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Abstract. Effective sufficient conditions are established for existence of bounded solutions satis-
fying the Nicoletti condition of the systems of linear generalized ordinary differential equations
on the real axis. There are given the method of the construction of such solutions. The sufficient
conditions of the existence of unique solution and of positiveness of that are established as well.
As particular case, there are investigated the problem of existence of bounded solutions.,
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1. STATEMENT OF THE PROBLEM. BASIC NOTATION AND DEFINITIONS

For the linear system of the generalized differential equations

dx=dA(t)-x+df(t) for teR, (1.1)
consider the problem on the bounded on R solution
sup{|jx(¢)]| : t € R} < oo, (1.2)

where A = (aix)} 1= € BVioe(R,R""), and f = (fi)_; € BVoc(R,R").

The generalized ordinary differential equations was introduced by J. Kurzweil
[11]. To a considerable extent, the interest to the theory has also been stimulated
by the fact that this theory enabled one to investigate ordinary differential, impulsive
differential and difference equations from a unified point of view (see [1-8], [12] and
references therein). So, we can consider the ordinary differential, impulsive differen-
tial and difference equations as equations of the same type.

In this paper effective sufficient conditions are established for the existence of
solutions of problem (1.1),(1.2). Analogous results are contained in [10], [9] (see
also references therein) for the problem for systems of ordinary differential equations.

In the paper the use will be made of the following notation and definitions
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R =] — 00,400, R = [0, +o0[; [a,b] and |a,b| (a,b € R) are, respectively, closed
and open intervals. [ is an arbitrary finite or infinite interval from R. [¢] is the integer
part of € R.

R™™ is the space of all real n x m matrices X = (x;;); /=, with the norm [[X|| =

n
max;—i,.m ¥ |xij|. R" = R™*! is the space of all real column n-vectors x = (x)ry.
i=1

If X € R™*", then X !, det(X) and r(X) are, respectively, the matrix inverse to X,
the determinant of X and the spectral radius of X; I, is the identity n X n-matrix; 6;;
is the Kroneker symbol, i.e. §; = 1 and §;; =0fori# j (i,j=1,...).

The inequalities between the matrices are understood componentwise.

b

V(X) is the sum total variation of the components of the matrix-function X :

a

¢ n,m
o8] > RO IEX = ()7 2 RO, then V000 = ()
i,j=1

X(t—) and X (t+) are, respectively, the left and the right limits of X at the point
t (X(a—)=X(a)if o €1 and X(B+) =X () if ye I; if o or B do not belong to 7,
then X (¢) is defined by continuity outside of 7). diX(t) =X (1) — X (t—), dxX(t) =
X(t+)—=X(t). | X |l =sup{||X(2)]| : t € I}.

BV([a,b]; R™™) is the set of all matrix-functions X : [a,b] — R™™ such that

b
V(X) < oo. BV (R;R™™) is the set of all matrix-functions X : R — R"*” whose
a

restrictions on every closed interval [a, b] belong to BV ([a,b], R"*").

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each
of its component is such.

51,52,8c and J : BV, (R;R) — BV, (R;R) are the operators defined by

(x)(0) = 52(x)(0) = 0,

)
)(0)——X(
sl(x)(t)—sl s)+ Z dix(t

s<T<t

52()(1) = s2(x)(s)+ Y, dox(t

s<T<Yt

2
Se(X)(1) = sc(x)(s) + =Y (5;(x) (1) = s5;(x)(s)) for s <r;

J=1

X

\_/

J(x) (1) = J(x)(s) + 5c(x) (1) = 5c(x) (s)
— Y Il —dix(t)]+ Y In|l+dx(t)| for s <1.

s<T<t s<t<t
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If g € BV([a,b;R), f: [a,b] — R and a < s <t < b, then we assume
t

[x@dg(®) = (L-$) [ +(x)dg(x) + fe)aig(t) + £(5)dog ).

