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Abstract. In this paper, we study a coupled system of nonlinear Liouville–Caputo fractional
differential equations equipped with a new set of nonlocal boundary conditions involving an ar-
bitrary strip together with two sets of nonlocal multi-points on either part of the strip on the given
domain. We emphasize that the boundary conditions considered in this study are formulated with
respect to the sum and difference of the unknown functions. We apply the well-known tools of
the fixed point theory to derive the main results. Examples are presented for the illustration of
the obtained results.
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1. INTRODUCTION

Fractional calculus has evolved as an important area of research in view of its
diverse applications in a variety of applied fields. Examples include immunology
[8], chaotic systems [21], ecology [12], virology [7], economic model [20], neural
networks [6], etc. A salient feature distinguishing fractional-order differential and
integral operators from the classical ones is their nonlocal nature, which can trace
the past history of the phenomena and processes under investigation. In the recent
years, many researchers contributed to the development of fractional calculus, for
example, see [3], [4], [5], [9], [11], [13], [22] and the references cited therein. One
can also find a substantial material dealing with coupled systems of fractional differ-
ential equations in the recent literature, for instance see [1], [2], [10], [14] and the
references cited therein.

In survey-cum-expository review articles [15–18], Srivastava described some re-
cent developments on the subject of fractional calculus and its applications. In the
survey [15], some recent developments involving different types of the Mittag-Leffler
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type functions associated with generalized Riemann-Liouville and other related frac-
tional derivative operators are reviewed. The article [16] contains a brief elementary
and introductory overview of the theory and applications of the integral and derivative
operators of fractional calculus. In [17], an overview of the fractional-calculus oper-
ators based on the general Fox-Wright function and its specialized forms is presented,
while [18] deals with some variations of the operators of fractional calculus, related
special functions and integral transformations.

In this paper, we consider a Liouville-Caputo type coupled system of nonlinear
fractional differential equations supplemented with a new set of boundary conditions
given by

LCDαν(t) = ϕ(t,ν(t),ω(t)), t ∈ [0,T ],
LCDβω(t) = ψ(t,ν(t),ω(t)), t ∈ [0,T ],
(ν+ω)(0) =−(ν+ω)(T ),∫

ζ

η

(ν−ω)(s)ds−
m

∑
i=1

ai(ν−ω)(σi)−
n

∑
j=1

b j(ν−ω)(δ j) = A,

(1.1)

where LCDα
0+ and LCDβ

0+ denote the Liouville-Caputo fractional derivative operators
of order α,β ∈ (0,1], 0 < σi < η < ζ < δ j < T, i = 1, . . . ,m, j = 1, . . . ,n, and ai, b j, A
are nonnegative constants, ϕ,ψ : [0,T ]×R2 → R are continuous functions. The first
condition in (1.1) is anti-periodic one with respect to the sum of unknown functions
ν and ω, while the second condition describes that the contribution of the difference
of the unknown functions ν and ω on an arbitrary strip (η,ξ) within the given domain
[0,T ] differs from the sum of such contributions due to arbitrary positions at σi, i =
1, . . . ,m and δ j, j = 1, . . . ,n (off the strip (η,ξ)) by a constant.

The present work is motivated by a recent article [2] in which the authors studied
the system in (1.1) with boundary conditions of the form:

(ν+ω)(0) =−(ν+ω)(T ),
∫

ζ

η

(ν−ω)(s)ds = A.

Here our objective is to enhance and generalize the study established in [2] by intro-
ducing more general nonlocal boundary conditions describing the changes within the
given domain.

In the next section, we provide the related definitions of fractional integral and
derivatives, and prove an auxiliary lemma. Our main results, presented in Section 3,
rely on Schaefer like fixed point theorem and contraction mapping principle.

2. PRELIMINARIES

Let us commence this section with some definitions.

Definition 1. ([13]). For a function υ ∈ L1[a,b],−∞ < a < b <+∞, we define the
Riemann–Liouville fractional integral Iρ

a υ of order ρ > 0 existing almost everywhere
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on [a,b] as

Iρ
a υ(t) =

1
Γ(ρ)

t∫
a

(t − τ)ρ−1
υ(τ)dτ,

where Γ denotes the Euler gamma function.

