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1. INTRODUCTION

Impulsive differential equations have recently become important in applied math-
ematical models for real processes that arise from phenomena studied in physics,
ecology, biological systems, biotechnology and industrial robotic. Moreover, impul-
sive differential equations are richer in applications compared with the corresponding
theory of ordinary differential equations. Many of the mathematical problems en-
countered in the study of impulsive differential equations cannot be treated with the
usual techniques within the standard framework of ordinary differential equations.
For the introduction of the basic theory of impulsive equations, see [3, 5, 6, 15, 21],
and the papers [2, 4, 8, 11–14, 24–27].

In the literature, there are many studies on second-order impulsive boundary value
problems, for these, we refer to reader to [1, 7, 10, 16–19, 22, 29, 31, 32]. In recent
years, several authors have been working on the existence of positive solutions for
second order m-point impulsive boundary value problems [9, 20, 28, 30].

Liu and Zhao [22] studied the following impulsive boundary value problem:
−u′′(t)+u(t)+ p(t)u′(t) = λ f (t,u)+µg(t,u), t ∈ [0,T ],
△u′(ti) = Ii(u(ti)), i = 1,2, . . . ,n,
u(0) = u(T ) = 0
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where λ > 0, µ ≥ 0, f , g ∈ C([0,T ]×R,R), p ∈ L∞([0,T ]) satisfies 0 = t0 < T
4 ≤

t1 < t2 < · · · < tn ≤ 3T
4 < tn+1 = T, Ii : R→ R, i = 1,2, . . . ,n are continuous. They

obtained some new existence of solutions by using variational methods combining
with a three critical points theorem.

Motivated by the aforementioned results, in this study, we consider the following
second-order m-point eigenvalue impulsive boundary value problem:

ϑ′′(t)+q1(t)ϑ′(t)+q2(t)ϑ(t)+κh(t,ϑ(t)) = 0, κ > 0
△ϑ|t=t j = κI j(ϑ(t j)),

△ϑ′|t=t j =−κJ j(ϑ(t j)),

aϑ(0)−bϑ′(0) =
m−2

∑
i=1

αiϑ(ξi),

cϑ(1)+dϑ′(1) =
m−2

∑
i=1

βiϑ(ξi)

(1.1)

where J = [0,1], t ̸= t j, j = 1,2, . . . ,n with 0 < t1 < t2 < · · · < tn < 1. △ϑ|t=t j and
△ϑ′|t=t j denote the jump of ϑ(t) and ϑ′(t) at t = t j, i.e.,

△ϑ|t=t j = ϑ(t+j )−ϑ(t−j ), △ϑ
′|t=t j = ϑ

′(t+j )−ϑ
′(t−j ),

where ϑ(t+j ), ϑ′(t+j ) and ϑ(t−j ), ϑ′(t−j ) represent the right-hand limit and left-hand
limit of ϑ(t) and ϑ′(t) at t = t j, j = 1,2, . . . ,n, respectively.

Throughout this paper we assume that following conditions hold:
(C1) a,b,c,d ∈ (0,∞), αi,βi ∈ [0,∞), ξi ∈ (0,1) for i ∈ {1, . . . ,m − 2}, κ is a

positive parameter,
(C2) h ∈ C (J×R+,R+) , q1 ∈ C(J,R+), q2 ∈ C(J,(−∞,0)) such that for t ∈ J :

q1(t)+q2(t)≥ 0,
(C3) I j ∈C (R+,R+) and J j ∈C (R+,R+) are bounded functions for j = 1,2, . . . ,n.
By using Guo-Krasnosel’skii’s fixed point theorem [15], some criteria of existence

and nonexistence of positive solutions for the second-order m-point eigenvalue im-
pulsive boundary value problem (1.1) are established in terms of different values of
κ. The problem (1.1) is more general, includes two-point, multi-point and impulsive
problems as special cases. Thus, we generalize and improve some of the known re-
sults in the literature to some degree, and therefore our results may contribute to the
literature in this field.

The main structure of this paper is as follows. In section 2, we provide some
definitions and preliminary lemmas which are key tools for our main results. In
section 3, we give and prove our main results.

2. PRELIMINARIES

In this section, we first introduce some background definitions in Banach spaces,
and then present auxiliary lemmas which will be used later.



POSITIVE SOLUTIONS FOR THE SECOND-ORDER m-POINT EIGENVALUE IBVP 849

Let J′ = J \ {t1, t2, . . . , tn}. C(J,R+) denote the Banach space of all continuous
mapping ϑ : J → R+ with the norm ∥ϑ∥= sup

t∈J
|ϑ(t)|,

PC(J,R+) =
{

ϑ : J → R+ | ϑ ∈C(J′), ϑ(t+j ) and ϑ(t−j ) exist

and ϑ(t−j ) = ϑ(t j), j = 1,2, . . . ,n
}

is also a Banach space with norm ∥ϑ∥PC = sup
t∈J

|ϑ(t)|;

PC1(J,R+) =
{

ϑ ∈ PC(J,R+) | ϑ
′ ∈ PC(J′), ϑ

′(t+j ) and ϑ
′(t−j ) exist

and ϑ
′(t−j ) = ϑ

′(t j), j = 1,2, . . . ,n
}

is a real Banach space with norm ∥ϑ∥PC1 = max{∥ϑ∥PC,∥ϑ′∥PC} where

∥ϑ∥PC = sup
t∈J

|ϑ(t)|, ∥ϑ
′∥PC = sup

t∈J
|ϑ′(t)|.