s st

where (L—S) [ f(t)dg(t) is the Lebesgue—Stieltjes integral over the open interval
Js.t
Js,[. Ttis known (see, [ 2]) that if the integral exists, than the right side of the integral

t
equality equals to the Kurzeil-Stieltjes integral (K —S) [ f(t)dg(t) and, therefore,
t t b
[ f(t)dg(t) = (K—S) [ f(t)dg(t). If a = b, then we assume [ x(¢)dg(t) =

s a

Tt oteo

/a f(0)dg(z) = lim / f()dg(x) and Tf(f)dg ~ Jim / f(R)dg(x

if the last limits exist (finite or infinite).
If G = (gi)js—; € BV([a,b];R™") and x = (x¢)} : [a,b] — R", then

/dG (Z/xk Ydgi(T )

We introduce the operator A(X,Y) in the following way:
if X € BV oo (R;R"™"),det(l, + (—1)/djX(t)) #0 fort e R (j =1,2), and Y €
BV o (R;R™™), then

A(X,Y)(0) = Opsm,
AX,Y) (1) = AXY) () +Y () =Y (s)+ ¥ X)L, —diX(x) 'di¥ ()

s<Tt<t

— Y X)L+ X (1) oY (1) (s<1).

s<t<t

Here the use will be made of the following formulas:
/ F(1)dg(r) / F(0)dg(t+) + f(a)dzg(a)
- / +F()drg )
JRCCE +x(t)dig (1)
- (1) dag ).
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[ 105+ [ s0)art) = 10)30) - f@g@)+ ¥ f0)-arg()

a<t<b
— Y df(t)-dag(t)

a<t<b
(integration-by- parts formula),

(general integration-by-parts formula),

b
/f( )dsi(g)(1) =Y, f(t)dig(t) /f (t)dsa(g
a a<t<b
- Z f ng t)v

a<t<b

/ubf(t)d (/Sg(s)dh(S)> = /bf(t)g(t)dh(t),
& ([ 760d66)) = 50 asg0) (1=1.2)

The proof of above formulas are given in [5, 6, 12] for example.
By a solution of system (1.1) we mean a vector-function x € BV,.(R,R") if

:x(s)—l—/dA(T) x(%) + f(1) = f(s)) for s <1, 5,6 €R.

If & € BVj:(R,R) and 7y € R are such that 1+ (—1)/d;o(t) #0 fort € R, t # 19
(j =1,2). Then it is known the that (see [7, 8] the initial problem

d§ =C&da(r), £(0) =1

has the unique solution &, and it is defined by

(exp(se(0)(1) = sc(0)(0)) [T (1=dia(@))™ [T (1+d>0x(1))

0<t<t 0<t<t
for t > 0,

Calt) = exp(se(0)(f) — se()(0)) H (I—dya(r)) H (1+dr0i(t)) !

t<t<0 t<t<0

for t < 0.
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Let Yo (t,5) = & (t)€5 ' (s) be the Cauchy function of the problem. Then
Yo(t,5) = exp (J(a)(r) —J(a)(s)) H sgn (1—djo(t))

s<T<t

x [ sen(1+d2a(r)) for >,

s<T<t
Yo(t,8) =Yg ' (s,2) for t <s.
Note that the following equality holds (see, [5, 0]
de! (1,10) = =84 (t,10)d A(0,0).(1) (13)

Remark 1. Let o € BV([a,b],R) be such that 1+ (—1)’d;o(t) > 0 for ¢ € [a,b]
(j = 1,2) and let one of the functions a, J(a) and 4(c,a) be nondecreasing (non-
increasing). Then other two functions will be nondecreasing (nonincreasing), as well.

We introduce the operator

v(©) () =sup{r>r: (1) <L)+ 1}

if & : R — R is a nondecreasing function, and

V)@ =inf{T<r: (o) <L) +1},

if {: R — R is a nonincreasing function.

2. FORMULATION OF THE RESULTS

Foreveryt; e RU{—oo,+oo} (i=1,...,n) we put No(t1,...,t,) = {i:t; € R}. Itis
evident that Ag(¢1,...,t,) ={1,...,n}if s € R (i=1,...,n), and No(t1,...,tn) = &
ift € {—oco, o0} (i=1,...,n).

In the case, where 1; = —oo (f; = +0), we assume sgn(t —#;) = 1 for r € R (sgn(r—
t;) = —1 for t € R).