Definition 2. [13]. The Riemann–Liouville fractional derivative Dρ
aυ of order

ρ ∈ (p−1, p], p ∈ N existing almost everywhere on [a,b] is defined as

Dρ
aυ(t) =

dp

dt p Ip−ρ
a υ(t) =

1
Γ(p−ρ)

dp

dt p

t∫
a

(t − τ)p−1−ρ
υ(τ)dτ,

where υ,υ(p) ∈ L1[a,b].
The Liouville-Caputo fractional derivative LCDρ

aυ of order ρ ∈ (p−1, p], p ∈ N is
defined as

LCDρ
aυ(t) = Dρ

a

[
υ(t)−υ(a)−υ

′ (a)
(t −a)

1!
− . . .−υ

(p−1) (a)
(t −a)p−1

(p−1)!

]
.

Remark 1. [13]. The Liouville-Caputo fractional derivative LCDρ
aυ of order ρ ∈

(p−1, p], p ∈ N for a function υ ∈ ACp[a,b], existing almost everywhere on [a,b], is
defined as

LCDρ
aυ(t) = Ip−ρ

a υ
(p) (t) =

1
Γ(p−ρ)

t∫
a

(t − τ)p−1−ρ
υ
(p) (τ)dτ.

In the follow lemma, we solve a linear variant of the problem (1.1).

Lemma 1. Let F,G ∈ C[0,T ]. Then the solution of the following linear coupled
boundary value problem:

LCDαν(t) = F(t), 0 < α < 1, t ∈ [0,T ],

LCDβω(t) = G(t), 0 < β < 1, t ∈ [0,T ],

(ν+ω)(0) =−(ν+ω)(T ),∫
ζ

η

(ν−ω)(s)ds−
m

∑
i=1

ai(ν−ω)(σi)−
n

∑
j=1

b j(ν−ω)(δ j) = A,

(2.1)

is given by

ν(t) =
∫ t

0

(t − s)α−1

Γ(α)
F(s)ds (2.2)

+
1
2

{
A
Λ
− 1

2

(∫ T

0

(T − s)α−1

Γ(α)
F(s)ds+

∫ T

0

(T − s)β−1

Γ(β)
G(s)ds

)
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− 1
Λ

∫
ζ

η

(∫ s

0

(s− x)α−1

Γ(α)
F(x)dx−

∫ s

0

(s− x)β−1

Γ(β)
G(x)dx

)
ds

+
∑

m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
F(x)dx−

∫
σi

0

(σi − x)β−1

Γ(β)
G(x)dx

)
+

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
F(x)dx−

∫
δ j

0

(δ j − x)β−1

Γ(β)
G(x)dx

)}
,

ω(t) =
∫ t

0

(t − s)β−1

Γ(β)
G(s)ds (2.3)

+
1
2

{
−A
Λ

− 1
2

(∫ T

0

(T − s)α−1

Γ(α)
F(s)ds+

∫ T

0

(T − s)β−1

Γ(β)
G(s)ds

)
+

1
Λ

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)
F(x)dx−

∫ s

0

(s− x)β−1

Γ(β)
G(x)dx

)
ds

− ∑
m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
F(x)dx−

∫
σi

0

(σi − x)β−1

Γ(β)
G(x)dx

)
−

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
F(x)dx−

∫
δ j

0

(δ j − x)β−1

Γ(β)
G(x)dx

)}
,

where

Λ := ζ−η−
m

∑
i=1

ai −
n

∑
j=1

b j ̸= 0, (2.4)

Proof. Applying the operators Iα and Iβ on both sides of fractional differential
equations in (2.1), respectively (for details, see [13]), we obtain

ν(t) =
∫ t

0

(t − s)α−1

Γ(α)
h1(s)ds+ c1, (2.5)

ω(t) =
∫ t

0

(t − s)β−1

Γ(β)
h2(s)ds+ c2, (2.6)

where c1,c2 ∈ R. Using (2.5) and (2.6) in the boundary conditions of the problem
(2.1), we get

c1 + c2 =−1
2

(∫ T

0

(T − s)α−1

Γ(α)
F(s)ds+

∫ T

0

(T − s)β−1

Γ(β)
G(s)ds

)
, (2.7)

c1 − c2 =
1
Λ

{
A−

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)
F(x)dx−

∫ s

0

(s− x)β−1

Γ(β)
G(x)dx

)
ds

+
m

∑
i=1

ai

(∫
σi

0

(σi − x)α−1

Γ(α)
F(x)dx−

∫
σi

0

(σi − x)β−1

Γ(β)
G(x)dx

)
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+
n

∑
j=1

b j

(∫
δ j

0

(δ j − x)α−1

Γ(α)
F(x)dx−

∫
δ j

0

(δ j − x)β−1

Γ(β)
G(x)dx

)}
. (2.8)