A function ϑ ∈ PC1(J,R+)
⋂

C2(J′,R) is called a solution of problem (1.1) if it sat-
isfies (1.1).

Lemma 1 (Lemma 2.1 in [23]). Let (C1–C2) hold. Let ϕ and ψ be the unique
solution of boundary value problem:{

ϕ′′(t)+q1(t)ϕ′(t)+q2(t)ϕ(t) = 0, t ∈ J,
ϕ(0) = b, ϕ′(0) = a

and {
ψ′′(t)+q1(t)ψ′(t)+q2(t)ψ(t) = 0, t ∈ J,
ψ(1) = d, ψ′(1) =−c

respectively. Then
(i) ϕ is strictly increasing on [0,1], and ϕ > 0 on (0,1];

(ii) ψ is strictly decreasing on [0,1], and ψ > 0 on [0,1).

Set ρ := q(t)
∣∣∣∣ ψ(t) ϕ(t)

ψ′(t) ϕ′(t)

∣∣∣∣> 0 with q(t) = exp
(∫ t

0
q1(s)ds

)
, ∀t ∈ J and

△=

∣∣∣∣∣∣∣∣∣
−

m−2

∑
i=1

αiϕ(ξi) ρ−
m−2

∑
i=1

αiψ(ξi)

ρ

q(1)
−

m−2

∑
i=1

βiϕ(ξi) −
m−2

∑
i=1

βiψ(ξi)

∣∣∣∣∣∣∣∣∣ .
Lemma 2. Let (C1–C3) hold. Assume
(C4) ∆ : ̸= 0.
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If ϑ ∈ PC1(J,R+)∩C2(J′) is a solution of the equation

ϑ(t) = κ

∫ 1

0
G(t,s)q(s)h(s,ϑ(s))ds+κ

n

∑
j=1

Gs(t,s)|s=t j q(t j)I j(ϑ(t j))

+κ

n

∑
j=1

G(t, t j)q(t j)J j(ϑ(t j))+κA(h)ϕ(t)+κB(h)ψ(t)
(2.1)

where

G(t,s) =
1
ρ

{
ϕ(s)ψ(t), s ≤ t,
ϕ(t)ψ(s), t ≤ s,

(2.2)

Ki =
∫ 1

0
G(ξi,s)q(s)h(s,ϑ(s))ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I j(ϑ(t j))

+
n

∑
j=1

G(ξi, t j)q(t j)J j(ϑ(t j)),

(2.3)

A(h) =
1
△

∣∣∣∣∣∣∣∣∣
m−2

∑
i=1

αiKi ρ−
m−2

∑
i=1

αiψ(ξi)

m−2

∑
i=1

βiKi −
m−2

∑
i=1

βiψ(ξi)

∣∣∣∣∣∣∣∣∣ (2.4)

and

B(h) =
1
△

∣∣∣∣∣∣∣∣∣
−

m−2

∑
i=1

αiϕ(ξi)
m−2

∑
i=1

αiKi

ρ

q(1)
−

m−2

∑
i=1

βiϕ(ξi)
m−2

∑
i=1

βiKi

∣∣∣∣∣∣∣∣∣ , (2.5)

then ϑ is a solution of the impulsive boundary value problem (1.1).

Proof. Let ϑ satisfies the integral equation (2.1), then we have

ϑ(t) =
κ

ρ

∫ t

0
ϕ(s)ψ(t)q(s)h(s,ϑ(s))ds+

κ

ρ

∫ 1

t
ϕ(t)ψ(s)q(s)h(s,ϑ(s))ds

+
κ

ρ
∑
t j<t

ϕ
′(t j)ψ(t)q(t j)I j(ϑ(t j))+

κ

ρ
∑
t<t j

ϕ(t)ψ′(t j)q(t j)I j(ϑ(t j))

+
κ

ρ
∑
t j<t

ϕ(t j)ψ(t)q(t j)J j(ϑ(t j))+
κ

ρ
∑
t<t j

ϕ(t)ψ(t j)q(t j)J j(ϑ(t j))

+κA(h)ϕ(t)+κB(h)ψ(t).
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Also, ϑ′(t) and ϑ′′(t) can be easily written. Thus by Liouville’s formula, we have

ϑ
′′(t)+q1(t)ϑ′(t)+q2(t)ϑ(t) =

κ

ρ

[
ϕ(t)ψ′(t)−ϕ

′(t)ψ(t)
]

q(t)h(t,ϑ(t))

=
κ

ρ
[−W (ϕ(t),ψ(t))]q(t)h(t,ϑ(t))

=
κ

ρ

−ρe
−

∫ t

0
q1(s)ds

q(t)h(t,ϑ(t))

=−κh(t,ϑ(t)),

△ϑ|t=t j = ϑ(t+j )−ϑ(t−j ) =
κ

ρ

[
ϕ
′(t j)ψ(t j)−ϕ(t j)ψ

′(t j)
]

q(t j)I j(ϑ(t j))

=
κ

ρ
q(t j)

∣∣∣∣ ψ(t j) ϕ(t j)
ψ′(t j) ϕ′(t j)

