z(x,ρ, t)|m(x)−2 zzρ (x,ρ, t)dρdx

−µ2

∫
Ω

utz(x,1, t) |z(x,1, t)|m(x)−2 dx.

(3.4)

Now, we estimate the last two terms of the right hand side of (3.4) as follows,

− 1
τ

∫
Ω

∫ 1

0
ξ(x) |z(x,ρ, t)|m(x)−2 zzρ (x,ρ, t)dρdx

=−1
τ

∫
Ω

∫ 1

0

∂

∂ρ

(
ξ(x) |z(x,ρ, t)|m(x)

m(x)

)
dρdx

=
1
τ

∫
Ω

ξ(x)
m(x)

(
|z(x,0, t)|m(x)−|z(x,1, t)|m(x)

)
dx

=
∫

Ω

ξ(x)
τm(x)

|ut |m(x) dx−
∫

Ω

ξ(x)
τm(x)

|z(x,1, t)|m(x) .

By using Young’s inequality, q = m(x)
m(x)−1 and q′ = m(x) for the last term, we get

|ut | |z(x,1, t)|m(x)−1 ≤ 1
m(x)

|ut |m(x)+
m(x)−1

m(x)
|z(x,1, t)|m(x) .
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Consequently, we conclude that

−µ2

∫
Ω

utz |z(x,1, t)|m(x)−2 dx

≤ |µ2|
(∫

Ω

1
m(x)

|ut (t)|m(x) dx+
∫

Ω

m(x)−1
m(x)

|z(x,1, t)|m(x) dx
)

.

Thus,

dE (t)
dt

≤−
∫

Ω

(
µ1 −

(
ξ(x)

τm(x)
+

|µ2|
m(x)

))
|ut (t)|m(x) dx

−
∫

Ω

(
ξ(x)

τm(x)
− |µ2|(m(x)−1)

m(x)

)
|z(x,1, t)|m(x) dx.

As a result, for all x ∈ Ω, the relation (3.3) yields

f1 (x) = µ1 −
(

ξ(x)
τm(x)

+
|µ2|

m(x)

)
> 0, f2 (x) =

ξ(x)
τm(x)

− |µ2|(m(x)−1)
m(x)

> 0.

Since m(x), and hence ξ(x), is bounded, we infer that f1 (x) and f2 (x) are bounded.
Hence, if we define

C0 (x) = min{ f1 (x) , f2 (x)}> 0 for any x ∈ Ω,

and take C0 = inf
Ω

C0 (x), then C0 (x)≥C0 > 0. Therefore,

E ′ (t)≤−C0

[∫
Ω

|ut (t)|m(x) dx+
∫

Ω

|z(x,1, t)|m(x) dx
]
≤ 0.

□

In order to obtain the blow up result, we suppose in addition to (1.2) that E (0)< 0.
We set

H (t) =−E (t) ,

therefore,
H ′ (t) =−E ′ (t)≥ 0,

0 < H (0)≤ H (t)≤ b
∫

Ω

|u|p(x)

p(x)
dx ≤ b

p−
ρ(u) ,

where

ρ(u) = ρp(·) (u) =
∫

Ω

|u|p(x) dx.

Lemma 4 (Lemma 3.2, Lemma 3.6 and Lemma 3.7 in [14]). Assume that the
exponents m(·) and p(·) satisfy

2 ≤ m− ≤ m(x)≤ m+ < p− ≤ p(x)≤ p+ ≤ 2+
4

n−4
if n > 4.
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Then, depending on Ω only, there exists a positive C > 1, such that

ρ
s/p− (u)≤C

(
∥∆u∥2 +ρ(u)

)
.

Then, for any u ∈ H2
0 (Ω) and 2 ≤ s ≤ p−, we have the following inequalities:

(i)

∥u∥s
p− ≤C

(
∥∆u∥2 +∥u∥p−

p−

)
,

(ii)

ρ
s/p− (u)≤C

(
|H (t)|+∥ut∥2 +ρ(u)+

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

)
,

(iii)

∥u∥s
p− ≤C

(
|H (t)|+∥ut∥2 +∥u∥p−

p− +
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

)
, (3.5)

(iv)
ρ(u)≥C∥u∥p−

p− , (3.6)

(v) ∫
Ω

|u|m(x) dx ≤C
(

ρ
m−/p− (u)+ρ

m+/p− (u)
)
. (3.7)

To obtain the main result we have the theorem as follows:

Theorem 1. Let the condition (2.1) holds and Lemma 4 be provided. Suppose
further E (0)< 0, and the exponents m(·) and p(·) satisfy

2 ≤ m− ≤ m(x)≤ m+ < p− ≤ p(x)≤ p+ ≤ 2+
4

n−4
if n > 4.