Solving (2.7) and (2.8) for c1 and c2 yields

c1 =
1
2

{
A
Λ
− 1

2

(∫ T

0

(T − s)α−1

Γ(α)
F(s)ds+

∫ T

0

(T − s)β−1

Γ(β)
G(s)ds

)
− 1

Λ

∫
ζ

η

(∫ s

0

(s− x)α−1

Γ(α)
F(x)dx−

∫ s

0

(s− x)β−1

Γ(β)
G(x)dx

)
ds

+
∑

m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
F(x)dx−

∫
σi

0

(σi − x)β−1

Γ(β)
G(x)dx

)
+

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
F(x)dx−

∫
δ j

0

(δ j − x)β−1

Γ(β)
G(x)dx

)}
,

c2 =
1
2

{
−A
Λ

− 1
2

(∫ T

0

(T − s)α−1

Γ(α)
F(s)ds+

∫ T

0

(T − s)β−1

Γ(β)
G(s)ds

)
+

1
Λ

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)
F(x)dx−

∫ s

0

(s− x)β−1

Γ(β)
G(x)dx

)
ds

− ∑
m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
F(x)dx−

∫
σi

0

(σi − x)β−1

Γ(β)
G(x)dx

)
−

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
F(x)dx−

∫
δ j

0

(δ j − x)β−1

Γ(β)
G(x)dx

)}
.

Substituting the values of c1 and c2 in (2.5) and (2.6) yields the solution (2.2) and
(2.3). By direct computation, one can prove the converse of this lemma. The proof is
finished. □

3. MAIN RESULTS

Let X = C([0,T ],R)×C([0,T ],R) be the Banach space equipped with the norm
∥(ν,ω)∥ = ∥ν∥+ ∥ω∥ = supt∈[0,T ] |ν(t)|+ supt∈[0,T ] |ω(t)|, for (ν,ω) ∈ X . In order
to transform the problem (1.1) into a fixed point problem, we define an operator
Π : X → X via Lemma 1 as

Π(ν,ω)(t) := (Π1(ν,ω)(t),Π2(ν,ω)(t)), (3.1)

Π1(ν,ω)(t) =
1

Γ(α)

∫ t

0
(t − s)α−1

ϕ(s,ν(s),ω(s))ds (3.2)

+
1
2

{
A
Λ
− 1

2

(∫ T

0

(T − s)α−1

Γ(α)
ϕ(s,ν(s),ω(s))ds
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+
∫ T

0

(T − s)β−1

Γ(β)
ψ(s,ν(s),ω(s))ds

)
− 1

Λ

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫ s

0

(s− x)β−1

Γ(β)
ψ(x,ν(x),ω(x))dx

)
ds

+
∑

m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫

σi

0

(σi − x)β−1

Γ(β)
ψ(x,u(x),v(x))dx

)
+

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫

δ j

0

(δ j − x)β−1

Γ(β)
ψ(x,ν(x),ω(x))dx

)}
and

Π2(ν,ω)(t) =
∫ t

0

(t − s)β−1

Γ(β)
ψ(s,ν(s),ω(s))ds (3.3)

+
1
2

{
−A
Λ

− 1
2

(∫ T

0

(T − s)α−1

Γ(α)
ϕ(s,ν(s),ω(s))ds

+
∫ T

0

(T − s)β−1

Γ(β)
ψ(s,ν(s),ω(s))ds

)
+

1
Λ

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫ s

0

(s− x)β−1

Γ(β)
ψ(x,ν(x),ω(x))dx

)
ds

− ∑
m
i=1 ai

Λ

(∫
σi

0

(σi − x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫

σi

0

(σi − x)β−1

Γ(β)
ψ(x,ν(x),ω(x))dx

)
−

∑
n
j=1 b j

Λ

(∫
δ j

0

(δ j − x)α−1

Γ(α)
ϕ(x,ν(x),ω(x))dx

−
∫

δ j

0

(δ j − x)β−1

Γ(β)
ψ(x,ν(x),ω(x))dx

)}
.
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In the sequel, we need the following assumptions.
(H1) There exist continuous functions µi,κi ∈ C([0,T ],R+), i = 1,2,3, such that,

