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Abstract. The main goal of our paper is to obtain sufficient conditions for the asymptotic equi-
valence of a linear differential system and a quasilinear system of impulsive differential equations
with piecewise constant argument of generalized type, in short IDEPCAG. A deviating argument
is of the advanced and delayed type.

As an auxiliary result, the structure of the set of solutions of the quasilinear system is spe-
cified. Several examples are also given to show the feasibility of results.

2010 Mathematics Subject Classification: 34K45; 34K34; 34C41; 34K25; 26D10

Keywords: impulsive differential equations, piecewise constant argument of generalized type,
equivalence, asymptotic behavior, Gronwall’s inequality

1. INTRODUCTION

The problem of asymptotic equivalence between two differential (or difference)
systems is one of the most important part in the study of asymptotic property for
solutions of differential (or difference) systems, and it shows an asymptotic relation-
ship between solutions of differential (or difference) systems.

If we know that two systems are asymptotically equivalent, and if we can un-
derstand the asymptotic behavior of the solutions of one of them, then we will get
information about the asymptotic behavior of the solutions of the other system. Ap-
parently, the first results regarding the asymptotic behaviour of systems on the basis
of one-to-one correspondence between sets of solutions were obtained in [13,17,21],
see also [12,25].

The purpose of this paper is to generalize well-known theorems of Yakubovich,
valid for asymptotically equivalent of solutions of linear ODE system and quasilinear
ODE system, to a linear ODE system and a perturbed system of impulsive differential
equations with piecewise alternately advanced and retarded argument of generalized

type.
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Let N, R and C be the sets of all natural, real and complex numbers, respectively.
Denote by | - | the Euclidean norm in C", n € N and R* = [0, ). Fix two real valued
non-negative sequences {t;}, {Vi}, i € Nsuch that; < t;41, 4 <7v; <t;r; and t; — oo
asi— oo, Lety: RT — R*, be a given general step function Y|, =¥, I; = [t;,ti11),
11 =1[0,10], Y(s) = s for s in I_y and R* = J_, I;. In this case we speak of dif-
ferential equations with piecewise constant arguments of generalized type, in short
DEPCAG. Theory and practice of the DEPCAGs have been discussed extensively in
(1,4,8-11,22].

The theory of impulsive differential equations developed rapidly, in recent years.
This development, in particular, is due to the fact that many phenomena and processes
arise in a variety of real world applications such as in the study of theoretical physics,
population dynamics, biological systems, mechanical systems, and control theory.
Furthermore, moment problem approaches appear also as a natural instrument in
control theory of neutral type systems. For a good account on these theories, which
have seen a significant development over the past decades we refer the interested
reader to the monographs [16,26], the papers [14, 15, 18-20] and the references cited
therein.

To the best of our knowledge, there are only a few papers involving the DEPCAG
with impulsive effects IDEPCAG) [3, 5-7] to investigate the problem of asymptotic
equivalence between the solutions of two differential systems.

In 2008, M. U. Akhmet [1] demonstrated the asymptotic equivalence of solutions
of the linear ODE system and the DEPCAG system

X' (1) = Cx(1),
(1) = Cz(t) + f(t,2(t),2(1(1))),

where x,z € R"”,r € R, Cis a constant n X n real valued matrix and f € C(R x R" x R")
is a real valued n x 1 function, y(¢) =7;, t € [t;,t;+1), i € N.

In 2009, M. Pinto [22] proved the asymptotic equivalence of solutions of the linear
ODE system and the following DEPCAG system

X (1) = A()x(1),
() = A()z(t) + f(t,2(1),2(¥(1))),

where x,z € C", A = A(t) is a n X n complex matrix on R™, f: R x C" x C" — C"
is a continuous function and Y(¢) = ;, t € [t;,ti+1), if i € N.
In the present paper, we consider the following linear differential system

X' (t) = Ax(t) (1.1)
and the linear perturbed IDEPCAG system
Y(6) = Ay() + f(,y(0),y(V(1))), ¢ # 1, (1.22)

AY|i— = Jk((t)), keN, (1.2b)
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where x,y € C", t € RY, A is a constant n X n complex valued matrix and
f:RT xC"x C" — C" is a continuous function and
Ayli—y = y(67) =y(07), y(7) = limy(r) and  y(g) = lim y(r).
k

1=t
We assume the following hypotheses.