Then, the solution of (3.2) blows up in finite time.

Proof. We define

L(t) = H1−α (t)+ ε

∫
Ω

uutdx+
ε

2
∥∇u∥2 , (3.8)

for small ε to be chosen later and

0 ≤ α ≤ min
{

p−−2
2p−

,
p−−m+

p− (m+−1)

}
. (3.9)

A direct differentiation of (3.8) using the first equation in (3.2) gives

L′ (t) = (1−α)H−α (t)H ′ (t)+ ε

∫
Ω

u2
t dx− ε

∫
Ω

|∆u|2 dx− ε

∫
Ω

|∇u|2 dx

− ε

∫
Ω

|∇u|2(γ+1) dx+ εb
∫

Ω

|u|p(x) dx− εµ1

∫
Ω

uut (x, t) |ut (x, t)|
m(x)−2

dx
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− εµ2

∫
Ω

uz(x,1, t) |z(x,1, t)|
m(x)−2

dx.

Recalling the definition of H (t) and for 0 < a < 1, we get

L′ (t)≥C0 (1−α)H−α (t)
[∫

Ω

|ut (t)|m(x) dx+
∫

Ω

|z(x,1, t)|
m(x)

dx
]

+ ε

(
(1−a) p−H (t)+

(1−a) p−

2
∥ut∥2 +

(1−a) p−

2
∥∆u∥2

)
+ ε

(
(1−a) p−

2
∥∇u∥2 +

(1−a) p−

2(γ+1)
∥∇u∥2(γ+1)

)
+ ε(1−a) p−

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

+ ε

∫
Ω

[
u2

t −|∆u|2 −|∇u|2 −|∇u|2(γ+1)
]

dx

+ εab
∫

Ω

|u|p(x) dx− εµ1

∫
Ω

uut (x, t) |ut (x, t)|
m(x)−2

dx

− εµ2

∫
Ω

uz(x,1, t) |z(x,1, t)|
m(x)−2

dx.

Therefore,

L′ (t)≥C0 (1−α)H−α (t)
[∫

Ω

|ut (t)|m(x) dx+
∫

Ω

|z(x,1, t)|
m(x)

dx
]

+ ε(1−a) p−H (t)+ ε
(1−a) p−+2

2
∥ut∥2

+ ε
(1−a) p−−2

2
∥∆u∥2 + ε

(1−a) p−−2
2

∥∇u∥2

+ ε
(1−a) p−−2(γ+1)

2(γ+1)
∥∇u∥2(γ+1)

+ ε(1−a) p−
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ+ εabρ(u)

− εµ1

∫
Ω

uut (x, t) |ut (x, t)|
m(x)−2

dx

− εµ2

∫
Ω

uz(x,1, t) |z(x,1, t)|
m(x)−2

dx.

Utilizing Young’s inequality, we obtain∫
Ω

|ut |
m(x)−1

|u|dx ≤ 1
m−

∫
Ω

δ
m(x) |u|

m(x)
dx+

m+−1
m+

∫
Ω

δ
− m(x)

m(x)−1 |ut |
m(x)

dx (3.10)
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and ∫
Ω

|z(x,1, t)|
m(x)−1

|u|dx ≤ 1
m+

∫
Ω

δ
m(x) |u|

m(x)
dx

+
m+−1

m+

∫
Ω

δ
− m(x)

m(x)−1 |z(x,1, t)|
m(x)

dx.
(3.11)