∀(t,ν,ω) ∈ [0,T ]×R2,

|ϕ(t,ν,ω)| ≤ µ1(t)+µ2(t)|ν|+µ3(t)|ω|;
|ψ(t,ν,ω)| ≤ κ1(t)+κ2(t)|ν|+κ3(t)|ω|.

(H2) There exist Ci,Ki > 0, i = 1,2, such that, ∀ t ∈ [0,T ],νi,ωi ∈ R, i = 1,2,

|ϕ(t,ν1,ω1)−ϕ(t,ν2,ω2)| ≤C1∥ν1 −ν2∥+C2∥ω1 −ω2∥,
|ψ(t,ν1,ω1)−ψ(t,ν2,ω2)| ≤ K1∥ν1 −ν2∥+K2∥ω1 −ω2∥.

For the sake of computational convenience, we set the notation:

∆1 =
T α

4Γ(α+1)
+

1
2|Λ|

[
ζα+1 −ηα+1

Γ(α+2)
+

m

∑
i=1

ai
σα

i
Γ(α+1)

(3.4)

+
n

∑
j=1

b j
δα

j

Γ(α+1)

]
,

∆2 =
T β

4Γ(β+1)
+

1
2|Λ|

[
ζβ+1 −ηβ+1

Γ(β+2)
+

m

∑
i=1

ai
σ

β

i
Γ(β+1)

(3.5)

+
n

∑
j=1

b j
δ

β

j

Γ(β+1)

]
,

and

M0 = min

{
1−

[
∥µ2∥

(
2∆1 +

T α

Γ(α+1)

)
+∥κ2∥

(
2∆2 +

T β

Γ(β+1)

)]
,

1−

[
∥µ3∥

(
2∆1 +

T α

Γ(α+1)

)
+∥κ3∥

(
2∆2 +

T β

Γ(β+1)

)]}
.

Our first existence result for the problem (1.1) is based on the following fixed point
theorem [19].

Lemma 2. Let E be a Banach space and F : E → E be a completely continuous
operator. If the set S = {x ∈ E |x = µF x,0 < µ < 1} is bounded, then the operator F
has a fixed point in E .

Theorem 1. Suppose that the assumption (H1) holds. Then there exists at least
one solution for the problem (1.1) on [0,T ] if

∥µ2∥
(

2∆1 +
T α

Γ(α+1)

)
+∥κ2∥

(
2∆2 +

T β

Γ(β+1)

)
< 1, (3.6)
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∥µ3∥
(

2∆1 +
T α

Γ(α+1)

)
+∥κ3∥

(
2∆2 +

T β

Γ(β+1)

)
< 1,

where ∆i (i = 1,2) are given by (3.4)-(3.5).

Proof. Observe that continuity of functions ϕ and ψ implies that the operator Π :
X → X is continuous. Let Ωr̄ ⊂ X be bounded. Then we can find positive constants
Lϕ and Lψ such that

|ϕ(t,ν(t),ω(t))| ≤ Lϕ, |ψ(t,ν(t),ω(t))| ≤ Lψ, ∀(ν,ω) ∈ Ωr̄.

So, for any (ν,ω) ∈ Ωr̄, t ∈ [0,T ], we get

|Π1(ν,ω)(t)| ≤ Lϕ

( T α

Γ(α+1)
+∆1

)
+Lψ∆2 +

A
2|Λ|

,

|Π2(ν,ω)(t)| ≤ Lϕ∆1 +Lψ

( T β

Γ(β+1)
+∆2

)
+

A
2|Λ|

.

