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Abstract. This paper is devoted to the study of the existence and nonexistence of positive solu-
tions for a second-order m-point eigenvalue impulsive boundary value problem. We use the fixed
point theorems on the cones in order to achieve our results.

2010 Mathematics Subject Classification: 34B37; 34B15; 34B18; 34B40

Keywords: impulsive boundary value problems, impulsive differential equations, positive solu-
tions, fixed point theorems in cones, m-point, existence

1. INTRODUCTION

Impulsive differential equations have recently become important in applied math-
ematical models for real processes that arise from phenomena studied in physics,
ecology, biological systems, biotechnology and industrial robotic. Moreover, impul-
sive differential equations are richer in applications compared with the corresponding
theory of ordinary differential equations. Many of the mathematical problems en-
countered in the study of impulsive differential equations cannot be treated with the
usual techniques within the standard framework of ordinary differential equations.
For the introduction of the basic theory of impulsive equations, see [3, 5,06, 15,21],
and the papers [2,4, 8, 1 1-14,24-27].

In the literature, there are many studies on second-order impulsive boundary value
problems, for these, we refer to reader to [1,7, 10, 16—19,22,29,31,32]. In recent
years, several authors have been working on the existence of positive solutions for
second order m-point impulsive boundary value problems [9,20,28,30].

Liu and Zhao [22] studied the following impulsive boundary value problem:

W' (1) +u(t) + p(0)u' () = Af(t,u) +ug(t,u), 1€[0,T],
Au( i) =Ii(ult )) i=1,2,...,n,
u(0) = u(T) =
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where A >0, u> 0, f, g € C([0,T] x R,R), p € L=([0,T]) satisfies 0 =ty < £ <
H<tbh<-- <t < %T <tp1=T, I;: R—>R, i=1,2,...,n are continuous. They
obtained some new existence of solutions by using variational methods combining
with a three critical points theorem.

Motivated by the aforementioned results, in this study, we consider the following
second-order m-point eigenvalue impulsive boundary value problem:

() +q1 ()Y () + q2(1)9(t) + xh(t,9(t)) =0, x>0
ABr=; = xlj(B(7)),
AV |1, = —xJ; ('3(’1))

ad(0) — b/ (0 Z o ® (b

cd(1) +dv'(1 Z Bid(

where J = [0,1], t # 1, j=1,2,...,nwith0 <1 <tp <--- <1, < 1. A~ and
AV|;—;; denote the jump of O(¢) and ¥'(r) att =1;, i.e.,

DBy = 0(67) — (1), AV |y, =V () =0 (1)),

where O(), '(¢;") and (¢} ), O (r; ) represent the right-hand limit and left-hand
limit of 9(¢) and ®'(r) att =1, j = 1,2,...,n, respectively.
Throughout this paper we assume that following conditions hold:
(C1) a,b,c,d € (0,), 0,B; € [0,00), & € (0,1) for i € {1,...,m—2}, Kis a
positive parameter,
(C2) he C(UxR",RT), g1 € C(J,R"), g2 € C(J,(—,0)) such that for 7 € J :
q1(t) +q2(t) > 0,
(C3) I; e C(R",R")and J; € C(R",R") are bounded functions for j=1,2,....n
By using Guo-Krasnosel’skii’s fixed point theorem [15], some criteria of existence
and nonexistence of positive solutions for the second-order m-point eigenvalue im-
pulsive boundary value problem (1.1) are established in terms of different values of
K. The problem (1.1) is more general, includes two-point, multi-point and impulsive
problems as special cases. Thus, we generalize and improve some of the known re-
sults in the literature to some degree, and therefore our results may contribute to the
literature in this field.
The main structure of this paper is as follows. In section 2, we provide some
definitions and preliminary lemmas which are key tools for our main results. In
section 3, we give and prove our main results.

