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SOME IDENTITIES FOR DERANGEMENT NUMBERS
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Abstract. In this paper, we give some identities involving derangement numbers. In addition, we
derive nonlinear differential equation from the generating function of r-derangement numbers
and obtain some identities including generalized harmonic numbers and derangement numbers
by using this differential equation. For example, for any positive integers N, n and r,
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1. INTRODUCTION

Harmonic numbers and generalized harmonic numbers have been studied since the
distant past and are involved in a wide range of diverse fields such as analysis, com-
puter science and various in a wide range of diverse fields such as analysis, computer
science and various branches of number theory [1-8, 16, 17,23-25]. The harmonic
numbers are defined by

n
1

Hy=0 and anzf forn>1.
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For any a0 € R™, the generalized harmonic numbers H, (o) [8] are defined by
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For o = 1, the usual harmonic numbers are H,(1
of Hy,(o) is

i Hy(o)x" = In(l-g)
n=1

1—x

For the generalized harmonic numbers H,(o), Omiir et al. [16] defined the gener-
alized hyperharmonic numbers of order r, H) (o) as follows. For r <0 or n <0,
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H (o)) =0and forn > 1,

n
n

Hy () =Y H "' (o), r>1,
i=1

where H (o) = -L.. For .= 1, H/, (1) = H, are the hyperharmonic numbers of order
r. The generating function of these numbers is
> In(1—%)
H(o)x' = ———— 9/ (1.1)
L =

The generalized harmonic numbers H (n,r) of rank r [7,23] are defined as for n > 1
and r > 0,

1
H(n,r) = .
1<no+ny+-+n,<n O Ty
It is clear that H(n,0) = H,,.
H (n,r,o) [0] are defined as forn > 1 and r > 0,
1

H(n,r,o) =

1<ng+ni+-+n<n

nony - - nr(xn0+nl+"‘+nr

or equivalently as

r n _x\]rtl
H@may-““+l<d[m“ 2)] )

n! dx" 1—x

x=0
Fora=1,H (n,r,1) =H(n,r).
The generating function of these numbers is given by
r+1
(-2 .

1—x

Z H (n,r,o)x" =
n=0

The Cauchy numbers of order r, C;, are defined by the generating functions to be

[=5) rxn B X r
L= (raes) 1)

For r = 1, C) = C, are called Cauchy numbers.
The Dachee numbers of order r, D), are defined by the generating functions to be

= Xt (In(1+x)\’
H;)Dna— (x > : (1.4)

For r = 1, D} = D,, are called Daehee numbers.
The Stirling numbers of the first kind S (n, k) are defined by

X = Z Sy (n,k)xk,

k=0
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and the Stirling numbers of the second kind S, (n, k) are defined by

n
X' = Z S5 (n,k)xk,
k=0
where x” stands for the falling factorial defined by x® = 1 and x* = x(x—1)---
(x—n+1).
The generating function of the Stirling numbers of the first kind S;(n,k) is given
by

> ¥ (In(1 k
ngosl(n,k)n!z(n(,:m, k>0, (1.5)

and the generating function of the Stirling numbers of the second kind S, (n,k) is
given by

= X (e —1)f
ZSZ(n')k); = Ta
n=k : :

The generalized geometric series are given by for positive integers a and b,

= (n+a—b\, X
) 10

n=b

k>0.

The exponential generating function is
o X

)»

n=0

— =e". (1.7)
n!

The generating function of the r-derangement numbers D, (n) is given by
o P ye X
YD) = . (1.8)

n=r n. (1—)6)

For r € N, the derangement numbers df,’) of order r (n > 0) [13] are defined by the

generating functions to be

oo (r) xn 1 r L

Yo =1 ) " (1.9)
n=0 :

For r =1, d\") = Dy (n) = d, are called derangement numbers. The derangement
numbers d, are given by the closed form formula

n _1i
dn:n!z( ).
i=0

i!