Thus

∥Π(ν,ω)∥= ∥Π1(ν,ω)∥+∥Π2(ν,ω)∥

≤ Lϕ

( T α

Γ(α+1)
+2∆1

)
+Lψ

( T β

Γ(β+1)
+2∆2

)
+

A
|Λ|

,

which implies that the operator Π is uniformly bounded.
Next it will be shown that Π maps bounded sets into equicontinuous sets of X . For

t1, t2 ∈ [0,T ], t1 < t2, and (ν,ω) ∈ Ωr̄, we have

|Π1(ν,ω)(t2)−Π1(ν,ω)(t1)|

≤

∣∣∣∣∣ 1
Γ(α)

(∫ t1

0

[
(t2 − s)α−1 − (t1 − s)α−1]

ϕ(s,ν(s),ω(s))ds

+
∫ t2

t1
(t2 − s)α−1

ϕ(s,ν(s),ω(s))ds
)∣∣∣∣∣

≤ Lϕ

(2(t2 − t1)α + tα
2 − tα

1
Γ(α+1)

)
→ 0 when t1 −→ t2,

independently of (u,v) ∈ Ωr̄. Likewise

|Π2(ν,ω)(t2)−Π2(ν,ω)(t1)| ≤ Lψ

(2(t2 − t1)β + tβ

2 − tβ

1
Γ(β+1)

)
→ 0

when t1 −→ t2, independently of (ν,ω) ∈ Ωr̄. Thus it follows by the Arzelá-Ascoli
theorem that the operator Π : X −→ X is completely continuous.
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Next,we consider the set U = {(ν,ω)∈X |u= λΠ(ν,ω),0< λ< 1} and prove that
it is bounded. Let (ν,ω) ∈ U, then (ν,ω) = λΠ(ν,ω), 0 < λ < 1. For any t ∈ [0,T ],
we have

ν(t) = λΠ1(ν,ω)(t), ω(t) = λΠ2(ν,ω)(t).
As in the previous step, using ∆i (i = 1,2) given by (3.4)-(3.5), we find that

|ν(t)|= λ|Π1(ν,ω)(t)| ≤
(
∥µ1∥+∥µ2∥∥ν∥+∥µ3∥∥ω∥

)( T α

Γ(α+1)
+∆1

)
+
(
∥κ1∥+∥κ2∥∥ν∥+∥κ3∥∥ω∥

)
∆2 +

A
2|Λ|

,

|ω(t)|= λ|Π2(ν,ω)(t)| ≤
(
∥µ1∥+∥µ2∥∥ν∥+∥µ3∥∥ω∥

)
∆1

+
(
∥κ1∥+∥κ2∥∥ν∥+∥κ3∥∥ω∥

)( T β

Γ(β+1)
+∆2

)
+

A
2|Λ|

.

In consequence, we get

∥ν∥+∥ω∥ ≤ ∥µ1∥
(

2∆1 +
T α

Γ(α+1)

)
+∥κ1∥

(
2∆2 +

T β

Γ(β+1)

)
+

A
|Λ|

+
[
∥µ2∥

(
2∆1 +

T α

Γ(α+1)

)
+∥κ2∥

(
2∆2 +

T β

Γ(β+1)

)]
∥ν∥

+
[
∥µ3∥

(
2∆1 +

T α

Γ(α+1)

)
+∥κ3∥

(
2∆2 +

T α

Γ(α+1)

)]
∥ω∥.

By the condition (3.6), it follows that

∥(ν,ω)∥ ≤
∥µ1∥

(
2∆1 +

T α

Γ(α+1)

)
+∥κ1∥

(
2∆2 +

T β

Γ(β+1)

)
+ A

|Λ|

M0
,

which implies that the set U is bounded. In consequence, we deduce that the operator
Π has at least one fixed point by the conclusion of Lemma 2, which is a solution of
the problem (1.1). □

The statement of Theorem 1 reduces to the the following special form by fixing
µ2(t) = µ3(t)≡ 0 and κ2(t) = κ3(t)≡ 0 in it.

Corollary 1. Let ϕ,ψ : J×R2 →R be continuous functions such that |ϕ(t,ν,ω)| ≤
µ1(t), |ψ(t,ν,ω)| ≤ κ1(t), ∀(t,ν,ω) ∈ [0,T ]×R2, where µ1,κ1 ∈C([0,T ],R+). Then
the problem (1.1) has at least one solution on [0,T ].