∣∣∣∣ I j(ϑ(t j))

=
κ

ρ

∣∣∣∣ ψ(0) ϕ(0)
ψ′(0) ϕ′(0)

∣∣∣∣e−
∫ t j

0
q1(s)ds

q(t j)I j(ϑ(t j))

= κI j(ϑ(t j)),

and

△ϑ
′|t=t j = ϑ

′(t+j )−ϑ
′(t−j ) =

κ

ρ

[
ϕ(t j)ψ

′(t j)−ϕ
′(t j)ψ(t j)

]
q(t j)J j(ϑ(t j))

=−κ

ρ

∣∣∣∣ ψ(t j) ϕ(t j)
ψ′(t j) ϕ′(t j)

∣∣∣∣q(t j)J j(ϑ(t j))

=−κ

ρ

∣∣∣∣ ψ(0) ϕ(0)
ψ′(0) ϕ′(0)

∣∣∣∣e−
∫ t j

0
q1(s)ds

q(t j)J j(ϑ(t j))

=−κJ j(ϑ(t j)).

Since

ϑ(0) =
κ

ρ

∫ 1

0
ϕ(0)ψ(s)q(s)h(s,ϑ(s))ds+

κ

ρ

n

∑
j=1

ϕ(0)ψ′(t j)q(t j)I j(ϑ(t j))

+
κ

ρ

n

∑
j=1

ϕ(0)ψ(t j)q(t j)J j(ϑ(t j))+κA(h)ϕ(0)+κB(h)ψ(0),

ϑ
′(0) =

κ

ρ

∫ 1

0
ϕ
′(t)ψ(s)q(s)h(s,ϑ(s))ds+

κ

ρ

n

∑
j=1

ϕ
′(0)ψ′(t j)q(t j)I j(ϑ(t j))
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+
κ

ρ

n

∑
j=1

ϕ
′(0)ψ(t j)q(t j)J j(ϑ(t j))+κA(h)ϕ′(0)+κB(h)ψ′(0),

we have that

aϑ(0)−bϑ
′(0) = κρB(h) =

m−2

∑
i=1

αi (κA(h)ϕ(ξi)+κB(h)ψ(ξi)+κKi) . (2.6)

Since

ϑ(1) =
κ

ρ

∫ 1

0
ϕ(s)ψ(1)q(s)h(s,ϑ(s))ds+

κ

ρ

n

∑
j=1

ϕ
′(t j)ψ(1)q(t j)I j(ϑ(t j))

+
κ

ρ

n

∑
j=1

ϕ(t j)ψ(1)q(t j)J j(ϑ(t j))+κA(h)ϕ(1)+κB(h)ψ(1),

ϑ
′(1) =

κ

ρ

∫ 1

0
ϕ(s)ψ′(t)q(s)h(s,ϑ(s))ds+

κ

ρ

n

∑
j=1

ϕ
′(t j)ψ

′(1)q(t j)I j(ϑ(t j))

+
κ

ρ

n

∑
j=1

ϕ(t j)ψ
′(1)q(t j)J j(ϑ(t j))+κA(h)ϕ′(1)+κB(h)ψ′(1),

we have that

cϑ(1)+dϑ
′(1) = κ

ρ

q(1)
A(h) =

m−2

∑
i=1

βi (κA(h)ϕ(ξi)+κB(h)ψ(ξi)+κKi) . (2.7)

From (2.6) and (2.7), we get that
A(h)

[
−

m−2

∑
i=1

αiϕ(ξi)

]
+B(h)

[
ρ−

m−2

∑
i=1

αiψ(ξi)

]
=

m−2

∑
i=1

αiKi

A(h)

[
ρ

q(1)
−

m−2

∑
i=1

βiϕ(ξi)

]
+B(h)

[
−

m−2

∑
i=1

βiψ(ξi)

]
=

m−2

∑
i=1

βiKi

which implies that A(h) and B(h) satisfy (2.4) and (2.5), respectively. □

Lemma 3. Let (C1)-(C4) hold. Assume

(C5) △< 0, ρ−
m−2

∑
i=1

αiψ(ξi)> 0,
ρ

q(1)
−

m−2

∑
i=1

βiϕ(ξi)> 0 and

ψ(t j)J j(ϑ(t j))+ψ
′(t j)I j(ϑ(t j))> 0 for j = 1,2, . . . ,n.

Then for ϑ ∈ PC1(J,R+) ∩C2(J′), the solution ϑ of the problem (1.1) satisfies
ϑ(t)≥ 0 for t ∈ J.

Proof. It is an immediate subsequence of the facts that G(t,s) ≥ 0 on J × J and
A(h)≥ 0,B(h), I j,J j ≥ 0. □



POSITIVE SOLUTIONS FOR THE SECOND-ORDER m-POINT EIGENVALUE IBVP 853

Lemma 4. Suppose that (C1)-(C5) hold, then for any t,s ∈ J, we have

G(t,s)≤ δG(s,s) (2.8)

and

Gs(t,s)≤ δGs(t,s)|t=s (2.9)

where

δ =
max{ϕ(1),ψ(0)}
min{ϕ(0),ψ(1)}

(2.10)

and

Gs(t,s) =
1
ρ

{
ϕ

′
(s)ψ(t), s ≤ t,

ϕ(t)ψ
′
(s), t < s,

(2.11)

for t,s ∈ J.