(£1) There exist two positive locally integrable functions 1; and M, on R™ such
that

|F(t,x1,y1) = f(t,x2,¥2)| <Mu(e)xr — x2 +Ma2 (1) [y1 — 2

forall t € R, x1,x2,y1,y2 € C" and f(#,0,0) = 0.

(£2) The impulsive operator Ji, k € N, satisfies
[k () =3k (V)| < Lielu— v

for the positive constant £, for all u, v € C" and J;(0) = 0.
(D) Letp;"(A) =exp(A- (v(t:) —11)). p; (A) =exp(A - (fir1 —¥(t:))),

pi(A) =p; (4)p; (A). i€ N. Suppose

p(4) = supp;(4) < o=
icN
and y
p=ppsup ([ Ims) +matolas) <1.
IS i
To investigate the asymptotic properties of the solutions, the following definitions
can be efficiently applied.

Definition 1. A function y is a solution of the IDEPCAG system (1.2a)—(1.2b) in
[T,00) if
(i) y(¢) is continuous for # € [t,0) with the possible exception of the points t = f,
keN.
(ii) y(t) is right continuous and has left-hand limits at the points 7 = #;, k € N.
(iii) y(z) is differentiable and satisfies (1.2a) for any 7 € [1,0), with the possible
exception of the points ¢ = f, kK € N, where one-sided derivatives exist.
(iv) y(t) satisfies (1.2b), k € N.

Definition 2. ([21, Page 288]) Systems (1.1) and (1.2a)—(1.2b) will be called equi-
valent if there exists a homeomorphism between the sets of solutions x and y, and sys-
tems (1.1) and (1.2a)—(1.2b) will be called asymptotically equivalent if, in addition,
x(t)—y(t) = 0ast — oo.

The main purpose of this paper is to obtain a theorem of asymptotic equivalence of
the stable solutions of the ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b)
by using the IDEPCAG’s integral inequalities of Gronwall type and the method of
investigation introduced by K.-S. Chiu [2] (2013). We also remark that our results
extend their asymptotic formulae given by M. U. Akhmet [1] (2008). See Remark 4.
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The paper is organized as follows. In the next section, we focus on some prelimin-
ary results which will be used to obtain the criteria for the existence and uniqueness of
the solutions of the IDEPCAG system (1.2a)—(1.2b). Here, the IDEPCAG Gronwall-
type inequality is very useful. The third section is devoted to the problem of the
asymptotic equivalence of the linear ODE system (1.1) and the IDEPCAG system
(1.2a)—(1.2b). The fourth section, two examples are given to illustrate the validity of
our results.

2. INTEGRAL EQUATIONS AND GRONWALL INTEGRAL INEQUALITY

To study the nonlinear IDEPCAG system, we will use the approach based on the
construction of an equivalent integral equation. Let us give the following proposi-
tion. We omit the proof of this assertion, since it can be proved in the same way as
Proposition 2 in [2].

For the sake of convenience, we adopt the following notation. For every ¢ € R, let
i = i(t) € N be the unique integer such that r € I; = [t;,i11).

Proposition 2.1. For any (T,y¢) € Rt x C" the solution y(t) = y(t,7,y0) of the
IDEPCAG system (1.2a)—(1.2b) is defined on [t,0) and given by

A9y 1 / LA fs,y(s) y (1(5)))ds

i(t) i(t) > i(7),
y(t) = + Y AR O0),

k=i(t)+1
Ay 4 /T A f(5,9(8),y(Viw)))ds, i) = ().

In the next, we give the following lemma about IDEPCAG integral inequality of
Gronwall type, which is one of the most important auxiliary results of the present
paper. The proof of the assertion is similar to that of Lemma 3 in K.-S. Chiu [2]
(2013).