The estimates (3.10) and (3.11) remain valid if δ is time-dependent. Hence, taking δ

such that
δ
− m(x)

m(x)−1 = kH−α (t) ,
for large k ≥ 1 to be specified later, we obtain∫

Ω

δ
− m(x)

m(x)−1 |ut |
m(x)

dx = kH−α (t)
∫

Ω

|ut |m(x) dx, (3.12)∫
Ω

δ
− m(x)

m(x)−1 |z(x,1, t)|
m(x)

dx = kH−α (t) |z(x,1, t)|
m(x)

dx (3.13)

and ∫
Ω

δ
m(x) |u|

m(x)
dx =

∫
Ω

k1−m(x)Hα(m(x)−1) (t) |u|m(x) dx (3.14)

≤
∫

Ω

k1−m−
Hα(m+−1) (t)

∫
Ω

|u|m(x) dx. (3.15)

By using (3.6) and (3.7), we obtain

Hα(m+−1) (t)
∫

Ω

|u|m(x) dx ≤

C
[
(ρ(u))m−/p−+α(m+−1)+(ρ(u))m+/p−+α(m+−1)

]
. (3.16)

From (3.9), we infer that

s = m−+αp−
(
m+−1

)
≤ p− and s = m++αp−

(
m+−1

)
≤ p−.

Thus, Lemma 4 yields

Hα(m+−1) (t)
∫

Ω

|u|m(x) dx ≤C
(
∥∆u∥2 +ρ(u)

)
. (3.17)

By combining (3.10)-(3.17), we conclude that

L′ (t)≥ (1−α)H−α (t)
[
C0 − ε

(
m+−1

m+

)
ck
]∫

Ω

|ut (t)|m(x) dx

+(1−α)H−α (t)
[
C0 − ε

(
m+−1

m+

)
ck
]∫

Ω

|z(x,1, t)|
m(x)

dx

+ ε

(
(p−−2)−ap−

2
− C

m−km−−1

)
∥∆u∥2 + ε

(1−a) p−−2
2

∥∇u∥2

+ ε(1−a) p−H (t)+ ε
(1−a) p−+2

2
∥ut∥2 (3.18)
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+ ε
(1−a) p−−2(γ+1)

2(γ+1)
∥∇u∥2(γ+1)+ ε

(
ab− C

m−km−−1

)
ρ(u)

+ ε(1−a) p−
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ.

By choosing a small enough, such that

(1−a) p−−2
2

> 0 and
(1−a) p−−2(γ+1)

2(γ+1)
> 0,

and k so large that

(p−−2)−ap−

2
− C

m−km−−1 > 0 and ab− C
m−km−−1 > 0.

Once k and a are fixed, we choose ε small enough that

C0 − ε

(
m+−1

m+

)
ck > 0, C0 − ε

(
m+−1

m+

)
ck > 0

and

L(0) = H1−α (0)+ ε

∫
Ω

u0 (x)u1 (x)dx+
ε

2
∥∇u0∥2 > 0.

Therefore, (3.18) becomes

L′ (t)≥ εη

[
H (t)+∥ut∥2 +∥∆u∥2 +∥∇u∥2 +∥∇u∥2(γ+1)

+ρ(u)+
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

]
, (3.19)

for a constant η > 0. As a result,

L(t)≥ L(0)> 0 ∀t ≥ 0.

Next, for some constants σ, Γ > 0, we show L′ (t) ≥ ΓLσ (t) . For this reason, we
estimate ∣∣∣∣∫

Ω

uut (x, t)dx
∣∣∣∣≤ ∥u∥2 ∥ut∥2 ≤C∥u∥p− ∥ut∥2 ,

which implies∣∣∣∣∫
Ω

uut (x, t)dx
∣∣∣∣1/(1−α)

≤C∥u∥1/(1−α)
p− ∥ut∥

1/(1−α)
2

and utilizing Young’s inequality yields∣∣∣∣∫
Ω

uut (x, t)dx
∣∣∣∣1/(1−α)

≤C
[
∥u∥mu/(1−α)

p− +∥ut∥
Θ/(1−α)
2

]
,
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where 1/µ + 1/Θ = 1. From (3.9), the choice of Θ = 2(1−α) will make
µ/(1−α) = 2/(1−2α)≤ p−. Hence,∣∣∣∣∫

Ω

uut (x, t)dx
∣∣∣∣1/(1−α)

≤C
[
∥u∥s

p− +∥ut∥2
]
,

where s = µ/(1−α). By (3.5), we obtain

∣∣∣∣∫
Ω

uut (x, t)dx
∣∣∣∣1/(1−α)

≤C
[
|H (t)|+∥ut∥2 +ρ(u)

+
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

]
.