Corollary 2. If µi(t) = λi, κi(t) = εi, i = 1,2,3, then the condition (H1) becomes:
(H ′

1) there exist real constants λi,εi > 0, (i = 1,2) such that

|ϕ(t,ν,ω)| ≤ λ1 +λ2|ν|+λ3|ω| ∀(t,ν,ω) ∈ [0,T ]×R2;

|ψ(t,ν,ω)| ≤ ε1 + ε2|ν|+ ε3|ω| ∀(t,ν,ω) ∈ [0,T ]×R2;
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and (3.6) takes the form:

λ2

(
2∆1 +

T α

Γ(α+1)

)
+ ε2

(
2∆2 +

T β

Γ(β+1)

)
< 1,

λ3

(
2∆1 +

T α

Γ(α+1)

)
+ ε3

(
2∆2 +

T β

Γ(β+1)

)
< 1.

In the following result, we prove the uniqueness of solutions to the problem (1.1)
via Banach contraction mapping principle.

Theorem 2. If the assumption (H2) holds, then the problem (1.1) has a unique
solution on [0,T ] provided that

C
( T α

Γ(α+1)
+2∆1

)
+K

( T β

Γ(β+1)
+2∆2

)
< 1, (3.7)

where C =max{C1,C2}, K =max{K1,K2} and ∆i, i= 1,2 are defined by (3.4)-(3.5).

Proof. Fix

r >
M1

(
T α

Γ(α+1) +2∆1

)
+M2

(
T β

Γ(β+1) +2∆2

)
+ A

|Λ|

1−
(

C
(

T α

Γ(α+1) +2∆1

)
+K

(
T β

Γ(β+1) +2∆2

)) ,

where M1 = supt∈[0,T ] |ϕ(t,0,0)|, and M2 = supt∈[0,T ] |ψ(t,0,0)|. Then we show that
ΠBr ⊂ Br, where Π : X → X is defined by (3.1) and Br = {(ν,ω)∈ X : ∥(ν,ω)∥ ≤ r}.
By the assumption (H1), for (ν,ω) ∈ Br, t ∈ [0,T ], we have

|ϕ(t,ν(t),ω(t))| ≤ |ϕ(t,ν(t),ω(t))−ϕ(t,0,0)|+ |ϕ(t,0,0)| ≤ C (∥ν∥+∥ω∥)+M1

and
|ψ(t,ν(t),ω(t))| ≤ K (∥ν∥+∥ω∥)+M2.

In consequence, for (ν,ω) ∈ Br, we obtain

|Π1(ν,ω)(t)| ≤
T α

Γ(α+1)

(
C (∥ν∥+∥ω∥)+M1

)
+

1
2

[
A
|Λ|

+
1
2

( T α

Γ(α+1)

(
C (∥ν∥+∥ω∥)+M1

)
+

T β

Γ(β+1)

(
K (∥ν∥+∥ω∥)+M2

))
+

1
|Λ|

(
ζα+1 −ηα+1

Γ(α+2)

(
C (∥ν∥+∥ω∥)+M1

)
+

ζβ+1 −ηβ+1

Γ(β+2)

(
K(∥ν∥+∥ω∥)+M2

))
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+
∑

m
i=1 ai

|Λ|

(
σα

i
Γ(α+1)

(
C (∥ν∥+∥ω∥)+M1

)
+

σ
β

i
Γ(β+1)

(
K (∥ν∥+∥ω∥)+M2

))
+

∑
n
j=1 b j

|Λ|

( δα
j

Γ(α+1)

(
C (∥ν∥+∥ω∥)+M1

)
+

δ
β

j

Γ(β+1)

(
K (∥ν∥+∥ω∥)+M2

))]
,

which, on taking the norm for t ∈ [0,T ], leads to

∥Π1(ν,ω)∥ ≤
(

C
(

T α

Γ(α+1)
+∆1

)
+K ∆2

)
(∥ν∥+∥ω∥)

+M1

( T α

Γ(α+1)
+∆1

)
+M2∆2 +

A
2|Λ|

.

In the same way, for (ν,ω) ∈ Br, one can obtain

∥Π2(ν,ω)∥ ≤
(

C∆1 +K
( T β

Γ(β+1)
+∆2

))
(∥ν∥+∥ω∥)

+M1∆1 +M2

( T β

Γ(β+1)
+∆2

)
+

A
2|Λ|

.