Lemma 2.1 (IDEPCAG’s Gronwall Inequality). Let v,aj: RT — R*, j=1,2,
be three functions such that v is continuous with possible points of discontinuity of
the first kind at t = ty, k € N and o are locally integrable, for which the inequality

satisfying

! i(t)
v(t) <v(T)+ /[OCI(S)V(S)+0€2(S)V(Y(S))]ds + Y pwv(t),

T k=i(t)+1
where i(t) > i(T) and py are non-negative constants. Then fort > T,

v(t)@(r){ 1 <1+pk>}exp(/j {al(SH?Z(ﬂds) @)

k=i(t)+1 o
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and
@ [ , 2(s)
v(y(t)) < = {k_il(gﬂ(l —|—pk)}exp (/T [ocl(s)—i- 1—1)] ds>
where y
sup ' [0 (s) + 0 (s)]ds <v < 1.
i(t)<k Y1k

Remark 1. Consider p; = 0 in the IDEPCAG’s Gronwall Inequality (2.1), we can
obtain the following DEPCAG’s inequality of Gronwall type:

u(t) < u(t) exp (/j <0c1 (s)+ ?2_(2) ds> .

The following theorem provides the existence of a unique solution when the initial
moment is an arbitrary positive real number T. Proof of this affirmation is omitted, as
it can be demonstrated in the same way as Theorem 3.1 in K.-S. Chiu [7] (2021).

Theorem 2.1. Let us assume that the conditions (£1), (£2) and (D) are satis-
fied. Then, given an initial condition (T,yo) € R x C", there exists a unique solution
() = y(-,T,y0) of the IDEPCAG system (1.2a)—(1.2b) in the sense of Definition 1
such that y(T) = yo.

3. ASYMPTOTIC EQUIVALENCE

In this section we establish sufficient conditions under which the linear ODE sys-
tem (1.1) and the IDEPCAG system (1.2a)—(1.2b) are asymptotically equivalent. Fol-
lowing V. Yakubovich’s theorem [21,27] and Rab [23,24], as in [1,22, 28], we do
the use of analogical change of variable y(z) = exp(Af)u(r). See Lemma 3.1. Along
the lines we also derive a formula for asymptotic representation of solutions of the
IDEPCAG system (1.2a)—(1.2b).

Consider the following nonlinear impulsive differential system with piecewise
constant argument of generalized type

W (1) = 8(t,u(t),u(y(1))) := e A f(t,eVu(e), " u(y(1)), t#4,  (3.la)
Ay = Fi(u(ty)) = e 53 u(t, ), keN, (3.1b)
where u € C", ¢/ is the fundamental matrix of solutions of the linear ODE system
(1.1) and f: RT x C" x C" — C" satisfies the Lipschitz condition (£) and the im-

pulsive operator Ji, k € N, satisfies the Lipschitz condition (£,).
Assume the following hypotheses.

($1) The two integrable functions 1{;,1, are defined on R™, where

() = le M), () = e || na(0).
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($2) There exists a summable sequence of non-negative real numbers (£¢)7_,
such that

‘e—Al‘k ‘ eAtk

£ e IY(RT).

($3) There exist positive constants K, K, such that
‘eA" <kt et and ‘e’A" <ot "le ! forall r € RT,
where u_ = min RAy, = max RAx (R is the real part of the eigen-
o= min Ahe g = max ke (NAk p g
value A; of the matrix A) and m. are the maxima of the degrees of element-
ary divisors of the matrix A corresponding to eigenvalues A with RA equal to
Uy, respectively.

Let
att) =exp [ |66+ 2| as) {exo (o) + T2 | as) -1,
o V= sup li% [A1(s) +A2(s)]ds < 1 (3.2)

is the smallness condition for the IDEPCAG system (3.1a)—(3.1b). From the Lipschitz
condition (£1), the function ¢ satisfies

18(2,u1,v1) = 8(t,u,va)| < i () ur — uz| + M2 (2) [y —va (3.3)
where t € R™, uy,up,vi,v2 € C" and g(¢,0,0) = f(¢,0,0) = 0.
From the Lipschitz condition (£,), the function .J; satisfies
[3i(1t) = 3 (v)| < Eelu—v| (3.4)
where k € N, u,v € C", £ :=|e A%||e*%|Lr and J;(0) = Jx(0) = 0.
The following lemma can be easily proved by direct substitution.