It is known that for an exponential series f(x) = n§0 S

an
dx™

=y
flx) = wam;, (1.10)
n=0 :
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and for an ordinary series f(x) = ¥, fux",
n>0

LTS Zm'<m+">fn+m (1.11)

dx™

There have been many studies involving derangement numbers [4—06, 14,20,21,24].
Duran et al. [6] obtained sums involving generalized harmonic numbers of rank r,
derangement and special numbers. For example, for any positive integers n and r,

Zn:(—l)i" <’:>r'oc iS) (i,r) Z — )n_i r—1,0).

i=0

Recently, the combinatorial properties of special numbers and polynomials have been
studied using differential equations associated with the generation functions [9-12,

’ > > ]'

Kwon et al. [15] showed that for positive integer N and nonnegative integer 7,

N n
Dpin-—1= W};)(—l)k <Z>N"Dfl_k

Omiir et al. [ 18] gave that for any positive integers N, n, r and m,

N 1!
Si(n+N,r+ 1)<”+m+m> <r+m+ >

m

n+N N
= Z (n+ +m>C;"S1(n—|—N—|—m—i,r—|—m+1).

Rim et al. [22] obtained some identities involving hyperharmonic numbers and Dae-
hee number as follows: for any positive integer N and nonnegative integer n,

n!(n+N)Nn§v(—1)"+N"< ’ )H;:(N—l)!i(—l)"(Z)N"—kD’,j—k.

= n+N—k fr

In this paper, we give some identities involving derangement numbers. In addi-
tion, we derive nonlinear differential equation from the generating function of r-
derangement numbers and using this differential equation, obtain some identities in-
cluding generalized harmonic numbers and derangement numbers. For example, for
any positive integers N, n and r,

_ (r+N—i—k+1)
iz r+N—i—k\d, ,; :Dr(n—i—N).
== N—i—k Jil(n—r+k)! n!N!
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2. SOME IDENTITIES WITH DERANGEMENT NUMBERS

In this section, we will give some identities involving Daehee, Cauchy, derange-
ment, r-derangement and harmonic numbers.

Theorem 1. For any positive integers n, r and o, we have

i i <n> ( > %Ci—kDn—j, (2.1)

i=0k=0
i+r\ " : .
= Z . Sy (n,0) Sz (i+rr) (2.2)
i=0
nknk k+/ i+r+1 L.
LRSS () () e

x Si(n—k,i)Sa(i+r+ 1,r)Hk_j ().
Proof. We will give proof of (2.1). By (1.3) and (1.4), we write

;CZJZ - ((1x+x)> - ln(lx+x) <ln(lx+x)>r ln(le)

-Yan Loy Eo
“LE(Jae ke

EEE() (o

n=0 j=0k=0
Thus, comparing the coefficients on both sides, the first result is obtained. The proofs

of (2.2) and (2.3) are similar to the proof of (2.1). Thus the proof is complete. ]

Theorem 2. For any positive integers n, r and o, we have

(—1)""H(n,r—1,a) :Xn: Zn: (_1)i(ij;r Si(n—j,i)

i=0 j=0 (J=nt (n=Jj)!
o D $i(1= 20 Si(n= 1.8

ZZZZ e T e T )

=0i=0[=0j=0

2.4)

Proof. We will give proof of (2.4). From (1.2), (1.4) and (1.7), we get

;(—l)nH(n,r—l,Ot)x":(_lnl(:jc“)) :<_;)”(ln((15ra)) o In(143)
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X\ e X i (In(14x))"
:<_&> %Dﬂannzg)(_l)( (i! =

n=

By (1.5), we have

e o n+r o

(—1)’20(—1)"H(n,r 1, 0)x" _ZbDroc:“n'Z ’Zsl n,i)
n= n=
(=) 159 n n
—ZD ' ZZ Sl (n,i) x'
n=0 n=0i=0 n:

Sy Y Ly D Si1G0)
o (n—j—r) !