Theorem 1. Let
1+ (=1)/djaz(t) #£0 for teR (j=1,2;i=1,...,n) .1
and let there exist t; € RU{—oo0, o0} (i =1,...,n) such that

:IG]R}

<+oo(itkiik=1,...,n), 2.2)

sup {

Sik = sup { ’ /t vi(2,7)|dV (A(air, ai)) (T)

[ 01V (Al 1)@

:tER}<+oo (i=1,...,n) 2.3)
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and
sup{|Yi(t,2;)] : t € R} < +oo for i € Ny(t1,...,tn), 2.4)

where Y;(t,%) =Ya; (t,7) (i=1,...,n). Let, moreover, the matrix S = (si)},_,, where
si =0(i=1,...,n), be such that

r(S) < 1. (2.5)

Then for every c; € R (i € No(t1,. .. ,1,)) system (1.1) has at last one a bounded on R
solution satisfying the condition

xi(ti) = ¢i for i € No(t1,...,1,)). (2.6)

If the case, where Ay (71, ... ,t,) = &, conditions (2.4) and (2.6) be eliminated and
the theorem has the following form.
Theorem 1'. Let conditions (2.1), (2.2) and (2.3) hold for some t; € {—oo, 400} (i =
1,...,n), where ;(t,%) = Y, (t,%) (i = 1,...,n), and the matrix S = (si)};_,, where
si =0 (i=1,...,n), satisfy condition (2.5). Then system (1.1) has at last one solution
bounded on R.

Corollary 1. Let
1+ (=1)/d;a;(t) >0 for teR, (j=1,2;i=1,...,n) (2.7)

and let there exist t; € RU{—co, o0} (i = 1,...,n) such that conditions (2.2), (2.3),
(2.4) and (2.5) hold, where S = (si)};—y, si =0 (i =1,...,n) and Y(t,7) = Ya,(t,7)

(i=1,...,n). Let, moreover, the functions

A(aii,an)(t) sgn(t —1;), A(ai, fi)(t) sgn(t —1;)
(i#k;i,k=1,...,n) are nondecreasing on R. (2.8)

Then for every ¢; € Ry (i € Ny(t1,...,t,)) system (1.1) has at last one nonnegative
and bounded on R solution satisfying condition (2.6).

If Ay(t1,...,t,) = & then Corollary 1 has the following form.
Corollary 1'. Let conditions (2.7) and (2.8) hold and let there exist t; € {—oo, 4o}
(i =1,...,n) such that conditions (2.2), (2.3) and (2.5) hold, where S = (sik)?,kzl’
si=0(=1,...,n) and ¥(t,7) = VY, (t,7) (i =1,...,n). Then system (1.1) has at
last one a nonnegative and bounded on R solution.

Theorem 2. Let (2.1) hold and let there exist t; € RU{—oco, oo} (i=1,...,n)
such that conditions (2.2), (2.3), (2.4) and (2.5) hold, where S = (sik)?,k:v s5i=0
(i=1,...,n) and (t,T) = Ya;(t,7) (i=1,...,n). Let, moreover,

ligitnf’yi(o,t) =0 for ie{l,....n}\No(t1,...,t). (2.9
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Then for every c¢; € R (i € Ny(t1,...,t,)) system (1.1) has the unique and bounded on
R solution (x;)!_, satisfying condition (2.6) and

Z]x, —xim(t)| < po™ for t e R (m=1,2,...)), (2.10)

where po and o are the positive numbers independent of m, (xj,)?_; (m=0,1,...) is
the sequence of the vector-functions the components of which are defined by

n
xiO(t) =0, xtm = Mz Z /Yz z, T d/q Clu, Ak Xfem— 1)(T) (2.11D)
=1k
(i=1,...,n;m=1,2,...), and thefunctlons u; (i=1,...,n) are defined due to

wi(t) = et i) + / V(1,00 dA(an, [)(3) for i € No(trs-.. 1), 2.12)

() E/y,-(t,r)dﬂ(a,-,-,ﬁ)(r) for i€ {1, .t \N(t1,...ta).  (2.13)