Lemma 3.1. If y(¢) is a solution of the IDEPCAG system (1.2a)—(1.2b), then there
is a solution u(t) of the IDEPCAG system (3.1a)—(3.1b) such that

y(t) = eulr). (3.5)

Conversely, if u(t) is a solution of the IDEPCAG system (3.1a)—(3.1b), then y(t) in
(3.5) is a solution of the IDEPCAG system (1.2a)—(1.2b).

Theorem 3.1. Under the conditions ($1), (92), (3.2), (3.3) and (3.4), all the solu-
tions u of the IDEPCAG system (3.1a)—(3.1b) are defined on I, = [t,0) and conver-
gent to some u. € C" ast — oo

u(t) = oo + (1[0 <{exp (/tm [ﬁl (s) + Tz_(ﬂ ds> - 1} +k_i+1§:k> . (3.6)

i(t)
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Conversely, for any u.. € C", there exists a unique solution u of the IDEPCAG system
(3.1a)—(3.1b) defined on I, = [t,0) for T big enough such that u(t) — u. ast — o and
(3.6) holds. Furthermore, the correspondence u — u. is an asymptotic equivalence.

Proof. Let u(t) = u(t,T,up) denote a solution of the nonlinear IDEPCAG system
(3.1a)—(3.1b) satisfying u(t) = up. By the smallness condition (3.2) and using the
same technique of Theorem 2.1, the solution

u(t) = u0+/;eAsf(s,eAs (5),ey ))ds + Z A (eAu(t)))

k=i(t)+

A

t i(t)
=0+ [ gs.uls)ulrs)ds+ Y B, i0)> i),

k=i(t)+1

exists on Iy = [T,%0) and is unique. By using (3.3) and (3.4), ¢(¢,0,0) = 0 and
fjk(O) =0, we have

P A i@ . .
u(r)] < |u0|+/T [0 (s) ()| + P2 () () Nds+ Y Lalur)], i) > i(v).

k=i(1)+1

By virtue of the IDEPCAG integral inequality of Gronwall type (Lemma 2.1), we

obtain
o) < oo {ﬁ) (1 +2K)}exp (f [+ 2 as)
and
ur(e))] < il {K_liitj)+1 (i +§3K)}exp (f e+ 22 as)

where 7 is the srnallngss condition (3.2). A
By ()2), we have £; € I'([t,0)), then [ (1 +£k) < oo, Asf1,Mp €1'([1,))

k>i(t)+1
and I (1+ Qk) < oo, we conclude that u is bounded on RY, i.e., |u(t)| < M, for
k>i(t)+1
all t € [t,00). Therefore
we =t | §lsul)u(ys)ds+ Y Seluls) 3.7)
T

exists and

w(t) = o — | &(s,u(s),uly(s))ds— Y. J(u()). (3.8)
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Moreover

00

Y )< ¥ &lutolsm Y &

k=i(t)+1 k=i(r)+1 k=i(r)+1

= lug|- < Z £>—!M0!0{ Y Qk}, as f— oo,
k=i(t)+1

where p = M /|uo|. Then the first conclusion and (3.6) follow.
For uy € C", i = 1,2 and u;(t) = u;(t,7,u;), we have

|ur (1) — u2(1)| < \M})—M%!+/Tt|§(s,u1(5),u1(Y(S))) &(s,ua(s),u2((s)))lds
i(t)
+ Y S () = 32 (ty)|
k=i(t)+1