On the other hand, we have

L1/(1−α) (t) =
[

H(1−α) (t)+ ε

∫
Ω

uutdx+
ε

2
∥∇u∥2

]1/(1−α)

≤ 2α/(1−α)

[
H (t)+ ε

1/(1−α)

∣∣∣∣∫
Ω

uutdx
∣∣∣∣1/(1−α)

]

≤C

[
|H (t)|+∥ut∥2 +ρ(u)+

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ

]
.

Thus, for some Ψ > 0, from (3.19) we arrive at L′ (t) ≥ ΨL1/(1−α) (t). A simple
integration over (0, t) yields

Lα/(1−α) (t)≥ 1
L−α/(1−α) (0)−Ψαt/(1−α)

which implies that the solution blows up in a finite time T ∗, with

T ∗ ≤ 1−α

Ψα [L(0)]α/(1−α)
.

As a result, the proof is completed. □

4. DECAY RESULTS

In this part, we obtain the decay results for the problem (4.1) without source term
(i.e. b = 0). Similar to the beginning of the blow up section, we introduce a same
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function z defined in (3.1), hence the problem (1.1) becomes equivalent to:

utt +∆
2u−M

(
∥∇u∥2

)
∆u−∆ut

+µ1ut (x, t) |ut (x, t)|m(x)−2

+µ2z(x,1, t) |z(x,1, t)|m(x)−2 = 0,

in Ω× (0,∞) ,

τzt (x,ρ, t)+ zρ (x,ρ, t) = 0 in Ω× (0,1)× (0,∞) ,

z(x,ρ,0) = f0 (x,−ρτ) in Ω× (0,1) ,
u(x, t) = ∂u(x,t)

∂υ
= 0 on x ∈ ∂Ω, t ∈ [0,∞) ,

u(x,0) = u0 (x) , ut (x,0) = u1 (x) in Ω.

(4.1)

The energy functional associated to (4.1) is given by

E (t) =
1
2
∥ut∥2 +

1
2
∥∆u∥2 +

1
2
∥∇u∥2 +

1
2(γ+1)

∥∇u∥2(γ+1)

+
∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρ, (4.2)

where ξ is the continuous function introduced in (3.3) and t ≥ 0.
Similar to Lemma 3, we easily establish, for µ1 > |µ2| and for some C0 > 0, that

E ′ (t)≤−C0

∫
Ω

(
|ut |m(x)+ |z(x,1, t)|m(x)

)
dx ≤ 0.

Lemma 5 (Komornik, pp. 103 and pp. 124 in [17]). Let E : R+ → R+ be a nonin-
creasing function, such that∫

∞

s
E1+σ (t)dt ≤ 1

Ω
Eσ (0)E (s) = cE (s) ∀s > 0,

where σ, ω > 0. Then, we have{
E (t)≤ cE (0)/(1+ t)1/σ if σ > 0,
E (t)≤ cE (0)e−ωt if σ = 0,

for all t ≥ 0.

We need the following technical lemma, before we state the main theorem:

Lemma 6 (Lemma 4.2 in [14]). The functional

F (t) = τ

∫ 1

0

∫
Ω

e−ρτ
ξ(x) |z(x,ρ, t)|m(x) dxdρ,

satisfies, along the solution of (4.1),

F ′ (t)≤
∫

Ω

ξ(x) |ut |m(x) dx− τe−τ

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x) dxdρ.
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Theorem 2. Suppose that the condition (2.1) is satisfied and the exponents m(·)
and p(·) satisfy

2 ≤ m− ≤ m(x)≤ m+ < p− ≤ p(x)≤ p+ ≤ 2+
4

n−4
if n > 4.

Then, there exist two constants c, α > 0 independent of t, such that, any global solu-
tion of (4.1) satisfies,{

E (t)≤ ce−αt if m(x) = 2,
E (t)≤ cE(0)/(1+ t)2/(m+−2) if m+ > 2.