Proof. By the monotonicity of ϕ, ψ and the definition of G(t,s), we have

G(t,s)
G(s,s)

=
ϕ(t)
ϕ(s)

≤ ϕ(1)
ϕ(0)

≤ max{ϕ(1),ψ(0)}
min{ϕ(0),ψ(1)}

= δ for t ≤ s

and
G(t,s)
G(s,s)

=
ψ(t)
ψ(s)

≤ ψ(0)
ψ(1)

≤ max{ϕ(1),ψ(0)}
min{ϕ(0),ψ(1)}

= δ for s ≤ t.

Similarly, by the monotonicity of ϕ, ψ and the definition of Gs(t,s), we have
Gs(t,s)≤ δGs(t,s)|t=s for t,s ∈ J. □

Lemma 5. Suppose that (C1)-(C5) hold. Let σ ∈ (0, 1
2) and t ∈ [σ,1−σ]. Then

we have
G(t,s)≥ ωG(s,s) (2.12)

where

ω =
min{ϕ(σ),ψ(1−σ)}

max{ϕ(1),ψ(0)}
. (2.13)

Proof. By the monotonicity of ϕ, ψ and the definition of G(t,s), for t ∈ [σ,1−σ],
we have

G(t,s)
G(s,s)

=
ϕ(t)
ϕ(s)

≥ ϕ(σ)

ϕ(1)
≥ min{ϕ(σ),ψ(1−σ)}

max{ϕ(1),ψ(0)}
= ω for t ≤ s

and

G(t,s)
G(s,s)

=
ψ(t)
ψ(s)

≥ ψ(1−σ)

ψ(0)
≥ min{ϕ(σ),ψ(1−σ)}

max{ϕ(1),ψ(0)}
= ω for s ≤ t.

□
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Lemma 6. Let (C1)-(C5) hold. Assume

(C6)
m−2

∑
i=1

(aβi − cαi)≥ 0.

Then the solution ϑ ∈ PC1(J,R+)∩C2(J′,R) of the problem (1.1) satisfies ϑ′(t)≥ 0
for t ∈ J.

Proof. Assume that the inequality ϑ′(t)< 0 holds. Since ϑ(t) is nonincreasing on
J, one can verify that ϑ(1)< ϑ(0).
From the boundary conditions of the problem (1.1), we have

1
c

m−2

∑
i=1

βiϑ(ξi)−
d
c

ϑ
′(1)<

m−2

∑
i=1

αiϑ(ξi)+
b
a

ϑ
′(0).

This yields that

1
c

m−2

∑
i=1

βiϑ(ξi)−
1
a

m−2

∑
i=1

αiϑ(ξi)<
d
c

ϑ
′(1)+

b
a

ϑ
′(0)< 0.

The last inequality yields

a
m−2

∑
i=1

βiϑ(ξi)− c
m−2

∑
i=1

αiϑ(ξi)< 0.

Therefore, we obtain that
m−2

∑
i=1

(aβi − cαi)ϑ(ξi)< 0.

According to Lemma 3, we have ϑ(ξi) ≥ 0. So,
m−2

∑
i=1

(aβi − cαi) < 0. However, this

contradicts to condition (C6). Consequently, ϑ′(t)≥ 0 for t ∈ J.
□

Let K = {ϑ ∈ PC(J,R+) | ϑ(t) is nonnegative, nondecreasing and concave on J}.
So, K is a cone of PC(J,R+).

Lemma 7. Let (C1)-(C6) hold and ϑ(t) ∈ K, σ ∈
(
0, 1

2

)
. Then

min
t∈[σ,1−σ]

ϑ(t)≥ σ∥ϑ∥PC

where ∥ϑ∥PC = sup
t∈J

|ϑ(t)|.

Proof. Since ϑ∈K, we know that ϑ(t) is concave on J. Thus, min
t∈[σ,1−σ]

ϑ(t) =ϑ(σ)

and ∥ϑ∥PC = sup
t∈J

|ϑ(t)|= ϑ(1). Since the graph of ϑ is concave down on J, we obtain

ϑ(1)−ϑ(0)
1−0

≤ ϑ(σ)−ϑ(0)
σ−0

,
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i.e. ϑ(σ)≥ σϑ(1)+(1−σ)ϑ(0). So ϑ(σ)≥ σϑ(1). The proof is complete. □

For any r > 0, let Kr = {ϑ ∈ K | ∥ϑ∥PC < r}, ∂Kr = {ϑ ∈ K | ∥ϑ∥PC = r}, and
Kr = {ϑ ∈ K | ∥ϑ∥PC ≤ r}. Defining operator Tκ : K → PC(J,R+) as follows:

Tκϑ(t) = κ

∫ 1

0
G(t,s)q(s)h(s,ϑ(s))ds+κ

n

∑
j=1

Gs(t,s)|s=t j q(t j)I j(ϑ(t j))

+κ

n

∑
j=1

G(t, t j)q(t j)J j(ϑ(t j))+κA(h)ϕ(t)+κB(h)ψ(t). (2.14)

It is well known that ϑ ∈ K is a positive fixed point of operator Tκ if and only if ϑ is
a positive solution of problem (1.1).