< Jug — 3

/ $)ur (s) — ua ()| +M2(s) s (V(s)) — u2(¥(s))]))dls

l

() —u2(t; )|

k=i(t)+1
From the IDEPCAG integral inequality of Gronwall type (Lemma 2.1), for i(¢) > i(7)
1_ 2 o a " f2(s)
) -0l < b~y T (1429 oo ([ [+ T |as)
k=i(1)+1 T

and

i(r)
a ((0)) — w2 ((0))| < 13 { I1 (1+ﬁx>}
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X exp </t [ﬁl(s)+?2_(ﬂds> |

Furthermore, as in (3.6), by (3.7), it is not difficult to obtain

S}

(l—oc(’l:)—M Z f}k> |u(l)—u%| < \uio—ui|
+1

k=i(1)

< |up— ud <1—|—0€(‘C)+M Z flk) ,

k=i(1)+1

ifa(t)+M Y £ < 1. This establishes the equivalence of 1y — ... Finally, for
k=i(t)+1

any u. € C", Eq. (3.8) has a unique solution u defined on I = [1, ), if, for example,

T satisfies

/ |:ﬁ1(s)+T2(s2:|dS+M Z gk<1.

g -V k=i(t)+1

Then the smallness condition (3.2) holds and hence the same technique of Theorem
2.1 is applicable to guarantee the uniqueness of solution u. This proves the asymptotic
equivalence of the correspondence u(t) and te. O

Corollary 3.1. If conditions (1), (92), (3.2), (3.3) and (3.4) are valid, then every
solution of the IDEPCAG system (3.1a)—(3.1b) is bounded on I; = [t,0) and for each
solution u of the IDEPCAG system (3.1a)—(3.1b), there exists a constant vector Us.
such that u(t) — Ue. ast — o.

Theorem 3.2. If conditions (1), (92), (3.2), (3.3) and (3.4) are fulfilled, then
each solution y of the IDEPCAG system (1.2a)—(1.2b) is defined on I, = [t,0). Fur-
thermore, the linear ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b) are
equivalent and we have the following asymptotic formula

y(t) =My +e(t)], as t— oo (3.9

where v € C" is a constant vector and the error function € verifies

oo e As Y(s) s
8(t) :0{ (exp (/t [’eASHeASh']](S)—i- ’ |elA_Y‘7 |T]2( )] dS) _ 1)

oo

+ eA”‘HeA’k\Sk} : (3.10)

k=i(r)+1

Moreover, if €y(t) — 0 as t — oo, where

eoft) = [ [

[l i) +[e 1

nz(s)] ds
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> et
k=i(0)+1

then the linear ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b) are asymp-
totically equivalent and we have the asymptotic formula

y(t) =x(t)+0(eo(t)), as t—> oo, (3.12)
for some constant vector v € C".

Proof. By (3.1) and y = i, we get

o

£, @3.11)

V(1) = [uw— /oog(s,u(s),u(y(s)))ds— Y S|, 3.13)
! k=i(t)+1

where u = u(t,T,up) is a solution of (3.1). Remark that in (3.13) x(t) = e*u., is a

solution of the linear ODE system (1.1) and y = ¢*u and so y(t) = uy. By The-
orem 3.1, the correspondence up <> U is @ homeomorphism for some T sufficiently
large. Then, the correspondence x <+ y is also a homeomorphism and formulae (3.9)

and (3.12) follow. O
Remark 2. Suppose now that
] = 0(04 (1)), e ™ =0(p_(1)) as 1o (3.14)
and
O(y(r)) =0(t) as t—> oo, (3.15)

Thus, by (3.14) and (3.15), the functions € and €y in (3.10) and (3.11) of Theorem 3.2
may be considered as

e()=0{ (exp | [“o-()0:6) (m) + 0 Yas] 1)

+ Y cp_<rk><p+<rk>sk}

k=i(t)+1
and
)= [ 0 (=00 ) M) +Ml)ds+ Y 0 (a0 ()
! k=i(t)+1

This gives a practical way to apply Theorem 3.2.