Proof. Multiplying the first equation of (4.1) by uEq (t), for q > 0 to be specified
later, and integrating over Ω× (s,T ), s < T , to get∫ T

s
Eq (t)

∫
Ω

(
uutt +u∆

2u−u∆u−∥∇u∥2γ u∆u−u∆ut

+µ1uut |ut |m(x)−2 +µ2uz(x,1, t) |z(x,1, t)|m(x)−2
)

dxdt = 0,

which gives∫ T

s
Eq (t)

∫
Ω

(
d
dt

(uut)−u2
t + |∆u|2 + |∇u|2

+∥∇u∥2γ |∇u|2 +∇u∇ut +µ1uut (x, t) |ut (x, t)|m(x)−2

+µ2uz(x,1, t) |z(x,1, t)|m(x)−2
)

dxdt = 0.

(4.3)

Recalling the definition of E (t) given in (4.2), adding and subtracting some terms
and using the relation

d
dt

(
Eq (t)

∫
Ω

uutdx
)
= qEq−1 (t)E ′ (t)

∫
Ω

uutdx+Eq (t)
d
dt

∫
Ω

uutdx,

the equation (4.3) becomes,

2
∫ T

s
Eq+1 (t)dt =−

∫ T

s

d
dt

(
Eq (t)

∫
Ω

uutdx
)

dt +q
∫ T

s
Eq−1 (t)E ′ (t)

∫
Ω

uutdxdt

− γ

γ+1

∫ T

s
Eq

∫
Ω

∥∇u∥2γ
∣∣∇u2∣∣dxdt +2

∫ T

s
Eq (t)

∫
Ω

u2
t dxdt

− 1
2

∫ T

s

d
dt

(
Eq (t)

∫
Ω

|∇u|2 dx
)

dt

+
q
2

∫ T

s
Eq−1 (t)E ′ (t)

∫
Ω

|∇u|2 dxdt (4.4)

−µ1

∫ T

s
Eq (t)

∫
Ω

uut |ut |m(x)−2 dxdt
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−µ2

∫ T

s
Eq (t)

∫
Ω

uz(x,1, t) |z(x,1, t)|m(x)−2 dxdt

+2
∫ T

s
Eq (t)

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρdt.

Now, we estimate the parts on the right side of (4.4), respectively.
The first term is estimated as follows:∣∣∣∣−∫ T

s

d
dt

(
Eq (t)

∫
Ω

uutdx
)

dt
∣∣∣∣

=

∣∣∣∣Eq (s)
∫

Ω

uut (x,s)dx−Eq (T )
∫

Ω

uut (x,T )dx
∣∣∣∣

≤ 1
2

Eq (s)
[∫

Ω

u2 (x,s)dx+
∫

Ω

u2
t (x,s)dx

]
+

1
2

Eq (T )
[∫

Ω

u2 (x,T )dx+
∫

Ω

u2
t (x,T )dx

]
≤ 1

2
Eq (s)

[
Cp ∥∆u(s)∥2

2 +2E (s)
]

+
1
2

Eq (T )
[
Cp ∥∆u(T )∥2

2 +2E (T )
]

≤ Eq (s) [CpE (s)+E (s)]+Eq (T ) [CpE (T )+E (T )] ,

where Cp is the Poincarė constant. Recalling that E (t) is decreasing, we infer that∣∣∣∣−∫ T

s

d
dt

(
Eq (t)

∫
Ω

uutdx
)

dt
∣∣∣∣≤ cEq+1 (s)≤ cEq (0)E (s)≤ cE (s) . (4.5)

In a similar way, we handle the term∣∣∣∣q∫ T

s
Eq−1 (t)E ′ (t)

∫
Ω

uutdxdt
∣∣∣∣≤−q

∫ T

s
Eq−1 (t)E ′ (t) [CpE (T )+E (T )]dt

≤−c
∫ T

s
Eq (t)E ′ (t)≤ cEq+1 (s)≤ cE (s) .