D:z j—r Sl(.]7l)xn

) :
n=0i=0 j=0 i (n—j—r)l j!

:ZZZ(_I)i Dj,  Si(n—j.i) ,

n=0i=0 j—0 o (j=r)! (n—j) =
as claimed. The proof of other equality is similar to proof of (2.4). ([l
efx r
Now, for any positive integer r, we take the function F;(x) = m By taking
the derivative of this function with respect to x, we write
%F,(x) = R+ R ),

and

foio= 2 () o3 ()

2 (A DB+ e (1) 4 B,

1—
By repeating this process, we easily have
. NNZE (1) N—i—k\ F
I Fald) g
dx a r (1 —x)N-i

Theorem 3. For any positive integers N, n and r, we have
+(n+N) ZNZ]CZ <><r+N—l—k> <n—j+N—i—1>D,k(j)
nva == r n—j ilj!
ER O RS
== r i(n—r+k)!"
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Proof. From (1.6), (1.8) and (2.5), we have

davN x'e™
dxN (1 _x)r+l

N!,i _i "( )(r—l—Nr—z—k) iDrfk(n)fTr; i (n—i—N—i—l)xn’

—iNk(—l)iN'<><r+N_l > o <n—j+N—i—1>xn
k=0 i=0 it \k n=0j=0 n—j
= N N (—1)i<r> <r—|—N—z—k> <n—j—|—N—i—l>
:N' . . Dr—k jxn'
r;)kz;”:zojz;) ijl \k r n—j ()
Also from (1.10)
av xe ™ > dV x" - x"
— | —— =Y — (D= )=Y D,(n+N)=. 2.6
de ((l_x)r+l> r;)de < (n)n,> ,;) (l’l+ >I’l' ( )

Comparing the coefficients of x" in the first and last series, we obtain the result.
Similarly, (1.9) and (2.5) yield that

& (e
dxN 1— X)r+1

—

_iNZ:k ,M r\(r+N—i—k e " ok
- =& il \k (1 _x)r+N—i—k+]
_ i ¢ ,E <r> <r+N—z—k> . d(r+1vfifk+1)xn+’*k
k=0 1:0 it \k =0 n!
:i _t 1M<><r+N_l_k>idr+Ntk+l x"
= 120 i r+k (n—r+k)!
— . (r+N—i—k+1)
_ Z Z N (PN iR 2.7)
&= = r (n—r+k)!

Thus, with the help of (2.6) and (2.7), comparing the coefficients of x"* on both sides,
the other result is proof. O
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Theorem 4. For any positive integers N, n and r, we have

n

D, (i+N)Si (n,i)

NS i 1P\ (r+N—i—k\(l—j+N—i—1
EEEL O e

I AEIECC T TR

x S1(1,)S1 (n—1,r—kyd\" ™D
k

J

NNk I (=) N (r N =ik (N —i—k
e e 101 G I G I

!

Proof. We will give proof of (2.8). From (1.6), (1.8) and (2.5) we have
ﬁ (In(1 —x))" e~ n1=x)
dxN (1—1n(1—x))’+‘
NNK(—1) [\ [r+N—i—k\ Fr_(In(1—x))
=N! .
O G TR
N ASE (=1 (r r—i—N—i—k)
— N!
kZOt =0 <k>( r
" ZDr (n ln(lTx)) y (n+Nn—l—1> (In(1 —x))".

n=0

By product of the generating functions and (1.5), we write

dV [ (n(1 —x)) e (1)
dx¥ '\ (1—In(1—x))"!