Lemma 8. Let (C1)-(C6) hold. If conditions

(C7) 0 <
∫ 1

0
δG(s,s)q(s)ds < ∞ and

(C8) 0 <
∫ 1

0
q(s)ds < ∞

hold, then Tκ : K → K is completely continuous.

Proof. For any ϑ ∈ K, from Lemmas 2, 3, 6 and the definition of Tκ, we have
(Tκϑ)(t)≥ 0, (Tκϑ)′(t) ≥ 0, and (Tκϑ)′(t) is concave on J. Therefore Tκ(K) ⊂ K.
Next, with a similar method in Lemma 2.4 in [19], it can be shown that the Tκ : K →K
is completely continuous. So this part is skipped and thus the Lemma is proved. □

3. MAIN RESULTS

In this section, we will apply the following Guo-Krasnosel’skii’s fixed point the-
orem [15] to state main results.

Lemma 9 (Theorem 2.3.1 in [15]). Let X be a Banach space, and P be cone in X.
Assume that Ω1 and Ω2 are two bounded open subsets of X with 0 ∈ Ω1,Ω1 ⊂ Ω2.
Let A : P∩ (Ω2\Ω1)→ P be a completely continuous operator, satisfying either

(i) ∥Ax∥ ≤ ∥x∥, x ∈ P∩∂Ω1, ∥Ax∥ ≥ ∥x∥, x ∈ P∩∂Ω2, or
(ii) ∥Ax∥ ≥ ∥x∥, x ∈ P∩∂Ω1, ∥Ax∥ ≤ ∥x∥, x ∈ P∩∂Ω2.

Then A has at least one fixed point in P∩ (Ω2\Ω1).

For suitability and simplicity in the following discussion, we indicate:

h0 = liminf
y→0

min
t∈[σ,1−σ]

h(t,y)
y

, h∞ = liminf
y→∞

min
t∈[σ,1−σ]

h(t,y)
y

,

h0 = limsup
y→0

max
t∈J

h(t,y)
y

, I0
j = limsup

y→0

I j(y)
y

, J0
j = limsup

y→0

J j(y)
y
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h∞ = limsup
y→∞

max
t∈J

h(t,y)
y

, I∞
j = limsup

y→∞

I j(y)
y

, J∞
j = limsup

y→∞

J j(y)
y

,

Â =
1
∆

[(
−

n

∑
j=1

βiψ(ξi)

)
·(

n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)+
n

∑
j=1

G(ξi, t j)q(t j)

))

−

(
ρ−

n

∑
j=1

αiψ(ξi)

)
·(

n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)+
n

∑
j=1

G(ξi, t j)q(t j)

))]
,

B̂ =
1
∆

[(
−

n

∑
j=1

αiϕ(ξi)

)
·(

n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)+
n

∑
j=1

G(ξi, t j)q(t j)

))

−

(
ρ

q(1)
−

n

∑
j=1

βiϕ(ξi)

)
·(

n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)+
n

∑
j=1

G(ξi, t j)q(t j)

))]
,

Ȧ =
1
∆

[(
−

n

∑
j=1

βiψ(ξi)

)
·

(
n

∑
j=1

αi·(∫ 1

0
G(ξi,s)q(s)h0ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I0
j +

n

∑
j=1

G(ξi, t j)q(t j)J0
j

))

−

(
ρ−

n

∑
j=1

αiψ(ξi)

)
·

(
n

∑
j=1

βi·(∫ 1

0
G(ξi,s)q(s)h0ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I0
j +

n

∑
j=1

G(ξi, t j)q(t j)J0
j

))]
,

Ḃ =
1
∆

[(
−

n

∑
j=1

αiϕ(ξi)

)
·

(
n

∑
j=1

βi·
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0
G(ξi,s)q(s)h0ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I0
j +

n

∑
j=1

G(ξi, t j)q(t j)J0
j

))

−

(
ρ

q(1)
−

n

∑
j=1

βiϕ(ξi)

)
·

(
n

∑
j=1

αi·(∫ 1

0
G(ξi,s)q(s)h0ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I0
j +

n

∑
j=1

G(ξi, t j)q(t j)J0
j

))]
,

Ä =
1
∆

[(
−

n

∑
j=1

βiψ(ξi)

)
·

(
n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)(h0 +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I0
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J0
j +ζ)

))

−

(
ρ−

n

∑
j=1

αiψ(ξi)

)
·

(
n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)(h0 +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I0
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J0
j +ζ)

))]
,

B̈ =
1
∆

[(
−

n

∑
j=1

αiϕ(ξi)

)
·

(
n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)(h0 +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I0
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J0
j +ζ)

))

−

(
ρ

q(1)
−

n

∑
j=1

βiϕ(ξi)

)
·

(
n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)(h0 +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I0
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J0
j +ζ)

))]
,

A′ =
1
∆

[(
−

n

∑
j=1

βiψ(ξi)

)
·

(
n

∑
j=1

αi·(∫ 1

0
G(ξi,s)q(s)h∞ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I∞
j +

n

∑
j=1

G(ξi, t j)q(t j)J∞
j

))

−

(
ρ−

n

∑
j=1

αiψ(ξi)