We estimate the next term as follows,∣∣∣∣− γ

γ+1

∫ T

s
Eq

∫
Ω

∥∇u∥2γ
∣∣∇u2∣∣dxdt

∣∣∣∣=
∣∣∣∣∣−2γ

∫ T

s
Eq

(
∥∇u∥2γ

2(γ+1)

∫
Ω

∣∣∇u2∣∣dx

)
dt

∣∣∣∣∣
=

∣∣∣∣∣−2γ

∫ T

s
Eq

(
∥∇u∥2(γ+1)

2(γ+1)

)
dt

∣∣∣∣∣≤
∣∣∣∣−2γ

∫ T

s
Eq (E (t))dt

∣∣∣∣ (4.6)

≤C∗
∫ T

s
Eq+1 (t)dt ≤C∗E (s)

where C∗ is a generic constant.
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To treat the other term, we set

Ω+ = {x ∈ Ω, |ut (x, t)| ≥ 1} and Ω− = {x ∈ Ω, |ut (x, t)|< 1} ,

and by using the Hölder’s and Young’s inequalities, to obtain∣∣∣∣∫ T

s
Eq (t)

∫
Ω

u2
t dxdt

∣∣∣∣
=

∣∣∣∣∫ T

s
Eq (t)

[∫
Ω+

u2
t dx+

∫
Ω−

u2
t dx
]

dt
∣∣∣∣

≤ c
∫ T

s
Eq (t)

[(∫
Ω+

|ut |m
−

dx
)2/m−

+

(∫
Ω−

|ut |m
+

dx
)2/m+

]
dt

≤ c
∫ T

s
Eq (t)

[(∫
Ω

|ut |m(x) dx
)2/m−

+

(∫
Ω

|ut |m(x) dx
)2/m+

]
dt

≤ c
∫ T

s
Eq (t)

[(
−E ′ (t)

)2/m−
+
(
−E ′ (t)

)2/m+
]

dt

≤ cε

∫ T

s
[E (t)]qm−/(m−−2) dt + c(ε)

∫ T

s

(
−E ′ (t)

)
dt

+ cε

∫ T

s
E (t)q+1 dt + c(ε)

∫ T

s

(
−E ′ (t)

)2(q+1)/m+

dt.

For m− > 2 and the choice of q = m+/2−1 will make qm−

m−−2 = q+1+ m+−m−

m−−2 .
Therefore,∣∣∣∣∫ T

s
Eq (t)

∫
Ω

u2
t dxdt

∣∣∣∣≤ cε

∫ T

s
E (t)q+1 dt + cε [E (0)]

m+−m−
m−−2

∫ T

s
[E (t)]q+1 dt

+ c(ε)E (s)≤ cε

∫ T

s
E (t)q+1 dt + c(ε)E (s) . (4.7)

For the case m− = 2 and the choice of q = m+/2−1 will give a similar result.
The other term is estimated as follows:∣∣∣∣−1

2

∫ T

s

d
dt

(
Eq (t)

∫
Ω

|∇u|2 dx
)

dt
∣∣∣∣≤

1
2

Eq (s)
∫

Ω

|∆u(s)|2 dx+
1
2

Eq (s)
∫

Ω

|∆u(T )|2 dx ≤

cEq+2/m+
(s)≤ c

(
Eq−1+2/m+

(0)
)

E (s)≤ λE (s) (4.8)

where c and λ are positive constants.
Similarly,∫ T

s
Eq−1 (t)E ′ (t)

∫
Ω

|∇u|2 dxdt ≤
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cEq+2/m+
(s)≤ c

(
Eq−1+2/m+

(0)
)

E (s)≤ λ1E (s) (4.9)

where c and λ1 are positive constants.
For the other term, utilizing Young’s inequality, we conclude that∣∣∣∣−µ1

∫ T

s
Eq (t)

∫
Ω

u |ut |m(x)−1 dxdt
∣∣∣∣≤

ε

∫ T

s
Eq (t)

∫
Ω

|u(t)|m(x) dxdt + c
∫ T

s
Eq (t)

∫
Ω

cε (x) |ut (t)|m(x) dxdt ≤

ε

∫ T

s
Eq (t)

[∫
Ω+

|u(t)|m
−

dx+
∫

Ω−
|u(t)|m

+

dx
]

dt

+ c
∫ T

s
Eq (t)

∫
Ω

cε (x) |ut (t)|m(x) dxdt,

where we have used Young’s inequality with

p(x) =
m(x)

m(x)−1
, p′ (x) = m(x) ,

thus,
cε (x) = (m(x)−1)m(x)m(x)/(1−m(x))

ε
1/(1−m(x)).