Therefore, for any (ν,ω) ∈ Br, we have

∥Π(ν,ω))∥= ∥Π1(ν,ω)∥+∥Π2(ν,ω)∥

≤
(

C
( T α

Γ(α+1)
+2∆1

)
+K

( T β

Γ(β+1)
+2∆2

))
(∥ν∥+∥ω∥)

+M1

( T α

Γ(α+1)
+2∆1

)
+M2

( T β

Γ(β+1)
+2∆2

)
+

A
|Λ|

< r,

which shows that Π maps Br into itself.
Now show that the operator Π is a contraction. For (ν1,ω1), (ν2,ω2) ∈ X , t ∈

[0,T ], we have

|Π1(ν1,ω1)(t)−Π1(ν2,ω2)(t)|

≤
∫ t

0

(t − s)α−1

Γ(α)

∣∣ϕ(s,ν1(s),ω1(s))−ϕ(s,ν2(s),ω2(s))
∣∣ds

+
1
2

{
1
2

(∫ T

0

(T − s)α−1

Γ(α)

∣∣ϕ(s,ν1(s),ω1(s))−ϕ(s,ν2(s),ω2(s))
∣∣ds
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+
∫ T

0

(T − s)β−1

Γ(β)

∣∣ψ(s,ν1(s),ω1(s))−ψ(s,ν2(s),ω2(s))
∣∣ds

)
+

1
|Λ|

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)

∣∣ϕ(x,ν1(x),ω1(s))−ϕ(s,ν2(x),ω2(x))
∣∣dx

+
∫ s

0

(s− x)β−1

Γ(β)

∣∣ψ(x,ν1(x),ω1(x))−ψ(x,ν2(x),ω2(x))
∣∣dx

)
ds

+
∑

m
i=1 ai

|Λ|

(∫
σi

0

(σi − x)α−1

Γ(α)

∣∣ϕ(x,ν1(x),ω1(s))−ϕ(s,ν2(x),ω2(x))
∣∣dx

+
∫

σi

0

(σi − x)β−1

Γ(β)

∣∣ψ(x,ν1(x),ω1(x))−ψ(x,ν2(x),ω2(x))
∣∣dx

)
+

∑
n
j=1 b j

|Λ|

(∫
δ j

0

(δ j − x)α−1

Γ(α)

∣∣ϕ(x,ν1(x),ω1(s))−ϕ(s,ν2(x),ω2(x))
∣∣dx

+
∫

δ j

0

(δ j − x)β−1

Γ(β)

∣∣ψ(x,ν1(x),ω1(x))−ψ(x,ν2(x),ω2(x))
∣∣dx

)}

≤

{
C
( T α

Γ(α+1)
+∆1

)
+K ∆2

}
(∥ν∥+∥ω∥),

and

|Π2(ν1,ω1)(t)−Π2(ν2,ω2)(t)|

≤
∫ t

0

(t − s)α−1

Γ(α)

∣∣ψ(s,ν1(s),ω1(s))−ψ(s,ν2(s),ω2(s))
∣∣ds

+
1
2

{
1
2

(∫ T

0

(T − s)α−1

Γ(α)

∣∣ϕ(s,ν1(s),ω1(s))−ϕ(s,ν2(s),ω2(s))
∣∣ds

+
∫ T

0

(T − s)β−1

Γ(β)

∣∣ψ(s,ν1(s),ω1(s))−ψ(s,ν2(s),ω2(s))
∣∣ds

)
+

1
|Λ|

∫
ξ

η

(∫ s

0

(s− x)α−1

Γ(α)

∣∣ϕ(s,ν1(s),ω1(s))−ϕ(s,ν2(s),ω2(s))
∣∣dx

+
∫ s

0

(s− x)β−1

Γ(β)

∣∣ψ(s,ν1(s),ω1(s))−ψ(s,ν2(s),ω2(s))
∣∣dx

)
ds

+
∑

m
i=1 ai

|Λ|

(∫
σi

0

(σi − x)α−1

Γ(α)

∣∣ϕ(x,ν1(x),ω1(x))−ϕ(s,ν2(x),ω2(x))
∣∣dx

+
∫

σi

0

(σi − x)β−1

Γ(β)

∣∣ψ(x,ν1(x),ω1(x))−ψ(s,ν2(x),ω2(x))
∣∣dx

)
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+
∑

n
j=1 b j

|Λ|

(∫
δ j

0

(δ j − x)α−1

Γ(α)

∣∣ϕ(x,ν1(x),ω1(x))−ϕ(s,ν2(x),ω2(x))
∣∣dx

+
∫

δ j

0

(δ j − x)β−1

Γ(β)

∣∣ψ(x,ν1(x),ω1(x))−ψ(s,ν2(x),ω2(x))
∣∣dx

)}

≤

{
C∆1 +K

( T β

Γ(β+1)
+∆2

)}
(∥ν∥+∥ω∥).