2. PRELIMINARIES

In this section, we first introduce some background definitions in Banach spaces,
and then present auxiliary lemmas which will be used later.
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Let J' = J\ {n1,t2,...,t,}. C(J,RT) denote the Banach space of all continuous
mapping ¥: J — R with the norm ||8]| = sup |9(¢)],
teJ
PC(J,R") = {ﬁ: J =R [DeC(J'), O(]) and O(r; ) exist
and (1) = (1)), j = 1,2,...,n}

is also a Banach space with norm ||%||pc = sup|9(7)|;
teJ

PC'(J,RY) = {ﬂ € PC(J,R™) | & € PC(J'), ®' (1) and O (7 ) exist
and O (1) = 9'(1)), j=1,2,... n}

is a real Banach space with norm || 8| pot = max{||®||pc, ||¥||pc} where
[19][pc = sup [D(z)], 19l pc = sup [ (1))
teJ teJ
A function & € PC'(J,R*)NC?(J',R) is called a solution of problem (1.1} if it sat-
isfies (1.1).
Lemma 1 (Lemma 2.1 in [23]). Let (CI-C2) hold. Let ¢ and  be the unique

solution of boundary value problem:
¢'(t)+q1 ()¢ (t) +q2(t)p(t) =0, teJ,
¢(0)=b, ¢'(0)=a

and

{w”(t) @OV () +a(0w(D) =0, 1€,
y(l)=d, y(l)=—c
respectively. Then

(i) ¢ is strictly increasing on [0, 1], and @ > 0 on (0,1];
(ii)  is strictly decreasing on [0,1], and y > 0 on [0,1).

v(r) o)
V() @)

m—2 m—2
- ; &)  p-— ; (&)

t
Set p :=¢(1) >0 with ¢(t) =exp </0 ql(s)ds> , Vt € J and

A= p m—2 m—2
a0 l; Bio&) - l; Biw (&)

Lemma 2. Let (C1-C3) hold. Assume
(C4) A:#£0.
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If O € PC'(J,RY)NC?(J') is a solution of the equation

—K/ G(t,5)q ds—i—KZG (t,5) s, ()1 (8(17))
j=1
+KZG”J q(1)Jj(8(t;)) + kA(h)(t) + kB(h)W(7)
j=1
where
L) o(s)w(), s<t,
G(t,s)=—
=5 {(p(t)\v(s), r<s,
K= [ (s s+ Y. Gulo:5) |zt (5(07)
j=1 S=t;j
Z G(&istj)q(1;)];(0(z5)),
j=1
m—2
. Z oK, p— Z oy
Z Bi i - Z [31
and
m—2
1 - Z (xl l) Z (X,'K,'
B(h) = ~ P ;
— = Z Bio&) Y BiKi
i=1
then § is a solution of the impulsive boundary value problem (1.1).
Proof. Let O satisfies the integral equation (2.1), then we have
/(p h(s,9(s))ds+ — / Q()y(s)g(s)h(s,V(s))ds
+ = Z(P 1)V B(t;)) + Z(P ) (B(t)))
Pr<t Pig;
+ - Z(P 1)V O(t;)) + — Z(P Wi (B())
Pr<t Pig;

+KA(R)Q(1) + KB(h)W(t).

2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Also, ¥ (¢) and 9" (¢) can be easily written. Thus by Liouville’s formula, we have

V(1) + a1 ()0 (1) + q2(1)0(t) = g [Q(t)W' (1) =@/ ()w(1)] g()A(t,D(r))

and
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£j)7;(9(t;)) + kA (R)9'(0) + xB(h) ¥ (0),

ad(0) — b’ (0) = xpB(h Z o; (KA(R)9(&:) +xB(h) (&) +K;).  (2.6)
Since
=5 [ ot s+ Zwm Da(e,)1(0(1)
+5 ;@(fj)\v(l)Q(fJ)Jj(ﬁ(fj)) +KA(R)e(1) +xB(R)y(1),
= Lot s 5 3. /)W (D)1, (0(1)
TS Zl(P(fj)\lf'(l)CI(fj)Jj(ﬁ(fj)) +xA(R)9'(1) +xB(h)Y (1),
=
we have that
(1) +d¥'(1) = Z Bi (kA(R) (&) +xB(h)W (&) +K;).  (2.7)
From (2.6) and (2.7), we get that
( [ m—2 m=2 m—2
A(h) | = ; Q&) | +B(h) !P— ; Otillf(ﬁi)] = Z, 0,K;
P m—2 m—2 m—2
A(h) 71)—;5@(&) ZBW ] ;B:Ki
which implies that A(h) and B(h) satisfy (2.4) and (2.5), respectively. O

Lemma 3. Let (Cl ) (C4) hold. Assume

(C5 A<0,p— Zoc, (&) >0

W(t)d;(0(1) + ' (1)1 (

) > 0and

ZBl

/)) >0 forj=1,2,...,n.