Hence, by using the embeddings H2
0 (Ω) ↪→ Lm−

(Ω) and H2
0 (Ω) ↪→ Lm+

(Ω), we
conclude that∣∣∣∣−µ1

∫ T

s
Eq (t)

∫
Ω

u |ut |m(x)−1 dxdt
∣∣∣∣

≤ ε

∫ T

s
Eq (t)

[
c∥∆u(s)∥m−

2 + c∥∆u(s)∥m+

2

]
dt

+ c
∫ T

s
Eq (t)

∫
Ω

cε (x) |ut (t)|m(x) dxdt

≤ ε

∫ T

s
Eq (t)

[
cE(m−−2)/2 (0)E (t)+ cE(m+−2)/2 (0)E (t)

]
dt

+ c
∫ T

s
Eq (t)

∫
Ω

cε (x) |ut (t)|m(x) dxdt

≤ cε

∫ T

s
Eq+1 (t)dt +

∫ T

s
Eq (t)

∫
Ω

cε (x) |ut (t)|m(x) dxdt.

(4.10)

The next term of (4.4) can be estimated in a similar attitude∣∣∣∣−µ2

∫ T

s
Eq (t)

∫
Ω

u |z(x,1, t)|m(x)−1 dxdt
∣∣∣∣

≤ ε

∫ T

s
Eq (t)

[
c∥∆u(s)∥m−

2 + c∥∆u(s)∥m+

2

]
dt
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+ c
∫ T

s
Eq (t)

∫
Ω

cε (x) |z(x,1, t)|m(x) dxdt

≤ cε

∫ T

s
Eq+1 (t)dt +

∫ T

s
Eq (t)

∫
Ω

cε (x) |z(x,1, t)|m(x) dxdt. (4.11)

As ξ(x) is bounded, using Lemma 6 and (4.2), we obtain

2
∫ T

s
Eq (t)

∫ 1

0

∫
Ω

ξ(x) |z(x,ρ, t)|m(x)

m(x)
dxdρdt

≤ 2τe−τ

m− Eq (s)E (s)+
2c
m− Eq+1 (T )

≤ 2τe−τ

m− Eq (0)E (s)+
2c
m− Eq (T )E (s)≤ cE (s)

(4.12)

for some c > 0.
By combining (4.4)-(4.12), we conclude that

∫ T

s
Eq+1 (t)dt ≤ ε

∫ T

s
Eq+1 (t)dt + cE (s)

+ c
∫ T

s
Eq (t)

∫
Ω

cε (x) |z(x,1, t)|m(x) dxdt.

At this point, the choice of ε small enough, gives∫ T

s
Eq+1 (t)dt ≤ cE (s)+ c

∫ T

s
Eq (t)

∫
Ω

cε (x) |z(x,1, t)|m(x) dxdt.

Once ε is fixed, cε (x) becomes bounded (i.e. cε (x)≤ M), as m(x) is bounded. There-
fore, we infer that∫ T

s
Eq+1 (t)dt ≤ cE (s)+ cM

∫ T

s
Eq (t)

∫
Ω

|z(x,1, t)|m(x) dxdt

≤ cE (s)−C0M
∫ T

s
Eq (t)E ′ (t)dt

≤ cE (s)+
C0M
q+1

[
Eq+1 (s)−Eq+1 (T )

]
≤ cE (s) .

As T → ∞, we obtain ∫
∞

s
Eq+1 (t)dt ≤ cE (s) .

Thus, Komornik’s Lemma is satisfied with σ = q = m+/2− 1, which implies the
desired result. □
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5. CONCLUSIONS

In recent years, many papers have been published about decay or blow up of
solutions for different type of wave equations (Kirchhoff, Petrovsky, Bessel, . . . etc.)
with different state of delay time (constant delay, time-varying delay,. . . etc.). How-
ever, to the best of our knowledge, there were no blow up and decay results for the
Timoshenko equation with delay term and variable exponents. Firstly, we have been
proved the blow up of solutions. Later, we have been obtained the decay results by
using an integral inequality due to Komornik.
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[36] H. Yüksekkaya and E. Pişkin, “Blow-up of solutions of a logarithmic viscoelastic plate equation
with delay term,” Journal of Mathematical Sciences & Computational Mathematics, vol. 3, no. 2,
pp. 167–182, 2022, doi: 10.15864/jmscm.3203.
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