Corollary 3.2. If conditions (1), (92), (3.2), (3.3) and (3.4) are satisfied, then
every solution y of the IDEPCAG system (1.2a)—(1.2b) possesses an asymptotic rep-
resentation of the form

y(t)=eM[v+e(t)], as t— oo,
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where v € C" is a constant vector and for a solution u of the IDEPCAG system (3.1a)—
(3.1b).

oo

e(r) = — /twe_ASf(s,eASu(s),eAY(S)u(Y(s)))ds— Y e (e u)).

k=i(r)+1

Remark 3. Note that we can easily deduce the condition (3.2) for the following
form

i

v=sup [ [e7] (111(5) || +m2(s) ‘eAY(S)
ieN Ji;

By ($)3), the condition (3.16) can be deduced by

)ds< 1. (3.16)

K me—1 i y(s)
v=rKpkosup [ st el s (m (s) +n2(s)u

ieN J1;

)a’s <1 (3.17)

s+ —Lopiys

and we can find a positive number k such that

M = <Y(s)>m+_le“+(Y(S)—S) < sup <Yi)m+_lep+§2§(yjzj) =K

—1 "
R s ieN \ i

Then the conditions (1) and (£)2) can be deduced by the following forms
(.6’1) The two integrable functions 1,M; are defined on R such that

b2l )1 (1, (1) +15(0)) € Ly (RY).

(53’2) There exists a summable sequence of non-negative real numbers (Ek)z’zl
such that
R gy e [Y(RY),
Theorem 3.3. Under the conditions ($}), (9,), (3.2), (3.3) and (3.4), all the solu-

tions u of the IDEPCAG system (3.1a)—(3.1b) are defined on I, = [t,0) and conver-
gent to some . € C" ast — oo

)= a0 {ex [ [smrm2e s (o) + 15 ) )| )

—1}+ Y t,;"++’"‘2e<ﬂ+#>"k£k>. (3.18)
k

=i(r)+1

Conversely, for any u.. € C", there exists a unique solution u of the IDEPCAG system
(3.1a)—(3.1b) defined on I, = [, o) for T big enough such that u(t) — u. ast — o and
(3.18) holds. Furthermore, the correspondence u — u is an asymptotic equivalence.

The proof follows from Lemma 3.1, Theorem 3.1 and Remark 3.
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Theorem 3.4. [f the conditions (9}), (95), (3.2), (3.3) and (3.4) are fulfilled, then
each solution y of the IDEPCAG system (1.2a)—(1.2b) is defined on I, = [t,0). Fur-
thermore, the linear ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b) are
equivalent and we have the following asymptotic formula

y(t) =eVc+e(t)], as t— oo

where ¢ € C" is a constant vector and the error function € verifies

e()=0{ (exp ([ [srm e (mio)+ 5ot ) [ as) 1)

+ Z m++m,—2 ’u)'tk,gk} )

k=i(t)+1

Moreover, if €y(t) — 0 as t — oo, where

colt) = [ (s ey e g e 5) ) s

+ (tx — 1) temh it e gttt gy (3.19)
k=i(t)+1

then the linear ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b) are asymp-
totically equivalent and we have the asymptotic formula

y(t) = e +0(go(r)), as t— oo, (3.20)
for some constant vector ¢ € C".
The proof follows from Lemma 3.1, Theorem 3.2 and Remark 3.
Remark 4. Letn(s) = g?éni(s) and assume that conditions (£)}), (%), (3.3), (3.4)
and (3.17) are fulfilled. Moreover

/m (s — 1)~ lemH-(mD) gne =T ohosm (5)ds
t

+ Z (tp— )" LoD ottty 0 as 1 — oo,
k=i(t)+1
then the linear ODE system (1.1) and the IDEPCAG system (1.2a)—(1.2b) are asymp-
totically equivalent.
Let n(s) = Mi(s), i = 1,2, and assume that conditions (£3}), (3.3) and (3.17) are
fulfilled and

/ (s—1)" "ttt gni—lotosn (s)ds — 0 as 1 — oo. (3.21)
t

Then the linear ODE system (1.1) and the DEPCAG system (1.2a) are asymptotically
equivalent.
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The previous result has been obtained in [, Theorems 2.1 and 2.2], our condition
(3.17) to guarantee the existence and uniqueness of the quasilinear DEPCAG system
(1.2a) is less restrictive than (C3) mentioned in [1].