Then for © € PC'(J,R*) N C2(J'), the solution © of the problem (1.1) satisfies

O(t) >0 fort € J.

Proof. Tt is an immediate subsequence of the facts that G(¢,s) > 0 on J x J and

A(h) > 0,B(h),1;,J; > 0.

O
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Lemma 4. Suppose that (C1)-(C5) hold, then for any t,s € J, we have

G(t,s) < 8G(s,s) (2.8)
and
Gi(t,s) < 8Gs(t,s)|i=s (2.9
where
_ max{@(1),y(0)}
° min{g(0),y(1)} 210
and
_ L @(s)w(r), s<t,
Gs)=3 { oW (s), 1<, @10
fort,seJ.

Proof. By the monotonicity of ¢, y and the definition of G(z,s), we have

Gt,s) _ o) _o(1) _ max{e(1),y(0)}
G(s,s)  (s) ~ @(0) — min{e(0), w(1)}

Gloss) _ W) _ w(0) _ max{o() ()} 5 oo
G(s,s)  w(s) ~ w(1) = min{g(0),y(1)}
Similarly, by the monotonicity of ¢, y and the definition of Gy(z,s), we have
Gs(t,s) < 8Gs(t,s)|i=s for t,s € J. O

Lemma 5. Suppose that (C1)-(C5) hold. Let ¢ € (0, %) and t € [6,1 —0]. Then
we have

=98 fort<s

and

G(t,s) > 0G(s,s) (2.12)
where )
_ min{g(0) w(1-0)} ot
max{@(1),y(0)}
Proof. By the monotonicity of ¢, y and the definition of G(t,s), forz € [6,1 — o],
we have

Gt,5) _ o)

min{¢(c), y(1—o)}

Gs.o) o)~ o) = max{e(Dy() © =
and
G(t,s)  y(t) _y(1-0) _min{e(c),y(1-0)} or s
G S, o I|I(S = \II(O) = maX{‘P(l)a\V(O)} ot ="
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Lemma 6. Let (C1)-(C5) hold. Assume

m—2
(C6) Y (aPi—coy;) > 0.

i=1
Then the solution ® € PC'(J,R*) NC%(J',R) of the problem (1.1) satisfies ¥ (t) > 0
forteJ.

Proof. Assume that the inequality ¥ (7) < 0 holds. Since 9(¢) is nonincreasing on

J, one can verify that 9(1) < 9(0).
From the boundary conditions of the problem (1 1), we have

1m2
. LB l—qy <Zaﬂ +ﬁ%)
This yields that
1m2 1m—2 d b
- i l iﬁ' i *19/1 *13,0 0.
¢ L B0~ X oad(&) < o)+ 29(0) <

The last inequahty ylelds

m—2 m—2
a ; Bio(&i) —c ; o 9(&) <0

Therefore, we obtain that

2
(aBi — COC,')?S(E_,;’) < 0.

m

I
—

i
m—2

According to Lemma 3, we have 8(&;) > 0. So, Z (aBi — coy;) < 0. However, this

contradicts to condition (C6). Consequently, ¥ (¢) > 0fortelJ.
O

Let K = {0 € PC(J,R") | O(t) is nonnegative, nondecreasing and concave on J }.
So, K is a cone of PC(J,R™).
Lemma 7. Let (C1)-(C6) hold and 9(t) € K, 6 € ( ) Then

min 9(t) > o9l pc
te[o,1—0]

where ||9||pc = sup |O(¢)|.
teJ

Proof. Since ¥ € K, we know that ¥(¢) is concave on J. Thus, [min B(t) =9(0)
te|c