)
·

(
n

∑
j=1

βi·
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0
G(ξi,s)q(s)h∞ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I∞
j +

n

∑
j=1

G(ξi, t j)q(t j)J∞
j

))]
,

B′ =
1
∆

[(
−

n

∑
j=1

αiϕ(ξi)

)
·

(
n

∑
j=1

βi·(∫ 1

0
G(ξi,s)q(s)h∞ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I∞
j +

n

∑
j=1

G(ξi, t j)q(t j)J∞
j

))

−

(
ρ

q(1)
−

n

∑
j=1

βiϕ(ξi)

)
·

(
n

∑
j=1

αi·(∫ 1

0
G(ξi,s)q(s)h∞ds+

n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)I∞
j +

n

∑
j=1

G(ξi, t j)q(t j)J∞
j

))]
,

A′′ =
1
∆

[(
−

n

∑
j=1

βiψ(ξi)

)
·

(
n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)(h∞ +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I∞
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J∞
j +ζ)

))

−

(
ρ−

n

∑
j=1

αiψ(ξi)

)
·

(
n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)(h∞ +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I∞
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J∞
j +ζ)

))]
and

B′′ =
1
∆

[(
−

n

∑
j=1

αiϕ(ξi)

)
·

(
n

∑
j=1

βi

(∫ 1

0
G(ξi,s)q(s)(h∞ +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I∞
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J∞
j +ζ)

))

−

(
ρ

q(1)
−

n

∑
j=1

βiϕ(ξi)

)
·

(
n

∑
j=1

αi

(∫ 1

0
G(ξi,s)q(s)(h∞ +ζ)ds

+
n

∑
j=1

Gs(t,s)|t=ξi
s=t j

q(t j)(I∞
j +ζ)+

n

∑
j=1

G(ξi, t j)q(t j)(J∞
j +ζ)

))]
.

Theorem 1. Assume that (C1)-(C8) hold,
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ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh0 >
∫ 1

0
δG(s,s)q(s)dsh∞ +

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)I∞
j

+
n

∑
j=1

δG(t j, t j)q(t j)J∞
j +(A′+B′)δmin{ϕ(0),ψ(1)},

h∞ +
n

∑
j=1

I∞
j +

n

∑
j=1

J∞
j < ∞ and ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh0 > 0, then problem (1.1) has

at least one positive solution for[
ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh0

]−1

< κ <

[∫ 1

0
δG(s,s)q(s)dsh∞ (3.1)

+
n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)I∞
j +

n

∑
j=1

δG(t j, t j)q(t j)J∞
j +(A′+B′)δmin{ϕ(0),ψ(1)}

]
.−1

Proof. By (3.1), there exists ζ > 0 such that[
ωσ

∫ 1−σ

σ

G(s,s)q(s)ds(h0 −ζ)

]−1

≤ κ

≤

[∫ 1

0
δG(s,s)q(s)ds(h∞ +ζ)+

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)(I∞
j +ζ) (3.2)

+
n

∑
j=1

δG(t j, t j)q(t j)(J∞
j +ζ)+(A′′+B′′)δmin{ϕ(0),ψ(1)}

]
.−1

Let ζ be fixed. Since ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh0 > 0, there exists τ1 > 0 such that

h(t,y) > (h0 − ζ)y, 0 ≤ y ≤ τ1, t ∈ [σ,1−σ]. Then for ϑ ∈ ∂Kτ1 , t ∈ [σ,1−σ], we
have

Tκϑ(t)≥ κ

∫ 1

0
G(t,s)q(s)h(s,ϑ(s))ds > κ

∫ 1−σ

σ

ωG(s,s)q(s)(h0 −ζ)ϑ(s)ds

≥ κωσ(h0 −ζ)
∫ 1−σ

σ

G(s,s)q(s)ds∥ϑ∥PC ≥ ∥ϑ∥PC.

Hence, ∥Tκϑ∥PC ≥ ∥ϑ∥PC, ϑ ∈ ∂Kτ1 . Since h∞ +
n

∑
j=1

I∞
j +

n

∑
j=1

J∞
j < ∞, there exists

τ̄2 > 0 such that

h(t,y)< (h∞ +ζ)y, I j(y)< (I∞
j +ζ)y, J j(y)< (J∞

j +ζ)y, y ≥ τ̄2, t ∈ J.

Set

N = max

 max
t∈J

y∈[0,τ̄2]

h(t,y), max
y∈[0,τ̄2]

I1(y), . . . , max
y∈[0,τ̄2]

In(y), max
y∈[0,τ̄2]

J1(y), . . . , max
y∈[0,τ̄2]

Jn(y)

 ,
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τ2 > max
{

τ1, τ̄2,
N

h∞ +ζ
,

N
I1

∞ +ζ
, . . . ,

N
In

∞ +ζ
,

N
J1

∞ +ζ
, . . . ,

N
Jn

∞ +ζ

}
,

then

h(t,y)< (h∞ +ζ)τ2, I j(y)< (I∞
j +ζ)τ2, J j(y)< (J∞

j +ζ)τ2, 0 ≤ y ≤ τ2, t ∈ J.