Corollary 2. Let (2.7) hold and let there exist t; € RU{—o0,+o0} (i =1,...,n)

such that the functions a;(t)sgn(t —t;) (i =1,...,n) are non-increasing on R,
}gnmfa,,(t) = +oo for i € {1,...,n}\%(t1, AR (2.14)
V(}Zl(ai,-,al-k))(t) < —hy sgn(t —t,-)ﬂl(a,-,-,a,-,-)(t) (2.15)
fort eR (i#k;i,k=1,...,n) and
r(H) <1, (2.16)

where hy, (i,k =1,...,n) are such that H = ((1 — Sik)hik)?k:y Let, moreover,

v(&)(1)
—sup{

\/ (Alaii. fi) ‘ tER}<w(i:1,...,n), (2.17)
where C;(t) =&, sgn(t —t;) (i=1,...,n). Then conclusion of Theorem 2 is true.

t

Corollary 3. Let there exist the points t; € RU{—oo,+oo} (i = 1,...,n) and the
functions o; : R — R (i = 1,...,n) such that o;(t)sgn(t —t;) (i=1,. ) are non-
decreasing on R and condmons

(sc(air) (1) = se(au)(s)) sgn(r —s) <M (se(0)(r) = se(u)(s)) (2.18)

for(t—s)(s—t;)>0 (i=1,...,n),
dia;i(t) <Mudioy(t) < 1, —1 < dsa;i(t) <Mudaoi(t) (i=1,...,n), (2.19)
|sc(aix) (t) = se(an) (s)| sgn(t —s) <Mix(sc (o) () — se()(s))  (2.20)
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for (t—s)(s—1;) >0 (i#kyi,k=1,...,n) and
|djau(t)] < Mildjou(t)| (j=1,2i#kik=1,....n) (2.21)

hold on R, where H = ( Qi )Mir|Mii| ™~ 1)?1(:1. Let, moreover;

(B:)(1)
pi= Sup{

\V (Ao, f) ' teR}<oo (i=1,...,n), (2.22)
where 9;(t) = Enq,5gn(r —1;) (i =1,...,n). Then conclusion of Theorem 2 is true.

t

Theorem 2. Let (2.1) hold and let there exist t; € {—o0,+o0} (i = 1,. ) such that
conditions (2.2), (2.3) and (2.5) hold, where S = (si)} 1> Sii =0 (1 = 1 ,n) and
Yi(t,T) = Y4, (2,7) (i=1,...,n). Let, moreover,

llglt?fyi(o,t) =0 forie{l,...,n}.
Then system (1.1) has the unique and bounded on R solution (x;)!_, and
Z\xl —Xim(t)] < pod™ for teR (m=1,2,...),

where po and o. are the positive numbers independent of m, (Xim)!_; (m=0,1,...) is
the sequence of the vector-functions the components of which are defined by

xio(t) =0,

Xim(t) = / ¥t ¥)d Aa £;) (<)

- Z /yltrdﬂl(a,,, aixim-1)(t) (i=1,....n;m=1,2,...).
k= lk;ét

Corollary 2. Let (2.7) hold and let there exist t; € {—oo, 4o} (i = 1,...,n) such

that the functions a;;(t)sgn(t —t;) (i =1,...,n) are non-increasing on R condmons
(2.15), (2.16), (2.17) and
}unmfa,,( ) =00 for ic{l,...,n} (2.23)
—1 1

hold, where (;(t) =&, sgn(t — ;) (i=1,...,n), and the numbers hy (i,k=1,...,n)
are such that H = ((1 - Sik)hik) 7 11+ Then conclusion of Theorem 2" is true.
Corollary 3'. Let there exist the p70im‘s ti € {—oo,+oo} (i=1,...,n) and the functions
o :R—R(i=1,...,n) such that o,(t)sgn(t — ;) (i=1,. ) are nondecreasing
on R and condmons (2 16), (2.18) — (2.22) hold on R, where ﬁ (1) = &y sg0(r — 1)
(i=1,...,n), and the numbers My, M;; <0 (i,k =1,...,n) are such that H = ((1 -
Sik)nikmu| 1)1.7](:1. Then conclusion of Theorem 2' is true.



ON EXISTENCE OF BOUNDED SOLUTIONS... 71

Corollary 4. Let the conditions of Theorem 2 or Corollary 2 or Corollary 3
are fulfilled. Let, in addition, condition (2.8) hold. Then for every ¢; € Ry (i €
No(t1,...,t,)) system (1.1) has the unique and bounded on R solution satisfying con-
dition (2.6) and it is nonnegative.