_ i]_v_k(—lfjiv!‘(k) <r+Nr—z—k>

k=0 i=0
IV (1—j+N—i—1 (In(1—x))
XZZ'!( I—j >D”‘(J) Il
1=0 j=0

EEEETT
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!(l—j—er—z—

x"
l—j !

vaapz<namm

o n | _ —j—
Ty Y o (T s

[—j

EEFERCr 0

;

X , )D,k(j)Sl (n,1)x". 2.9
By (2.9) and taking x — In (1 — x) in (2.6), comparing the coefficients on both sides,
the desired result is obtained. The proofs of other equalities are similar to the proof

of (2.8). O

Theorem 5. For any positive integers N, n, r and o, we have

n+N liNZk ) PN —i—k\ Y R
N r (n—r+k)!

n+N k

- Cr_i_
_ —1 n+N—i—r+1 k—i—r+1 HH—]
2 ) (1) (nEN K (k—i—r 1)t
n+N k cr . d(’)
o k—+i k—i n+N—k .
= H(i,r—1 2.10
=L X =il naN—pi = 1o (2.10)
n+N N—i
<”+ l) 2.11)
r
"N N =i\ di
= 2.12
i_()( r—1 >(i—1)! ( )
(r+1)
ey, (2.13)
(n+N-—r)!" ’
Proof. By (1.1) and (1.3), we have
e x" —In(l-x) —x |
(l_x)r+l o (1_ )r+1 ln(l— ) ¢
r+l.n 1+r ' kxk
—ZH x Z NE
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:ZH,THXH Z(_l)i—r+lcl rel X Z(_l) -

n—0 i=0 (i—-r+ !5
n k

S n i— r+1 r+1 Ck*ifrJrl
_Z(,,;)Z() H; (n—k)!(k—i—r—l—l)!xn’

and by (1.11)
& (e
dV \ (1 _x)r+l

_ Z ZZ yrmizr+l T\ iyt H T 2N
N) (k—i—r+1)! (n—k)!

n=N k=0i=

= i ni]vi(_l)n+N7ifr+l (n+N)N' Ck—i—r+1Hir+1 x" .
n=0 k=0 i=0 N (k—i—r+1)!(n+N—k)!

From here, by (2.7), comparing the coefficients on both sides, the desired result is
obtained. Similarly, from the equalities

e *x" ( ln(l—*)) (_é) ' 1 refx
(-~ (1-x) (ma—m)"‘(l—x) ’

= ii&WﬁmfgfziiG?Ktvﬂ

n

oo

e x n
( —x)* _nzl<r_1

r—

e X ey X!
( )r+l _Zdn—r (n_r)!’

n=r

= N—
gk
&

k:
=
Il
I 8
N
S 3
I
—_ o~
N—
&
L
| | %
— =

respectively, and (1.11), we have the proofs of (2.10)-(2.13). g

For example, by setting n+N — nin (2.11)-(2.13), it is seen that for any positive
integers n and r,

" n—i (—1)1 . 1 n—i di—l B d]gr:;l)
Zo< ”> i _izo<r_1>(i_1)!_(n—r)!' 214

Corollary 1. For any positive integers n, r and o, we have

iin lir : ]+k i o~ ki (TP k—j+r—1 Cl:ﬂ' H(ivrfla(x)
r—1 k—i! !

n k HI'+1

n—i—r+ Cri—r1
=2 2 l(k—z—rJ—ri-l) L(n—k)!"

k=0i=0
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Proof. By setting n+ N — n in Theorem 5 and (2.14), the proof is clearly given.
O

Theorem 6. Let n, r and m be positive integers such that r > m. We have

i_iosl (n,i)D,(i) = Z i (1) <{> (i)sl (n,))

j=0i=0
n k Jj .

— 0 iem (I (" k,j)Si(n—k,r
WA <+>'(l.)(k)sl< J)$1 (n—k,7)

e 7mnnknk il itr I

= (-1 ' ‘Z()jz(’)[z’ 7}1 Al ( ; )H(k 7, 1)

x 81 (j,m)S; (n—k,i),

and

f (=1)"S1(n,i)D,(i) = r!f(—l)" C) d" sy (n,i)

i=0 i=r

=l Z Z yrk 2 <itr>51(k,i)H(n—k,r— 1).

Proof. Taking In (1 —x) instead of x and setting n+ N — n in Teorem 5, we can
easily obtain these equalities. g
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