Thus for ϑ ∈ ∂Kτ2 , we have

∥Tκϑ∥PC ≤ κ

∫ 1

0
δG(s,s)q(s)h(s,ϑ(s))ds+κ

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)I j(ϑ(t j))

+κ

n

∑
j=1

δG(t j, t j)q(t j)J j(ϑ(t j))+κ[A(h)+B(h)]δmin{ϕ(0),ψ(1)}

≤ κ

[∫ 1

0
δG(s,s)q(s)(h∞ +ζ)ds+δ

n

∑
j=1

Gs(t,s)|t=t j
s=t j

q(t j)(I∞
j +ζ)

+δ

n

∑
j=1

G(t j, t j)q(t j)(J∞
j +ζ)+(A′′+B′′)δmin{ϕ(0),ψ(1)}

]
∥ϑ∥PC

≤ ∥ϑ∥PC.

By Lemma 9, the operator Tκ has at least one fixed point ϑ∗ with τ1 ≤ ∥ϑ∗∥ ≤ τ2,
which is a positive solution of problem (1.1). □

Theorem 2. Assume that (C1)-(C8) hold,

ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh∞ >
∫ 1

0
δG(s,s)q(s)dsh0 +

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)I0
j

+
n

∑
j=1

δG(t j, t j)q(t j)J0
j +(Ȧ+ Ḃ)δmin{ϕ(0),ψ(1)},

h0 +
n

∑
j=1

I0
j +

n

∑
j=1

J0
j < ∞ and ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh∞ > 0, then the problem (1.1)

has at least one positive solution for

[
ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh∞

]−1

< κ

<

[∫ 1

0
δG(s,s)q(s)dsh0 +

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)I0
j (3.3)

+
n

∑
j=1

δG(t j, t j)q(t j)J0
j +(Ȧ+ Ḃ)δmin{ϕ(0),ψ(1)}

]−1

.
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Proof. By (3.3), there exists ζ > 0 such that[
ωσ

∫ 1−σ

σ

G(s,s)q(s)ds(h∞ −ζ)

]−1

≤ κ

≤

[∫ 1

0
δG(s,s)q(s)ds(h0 +ζ)+

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)(I0
j +ζ) (3.4)

+
n

∑
j=1

δG(t j, t j)q(t j)(J0
j +ζ)+(Ä+ B̈)δmin{ϕ(0),ψ(1)}

]
.−1

Let ζ be fixed. Since h0 +
n

∑
j=1

I0
j +

n

∑
j=1

J0
j < ∞, there exists τ1 > 0 such that

h(t,y)< (h0 +ζ)y, I j(y)< (I0
j +ζ)y, J j(y)< (J0

j +ζ)y, 0 ≤ y ≤ τ1, t ∈ J. (3.5)

Then for ϑ ∈ ∂Kτ1 , by using (3.4) and (3.5), we have ∥Tκϑ∥PC ≤ ∥ϑ∥PC. Since

ωσ

∫ 1−σ

σ

G(s,s)q(s)dsh∞ > 0, there exists τ̄2 > 0 such that h(t,y)> (h∞−ζ)y, y≥ τ̄2,

t ∈ [σ,1−σ]. Let τ2 ≥ max{2τ1,
τ̄2

σ
}, then for ϑ ∈ ∂Kτ2 , t ∈ [σ,1−σ], we can obtain

∥Tκϑ∥PC ≥ ∥ϑ∥PC, ϑ ∈ ∂Kτ2 . It follows from Lemma 9 that Tκ has a fixed point ϑ∗

with τ1 ≤ ∥ϑ∗∥ ≤ τ2, which is a positive solution of problem (1.1). □

Theorem 3. Let (C1)-(C8) hold. If h0 = ∞ or h∞ = ∞, then there exists κ0 > 0
such that problem (1.1) has a positive solution for 0 < κ < κ0.

Proof. Choose a number τ1 > 0 and

κ0 =
τ1

N

(∫ 1

0
δG(s,s)q(s)ds+

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)+
n

∑
j=1

δG(t j, t j)q(t j)

+(Â+ B̂)δmin{ϕ(0),ψ(1)}
)−1

,

where N = max

 max
t∈J

y∈[0,τ1]

h(t,y), max
y∈[0,τ1]

I j(y), max
y∈[0,τ1]

J j(y)

 . For ϑ ∈ ∂Kτ1 , 0 < κ < κ0,

∥Tκϑ∥PC ≤ κ

∫ 1

0
δG(s,s)q(s)ds max

t∈J
y∈[0,τ1]

h(t,y)+
n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j) max
y∈[0,τ1]

I j(y)

+
n

∑
j=1

δG(t j, t j)q(t j) max
y∈[0,τ1]

J j(y)+N(Â+ B̂)δmin{ϕ(0),ψ(1)}

]
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< κ0N
[∫ 1

0
δG(s,s)q(s)ds+

n

∑
j=1

δGs(t,s)|t=t j
s=t j

q(t j)+
n

∑
j=1

δG(t j, t j)q(t j)

+(Â+ B̂)δmin{ϕ(0),ψ(1)}
]

= τ1 = ∥ϑ∥PC. (3.6)

If h0 = ∞, then there exists τ2 ∈ (0,τ1) such that h(t,y) > ηy for all y ∈ [0,τ2],
t ∈ [σ,1−σ] where η > 0 satisfying

κωση

∫ 1−σ

σ

G(s,s)q(s)ds > 1. (3.7)

Then for ϑ ∈ ∂Kτ2 ,

Tκϑ(t)≥ κ

∫ 1−σ

σ

ωG(s,s)q(s)h(s,ϑ(s))ds > κ

∫ 1−σ

σ

ωG(s,s)q(s)ηϑ(s)ds

≥ κωση

∫ 1−σ

σ

G(s,s)q(s)ds∥ϑ∥PC > ∥ϑ∥PC.