Corollary 4'. Let the conditions of Theorem 2' or Corollary 2’ or Corollary 3" are
fulfilled. Let, in addition, condition (2.8) hold. Then system (1.1) has the unique and
bounded on R solution and it is nonnegative.

3. PROOF OF THE RESULTS

Proof of Theorem 1. Let ¢c; € R (i € Ny(t1,...,1,)) be an arbitrary fixed numbers.
Consider the initial problems

du = uda;(t)+df;(t) for t e R, u(t;) =c;

(i€ Np(t1,...,t,)). By (2.1) the problem has the unique solution u; € BV(R;R) and
according to modified variation of constant formulae (see [5]) it has form (2.12).
Consider the system of integral equations

() =)+ Y /y,-(t,c)dﬁz(a,-,-,aikxk)(c) for f€R (i=1,...,n). (3.1)
k=T ki)

Due to modified variation of constant formulae (see [5]) we conclude that the
vector-function (x;)?_, is a solution of the system one. Moreover, it is evident the
vector-function (x;)?_, satisfy condition (2.6).

The solution of the last integral system we will find in the set of functions of
bounded and local bounded variation on the set R, i.e. in BV(R;R").

Consider the sequences of the vector-functions (x;,)?_ , (m =0,1,...) defined by

Xio(t) =0, Xip (1) = u; (1) + i ./'Yl-(t,’C)dﬂ(a,-l-,a,-kka,l)(’c) forteR (i=1,...,n).

k=1, ki
In view of conditions (2.2) and (2.3), from (2.12) and (2.13) we get
(wi)i=) € BV(R:R"). (3.2)
It is clear that (x;)”_, € BV(R;R"). Now, if we assume that
(xim—1)i=1 € BV(R;R") (3.3)

for some m, then due (2.2) and (3.2), from (3.2) we get (x;»)"_; € BVo(R;R") and

[Ximlleo < [[ttillo+ Y, sillkm-1llo <400 (i=1,...,n).
k=1, ki

Therefore, condition (3.3) holds for every natural m.
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Let us show that the sequence (x;,)? | (m =1,2.,...) be uniformly stable on R.
For this sufficient to show that the functional series

Y [xim(t) = Xim—1 (£)] (i=1,...,n) (3.4)
m=1

are converged uniformly on R.
According (2.2) and (3.3), from (2.11) it follows

(i = Xim—1llee)ics < S (Xim—1 = Xim-2lee)izy (m=2,3,...)
and, therefore,
(bim — i1 )iy < 8™ (lilla)ly Gm=1,2,...).
Due to (2.5) there exist numbers o €]r(S), 1] and > 0 such that
[s™ | < Bam ™t (m=1,2,...).

Therefore,
Hxl-m—x,-m,le < B()Otm (i: l,...,n;m = 1,2,...),

where Bo = Bo ' Y7 [|ui]]oo-
So that

Y Boo™
m=0

is the convergence major numerical series for the functional series (3.4) on R. From
this, due to the Weierstrass theorem the sequence (x;,)?_; (m=0,1,...) is uniformly
convergence on R.

Let

lim Xim(t) =x;(t) for t eR (i=1,...,n). (3.5)

m—+
Then due to Theorem 1.4.17 ([12]) we conclude that (x,')?:1 will be a solution of sys-
tem (3.1). Moreover, it is evident that ||x;||.. < 40 (i = 1,...,n) and by the equality
(3.1) and estimates (2.2) — (2.4) we have (x;)?_, € BV(R;R"). O

Proof of Corollary 1. As we proof above, in conditions of Theorem 1, system (1.1)
has the bounded solution on R satisfying condition (2.6) and it is obtained as the uni-
formly limits on R of the sequence of the vector-functions (x;,—1)" ; € BV(R;R")
(m=0,1,...) the components of which are defined by (2.11), and u; (i =1,...,n)
are defined by (2.12) and (2.13).