Remark 5. In [27], we can find Yakubovich’s theorem on the asymptotic equival-
ence of the linear ODE system and quasilinear ODE system. The sufficient condition
for asymptotic equivalence was

/ Sm++m——zell+5n(s)ds —0 as t— oo, (3.22)
t

where 1(s) = 1_*1_1?>§n,~(s).

We can easily to prove that the conditions (/) or (3.21) with u_ > 0 are less
restrictive than (3.22) in Ref. [27].

Then Theorem 3.4 extends and improves some existing Yakubovich’s results on
asymptotic equivalence of different classes of linear and quasilinear differential sys-
tems studied in [21,27]. Also, with this research we extend the results for the DE-
PCAG system in [1] and the DEPCAG system to the impulsive case (the IDEPCAG
system).

4. EXAMPLES

As a direct application of Theorem 3.2 and Theorem 3.4, here we will present two
particular cases.

Example 4.1. Consider the following scalar IDEPCAG
Y()=ay+b(t)y(v(1), t#u
AY|i—y, = Lk y(t, ), keEN, 4.1)
with @ > 0 is a constant, b(r) € L (RT), £ € I'(R*) and b(t) = 0(e~*) where
b() = /W bs)lds+ Y
! k=i(1)+1
Then the IDEPCAG (4.1) is equivalent to the linear scalar ODE
X (t) = ax(t) 4.2)
and all solutions y(¢) of the IDEPCAG (4.1) have the asymptotic formula
y(t)=e"(v+e(t)), as - oo,
where v € R and the error function € verifies

e(t):O{<exp</twea'(Y(s)S)b(s)]ds>—1> Y sk}.

k=i(t)+1
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Moreover, if €y(¢) — 0 as t — oo, where

£0(t) =0 (/w [ew(t—s)‘b(s)’ea“{(s)} ds+ Z eat£k> :
t

k=i(r)+1
then, by Theorem 3.2, the linear scalar ODE (4.2) and the scalar IDEPCAG (4.1) are
asymptotically equivalent and we have the asymptotic formula

() =x(t)+0(go(t)), as 11— oo.

Example 4.2. Consider the following impulsive second-order differential equa-
tions with piecewise alternately advanced and retarded argument:

y'(t) — 5y + 6y =n(r) cos? <y (3 [TD) . r#3k—1,

1 3k B
M= (3) k-1, 43)

1\ 3*
Ay’\t_,k:<5) Y (3k—17), keN,

where [-] is the greatest integer function, 1() is a continuous function defined on R
and

K
n@®)| < me‘“, fort ¢ RT,

where K € R*. According to the IDEPCA (4.3), we have y(f) = 3 [%], then
tj=3j—1,y;j=3jforall j€N.
Letting z(-) = (Z1(-),Z2('))T = (y(-),y’(-))T, we write the IDEPCA (4.3) in the

system form
ey (01 0
“0=(5 320+ (et 3157):
3k
Az|3p—1 = (G) 1O3k> z(3k—17),

0 (3)
where

a=(Ze 5) rl0<6[5)) = (oweaarsy )

We can easily verify that u_ =2, u; =3, my = 1 and the conditions (£))), (%), (3.2),
(3.3) and (3.4) are fulfilled. Moreover we can check that the condition (3.19) holds.

/ (S _t)m,fle—,u,(s—t)sm+—le,u+s (T](s))ds < / e—2(s—t)e3s K
t t

me_%ds
S

<
1412 t:)ooo’
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and
o oo 3k
Z (tk _t)m,fle—,u_(lk—t)tlzn+*1ey+tk£k S Z €2t+(3k_1) <1> 0.
k=i(1)+1 k=i(1)+1 4) 1o

Thus, by Theorem 3.4, the IDEPCA (4.3) is asymptotically equivalent to the follow-
ing ODE equation
xK(t)—5x +6x=0

which has solutions

x(t) = cre* +cre’.
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