Hence, ∥Tκϑ∥PC ≥ ∥ϑ∥PC, ϑ ∈ ∂Kτ2 .
If h∞ = ∞, then there exists τ̄3 > 0 such that h(t,y) > γy for y ≥ τ̄3, t ∈ [σ,1−σ]

where γ > 0 satisfying

κωσγ

∫ 1−σ

σ

G(s,s)q(s)ds > 1. (3.8)

Let τ3 > max{τ1,
τ̄3

σ
}, then for ϑ ∈ ∂Kτ3 ,

Tκϑ(t)≥ κ

∫ 1−σ

σ

ωG(s,s)q(s)h(s,ϑ(s))ds > κ

∫ 1−σ

σ

ωG(s,s)q(s)γϑ(s)ds

≥ κωσγ

∫ 1−σ

σ

G(s,s)q(s)ds∥ϑ∥PC > ∥ϑ∥PC.

Hence, ∥Tκϑ∥PC ≥ ∥ϑ∥PC, ϑ ∈ ∂Kτ3 .
Then, Lemma 9 yields that Tκ has a fixed point in Kτ1\Kτ2 or Kτ3\Kτ1 according to
whether h0 = ∞ or h∞ = ∞, respectively. As a result, problem (1.1) has a positive
solution for 0 < κ < κ0. □

Theorem 4. Let (C1)-(C8) hold. If h0 +
n

∑
j=1

I0
j +

n

∑
j=1

J0
j = 0 or h∞ +

n

∑
j=1

I∞
j +

n

∑
j=1

J∞
j = 0 such that problem (1.1) has a positive solution for κ > κ0.

Proof. The proof is done similarly to the theorem 3. □

Corollary 1. Let (C1)-(C8) hold. If h0 = h∞ = ∞, then there exists κ0 > 0 such
that problem (1.1) has at least two positive solutions for 0 < κ < κ0.
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Corollary 2. Let (C1)-(C8) hold. If h0+
n

∑
j=1

I0
j +

n

∑
j=1

J0
j = h∞+

n

∑
j=1

I∞
j +

n

∑
j=1

J∞
j = 0,

then there exists κ0 > 0 such that problem (1.1) has at least two positive solutions for
κ > κ0.

Theorem 5. Let (C1)-(C8) hold. If h0 > 0 and h∞ > 0, then there exists κ0 > 0
such that problem (1.1) has no positive solution for κ > κ0.

Proof. Since h0 > 0 and h∞ > 0, then there exist positive numbers η1,η2,τ1,τ2
such that τ1 < στ2 and h(t,y) ≥ η1y, y ∈ [0,τ1], t ∈ [σ,1 − σ], h(t,y) ≥ η2y,
y ∈ [τ2,+∞), t ∈ [σ,1−σ]. Let the positive number η3 be defined by

η3 = min

η1,η2, min
t∈[σ,1−σ]
y∈[τ1,τ2]

h(t,y)
y

 .

Then, h(t,y) ≥ η3y, y ∈ [0,τ2], t ∈ [σ,1 − σ] and h(t,y) ≥ η3y, y ∈ [τ1,+∞),
t ∈ [σ,1−σ].
Assume ϑ(t) is a positive solution of problem (1.1). We will show that this leads to a
contradiction for

κ > κ0 =
1

ωση3

∫ 1−σ

σ

G(s,s)q(s)ds
.

Since Tκϑ(t) = ϑ(t) for t ∈ J, then for κ > κ0 and ∥ϑ∥PC ∈ [0,τ2],

∥ϑ∥PC = ∥Tκϑ∥PC ≥ Tκϑ

(
1
2

)
≥ κ

∫ 1−σ

σ

G
(

1
2
,s
)

q(s)h(s,ϑ(s))ds

> κ0η3

∫ 1−σ

σ

ωG(s,s)q(s)ϑ(s)ds

≥ κ0ωση3

∫ 1−σ

σ

G(s,s)q(s)ds∥ϑ∥PC ≥ ∥ϑ∥PC,

which is a contradiction. For κ > κ0 and ∥ϑ∥PC ∈ [ τ1
σ
,+∞),

∥ϑ∥PC = ∥Tκϑ∥PC ≥ Tκϑ

(
1
2

)
≥ κ

∫ 1−σ

σ

G
(

1
2
,s
)

q(s)h(s,ϑ(s))ds

≥ κ0ωση3

∫ 1−σ

σ

G(s,s)q(s)ds∥ϑ∥PC ≥ ∥ϑ∥PC,

which is a contradiction. Hence, problem (1.1) has no positive solution. □
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Theorem 6. Let (C1)-(C8) hold. If h0 +
n

∑
j=1

I0
j +

n

∑
j=1

J0
j < ∞ and h∞ +

n

∑
j=1

I∞
j +

n

∑
j=1

J∞
j < ∞, then there exists κ0 > 0 such that problem (1.1) has no positive solution

for 0 < κ < κ0.

Proof. The proof can be done similarly to the theorem 5. □
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