In view of (2.8), because ¢; € Ry (i € Np(ty,...,t,)), it follows from (2.13) —
(2.11) that x;,,(¢) > 0 and, that, x;(#) >0 for t e R (i=1,...,n). O

Proof of Theorem 2. First we show that the every bounded on R solution (x;)?_,
of system (1.1), satisfying of condition (2.6) will be solution of the system of integral
equations (3.1).
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By (2.9), there exist a sequences t;,, (i =1,...,n;m = 1,2,...) such that

ml_lg_lwtlm =1, l_ig_loo’Yi(Oytim) =0 (l Bt RRE ,I’l). (3.6)
We assume
tim=1; for i € No(t1,...,t,) (m=1,2,...). (3.7)

By modified variation of constant formula and equalities (2.12), (3.7) we have

xi(1) = i (2) + Z /Y,trdﬂl(a”,a,kxk)()(izl,...,n;m:1,2,...) (3.8)
k=1, k#iy

on R, where

uim(t) = u;i(t) for i € No(t1,...,t,) (m=1,2,...), 3.9

in0) = il V1) + [ 400, 7)d A s ()

for ie {1,....,n}\ No(t1,...,t,) (m=1,2,...). (3.10)

Letie {l,...,n}\ No(t1,...,t,). Then because x; is bounded, by conditions (2.3)
and (3.6) from (2.13) and (3.10) we find

ml_igrlmuim(t) = u;(t) for r € R.

On the hand, due (2.2) we get

t t
Jim [ (e, 0d A aws) (0) = [ 9d A, a0)(2) for 1€ R
tim [
Therefore, from (3.8) we have
t

n
xi(t Z / t,v)d A(a;;, apxy)(t) for t € R.
k=1k

t

Due to (3.7) — (3.9) the last equality is true for the case where i € Ap(1y,...,1,), as
well. So that it is proved that the vector-function (x;)7_, is the solution of system
(3.1).

In the proof of Theorem 1 we show that system (3.1) has solution (x;)_, and

mgm |lxi — Xim||le =0 (i=1,...,n).

In addition,

Hx,'m—xim,le < B()Otm (i: l,...,n;m: 1,2,...),
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where By and a €]0, 1] are the numbers independent from m. From this, we get

m+j m+j o
||xlm+j xthoo < Z ||xzk Xik— IHoo < BO Z OC < BO o™
k=m-+1 k=m+1 -

and

||xi _xim”oo < BO

l_aoc’" (j=12i=1,....n;m=1,2,...).
So that estimate (2.10) holds for pg = nBoct(1 — o) !

Finally, we show that system (3.1) has the unique solution (x;)?_,. Let (x;)!_, €
BV(R;RR") and arbitrary solution of the system and let y;(t) = X;(t) — x;(t) (i =
l,...,n). Then

n
=) /y, (t,7)d A(a;;,anyi)(t) for t € R.
k=1,k#iy

By this, in view of (2.2), (Iyille)iey < S(Iyille)y, i (s —S)(Iyill)iey < One So
that, because the matrix S is nonnegative, by condition (2.5) we have (||yi||«)"; < O,
and ||yill« =0 (i=1,...,n). Consequently, X;(t) = x;(¢) (i=1,...,n). O

Proof of Corollary 2. Let&;(t) =&, (1), vi(t,7) = &,-(t)E_,;l (t) and v;(¢) = v(&§) (1)
(i=1,...,n). Due condition (2.7) we have y;(t,t;) >0 (i=1,...,n).

Let i € {1,...,n} be fixed. First, consider the case t > ;. Then by (2.15) and
equality (1.3) we find d&; ' (1) = —& ' (1)d A(ai;,a;;)(¢), and

t

< —hikﬁi(l)/ﬁ,-_l(f)d/‘zl(aiuaii)(f)

4

/ (e, D)V (Alairan)) (x)

— ha&ilt /dg D <ha (i£kik=1,....n). 3.11)

So that condition (2.2) hold. Beside, we have s < hy. (i,k =1,...,n) and, therefore,
by (2.16) condition (2.5) hold.

If i € NAp(t1,...,1,), then due Remark 1 the functions B; (i = 1,...,n) are non-
increasing. Hence the functions Y;(,%;) = Y4, (¢,%;) (i = 1,...,n) are non-increasing
and so estimate (2.4) holds for ¢t > ;.