In view of the foregoing inequalities, it follows that

∥Π(ν1,ω1)−Π(ν2,ω2)∥= ∥Π1(ν1,ω1)−Π1(ν2,ω2)∥+∥Π2(ν1,ω1)−Π2(ν2,ω2)∥

≤

{
C
( T α

Γ(α+1)
+2∆1

)
+K

( T β

Γ(β+1)
+2∆2

)}
∥(ν1 −ν2,ω1 −ω2)∥,

which, by (3.7), implies that Π is a contraction mapping. Hence the conclusion of
contraction mapping principle applies and Π has a unique fixed point, which is a
unique solution of the problem (1.1). This finishes the proof. □

Example 1. Consider the following problem
LCD1/2ν(t) = ϕ(t,ν(t),ω(t)), t ∈ [0,2],
LCD2/3ω(t) = ψ(t,ν(t),ω(t)), t ∈ [0,2],
(ν+ω)(0) =−(ν+ω)(2),∫ 3/2

3/4 (ν−ω)(s)ds− (ν−ω)(1/4)−1/5(ν−ω)(1/3)−4(ν−ω)(7/4) = 1,
(3.8)

where α = 1/2, β = 2/3, η = 3/4, ζ = 3/2, a1 = 1, a2 = 1/5, b1 = 4, σ1 = 1/4,σ2 =
1/3, δ1 = 7/4,A = 1, T = 2, and ϕ(t,ν,ω) and ψ(t,ν,ω) will be fixed later.

Using the given values, it is found that

Λ =−4.45,∆1 = 0.7477415389,∆2 = 0.7168620998,

where Λ, ∆1 and ∆2 are respectively given by (2.4), (3.4) and (3.5). In order to illus-
trate Theorem 1, we consider

ϕ(t,ν,ω) =
cos t

(2+ t)4

(
sinν+

ω

2
+ e−t

)
(3.9)

and

ψ(t,ν,ω) =
e−t

2
√

36+ t

(
|ν|

( |ν|
2+ |ν|

)
+ t sinω+1

)
.

Clearly ϕ and ψ are continuous and satisfy the condition (H1) with

µ1(t) =
e−t cos t
(2+ t)4 , µ2(t) =

cos t
(2+ t)4 , µ3 =

cos t
2(2+ t)4 ,
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κ1 = κ2 =
e−t

2
√

36+ t
,κ3 =

te−t

2
√

36+ t
.

Also

∥µ2∥
(

2∆1 +
T α

Γ(α+1)

)
+∥κ2∥

(
2∆2 +

T β

Γ(β+1)

)
≈ 0.4592148800

and

∥µ3∥
(

2∆1 +
T α

Γ(α+1)

)
+∥κ3∥

(
2∆2 +

T β

Γ(β+1)

)
≈ 0.3626132487 < 1.

Clearly the assumptions of Theorem 1 are satisfied. Therefore, the problem (3.8)
with ϕ(t,ν,ω) and ψ(t,ν,ω) given by (3.9) has at least one solution on [0,2].

Now we explain Theorem 2 by taking

ϕ(t,ν,ω) =
tan−1 ν+ω√

900+ t2
and ψ(t,ν,ω) =

1
25(1+ t2)

( |ν|
2+ |ν|

+ sinω

)
. (3.10)

Observe that ϕ and ψ are continuous and satisfy the condition (H2) with C1 = C2 =
1/30 = C and K1 = 1/50, K2 = 1/25 and so, K = 1/25. Also

C
( T α

Γ(α+1)
+2∆1

)
+K

( T β

Γ(β+1)
+2∆2

)
≈ 0.2307273163 < 1.

Clearly the hypothesis of Theorem 2 is satisfied and hence its conclusion applies to
the problem (3.8) with ϕ(t,ν,ω) and ψ(t,ν,ω) given by (3.10).
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