Let now i € {1,...,n} \ Ap(11,...,t,) be such that #; = —oo. Due to (2.7) we find
Yi(0,) = exp (1 —&;(r)) for t < 0. Therefore, by (2.23) we conclude

tlgrgmfy,-(O,t) =0.

Consequently, condition (2.9) hold for the case.
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Let us verify (2.3). Leti € {1,...,n}, ti € RU{—oo,+o0} and ¢ > 1; be fixed.
Then {;(t) = —&;(t) for T > #;, {;(#;) = 0. Then due to the conditions of theorem the
function {; is nondecreasing on the interval [t;, +oo].

Tj={rel]:j<Gt) <(+1} ((=0,....k{)+1),
where k;(1) = [(;(¢)] (the integer part) and let
Tio =1, Tij= {Tijl it Tl..jil -2 .
supTij if Tij1#@ (j=1,....k(t)+1).
Let us show that
T < Vilt) (j=0,...,k(1)). 3.12)

Let j €{0,...,k;(t)} be fixed. If T;; = @, then (3.12) is evident. Let now 7;; # &.
It suffices to show that

T;; C Qij, (3.13)
where Q;; = {T € [t;,1] : {i(t) < {i(Tij—1+)+ 1}. Itis easy to verify that
C[(’C[jf]—l-) >J. 3.14)

Indeed, otherwise there exists 8 > 0 such that §;(t; j—1 +s) < {;(Tio) +j for 0 <s <3.
Next, by the definition of T; j_1, we have ;(Tip) + (j— 1) < {;(t;j—1—) and, therefore,
(j—1) < Ci(tij-1+s) < j for 0 <s<3. But this contradicts the definition of
T;j—1. So that if T € T;;, then from (3.14) and the inequality ;(t) < (j+ 1) we get

Gi(t) < Gi(tij—1+) + 1 and hence T € Q;;. Therefore (3.12) is proved.

Due to (3.12) we find
! ki(n)+1

wilt) < / exp (&i(r) — &(1))dbi(t) < exp(&(r) Y / exp(Ci(1))dbi(x), (3.15)
li =1 Tij-1

where v;(t) = and b;(t) =V (A(ai, fi))(t). On the other hand

t
J i, )ldbi(7)
Tij Tij—€

[ exp@m)anio = lim [ exp(Gi()dbi(x) + exp(Gilei)dibi(x,)

Tij—1 Tij—1
< exp(Gi(tij—)) (bi(Tij—) — bi(Tij-1)) +exp(Gi(Ti j41—))dibi(Ti))
< exp(j) (bi(’l?ij—) — b,‘(’l?ij_l)) + exp(j + 1)d1bi(’cij).
Similarly we verify that

t

/ exp(Gi(t)) dbi(t) < exp(Gi(1—=)) (bi(t—) = bi(Tik (1)) +exp(Gi(t))dibi(t)

Tiki (1)

< exp(ki(t) + 1) (bi(t—) — bi(Tiyr)) ) +exp(ki(r) +2)d1b;(t).
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Taking account the last two estimates, by (3.15) we find
ki(l‘)+l

wle) < exp(—he)) 1 (exp()) ((5i=) = bi(sj-1)) + expj-+ Diibi(5y))

< exp(—ki(t)) <exp(1) (bi(tin—) — bi(Tio))

k,‘(t)+1

+ ; (exp(j) (bi(Tij—) — bi(tij—1—)) +exp(ki(r) + Z)dlbi(fik,(z)u)) :

From this, due to (2.17) and (3.12) we have
k,'(l)+2

(t) < 2prexp(4i(r) Y expli)

= 2p;exp(—k;(r)) exp(ki(t) +2) exp(1)(exp(1) — 1)~
Consequently,

vi(t) <mp for t > 1,. (3.16)
where 1 = 2exp(3)(exp(1) —1)~! and p =Y, p;. So that, estimate (2.3) hold on
the set (—oo,¢]. Similarly we show estimate (2.3) on the set [f,+o0). In the case we
have {;(t) = —&;(t) fort <, {;(#;) = 0. and

Tj={relu]:j <G <(+1} (j=0....k(t)+1).
The function ; is non-increasing on (—eo,1].
Similarly, as above, we conclude that the estimates
f’Eij_H Zvi(%ij) (jZO,...,k,‘(l)). (3.17)

holds, where

~ )T if T}jflzga

Tio=1i, Tij=14. .= o o .

1nfT,-j,1 if T,'j,1 + 2 (] =1,... ,k,‘(l) + 1).

Similarly, we verify that (3.16) hold. So the corollary follows from Theorem 2.  []

Proof of Corollary 3. First, as in the proof of Corollary 2, due to condition (2.17)
we show that estimates

t
sup { ‘ / Yo (8,T)|dV (A0, ;) (T)| : 1 € R} <4 (i=1,...,n). (3.18)
1
Let &(¢) = &,,(¢) and v;(t,7) = &(¢)& (1) (i = 1,...,n). Due condition (2.19) we
have y;(z,2;)) >0 (i=1,...,n).
In view of (2.18) and (2.19) it is not difficult to verify that

J(aii) (1) — I (aii) (s) < sgn(t —s) (J(M;i04) () — T (M) (s)) (3.19)
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for (r—s)(s—#) >0 (i=1,...,n).
Let us show the estimates

V (Alana)) (1) < 2" sen(t — 1) AMaou,Mi0u) (1) (i £k isk=1,...,n). (3.20)

u

hold on R. By definition of the operator 4 we have
A(aii, aix) (t) — Al aii aix) () = sc(aix) (t) — sc (@) (s)
+ Z dlaik(‘t) + Z dzaik(‘c) + Z dlaii(f)(l —dla,-i(‘c))_ldlaik(‘c)

§s<T<t s<T<t §s<T<t

— Z dza,'i(‘t)(l + dya;; (T))_]dzaik(’t) = sc(aik)(t) — sc(aik)(s)
s<T<t

+ Y (1—diai(v)) diap(t)+ Y, (1+drai(t)) " daaie(t)
S<T<!t s<T<t

fors <t (i#k;k=1,...,n). From this, thanks to (2.19), (2.20), (2.21), we find
[ A(aii; au) (t) — Alaii aix) (s)] < |sc(ain) (1) = sc(aix) (s)]
+ Y (1=diai(v)) diaw(t)| + Y. (1+drai(t) " drau(T)]

s<T<t s<T<t

<Mik(5e(04) (1) = se(u) () + Y, (1 —Madi04(t))~ Madi04(7)

§s<T<t
+ Y (1+Miuda0i(t)) 'Muda04(1)
s<t<t
= %m(nﬁai,nﬁaf)(n — AMacs, M) (s))

forr; <s<t (i#k;k=1,...,n). So that estimate (3.20) hold for #; < ¢. Similarly
we show (3.20) for r <t; as well.
Moreover, using this way we conclude that for € R we have

V(A(aii, /7)) (1) < sgn(t — ;) AMay, /;) (1) (i#£kik=1,...,n). (3.21)

Hence due to (3.18), (3.19) and (3.21) we conclude condition (2.3) and (2.4) hold.
On the other hand, by (1.3), (3.19) and (3.20) we get

dexp (—J(Mi0)(1)) = —exp (—J(Mi0) (1)) dA (i, bz (¢)

and

/\Yi(fﬁ)!dv(ﬂ(%aik))(T)

li

t

exp (/ (i) (1)) /GXP (= (Mii04) (v)) dA (M3, Mii0x) ()

1

< Nik

ii
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— |1111111:\ exp (J(Mio)(1)) (exp (—J(Mioy)(2)) —exp ( —J(n,-,-oc,-)(t,-)))
< |?]i,lf‘ fort >4 (i#kk=1,...,n).

Similarly we show the estimate for 7 < 7; as well. So that we have s < nik]nii|_1

(i,k=1,...,n), where s; is the left hand of estimate (2.2).
Hence, inequality (2.5) follows from (2.16). By (2.21) condition (2.1) holds.
So conditions of Theorem 1 hold. The corollary follows from the theorem. u

Theorem 2/, Corollaries 2" and 3’ are, respectively, the particular cases of Theorem
2, Corollaries 2 and 3 if we assume Ap(7q,...,t,) = & therein.

Corollaries 4 and 4’ immediately follow from Theorems 2 and 2’ and Corollaries
2,3and 2, 3.
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