7] _G]
and ||9||pc = sup|9(z)| = O(1). Since the graph of ¥ is concave down on J, we obtain
rel

B(1) ~8(0) _ 8(5) ~B(0)
-0 - o6-0
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i.e. 3(c) > 69(1) + (1 —0)9(0). So 8(c) > 6O(1). The proof is complete. O

Forany r > 0, let K, = {0 € K | ||8||pc < r}, 0K, = {0 € K | ||®||pc = r}, and
K, = {9 € K| ||9||pc < r}. Defining operator Ty.: K — PC(J,R™") as follows:

n

Tkﬁ(t) = K/OI G(t7s)Q(s)h(S’ﬁ(s))ds+K Z] Gs(tﬂs)‘s:tj‘I(tj)Ij(ﬁ(tj))

j=

+x Y Glt,1)q(t)d;(0(7) + kAMR)Q(1) + kBUYW().  (2.14)

n
j=1

It is well known that O € K is a positive fixed point of operator T if and only if ¥ is
a positive solution of problem (1.1).

Lemma 8. Let (C1)-(C6) hold. If conditions
1
(C7) 0< / 3G(s,5)q(s)ds < oo and
0

1
(C8) 0< / g(s)ds < o
0
hold, then T: K — K is completely continuous.

Proof. For any O € K, from Lemmas 2, 3, 6 and the definition of Ty, we have
(T0)(t) >0, (T8) (t) > 0, and (T¢®)'(¢) is concave on J. Therefore T (K) C K.
Next, with a similar method in Lemma 2.4 in [19], it can be shown that the T, : K — K
is completely continuous. So this part is skipped and thus the Lemma is proved. [J

3. MAIN RESULTS

In this section, we will apply the following Guo-Krasnosel’skii’s fixed point the-
orem [ 5] to state main results.

Lemma 9 (Theorem 2.3.1 in [15]). Let X be a Banach space, and P be cone in X.
Assume thaL Q and Q, are two bounded open subsets of X with 0 € Q,Q C Q.
Let A: PN (22\Q1) — P be a completely continuous operator, satisfying either

) [|Ax|| < ||x[|, x € PN oLy, ||Ax]| > [|x]|, x € PNIQy, or
@) [|[Ax|| > ||x]|, x € PNy, ||Ax|| < ||x]|, x € PNOQ;.

Then A has at least one fixed point in PN (Q2\Q).

For suitability and simplicity in the following discussion, we indicate:

h
ho = liminf min Ma heo = liminf min M,
y=0 t€lo,l-c] Yy y— teo,l-6] Y
h(t I; 7.
A = lim supmax ( ,y)’ ]? = limsup ﬂj J? = limsup Ji)

y—0 reJ y y—0 y y—0 y
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L;(y) o i)

h(t, - .
h” = lim sup max (t,y [ =limsup ——, Ji = limsup
y—roo teJ y y—roo y y—roo y

( n B )
j=1

./Olg(g,) ds—i—ZGts],gql] Z (&m)()))

~—

B> \

T~ r——
il ygE

2
VR

j=1 s=1j j=
- (P— Z,l%\l!(&z)>
(iﬁl (/OIG(&: $)q(s)ds+ ZiG (t,s |,S §q(tj) Z (éi,t‘/)q(tj)>>] 7

I
RN
~.
K i
— Nyl
8
S
g
~

. /OIG(@- s)q( ds+):G (t,8)]i=e,q(1) + Z G(&i,1))q(t )))

j=1 s=t; j=

<
—~~

|
|
=l
|
=
S
—~
g
~

 ~
[ pok
i
/N
h
Q
‘!“

dS"‘ZG (t,5) =g, q(t) + Z (‘tvi’tj)q(tj)>>]’

j=1 s=t; j=1

~.
Il

(/OIG(&I 5)q(s) hods+ZG ts], éqtj IO+ZG§, tj)q(t )J?))

J=1 j=1
GimW@)(in
</01G(§l, s)q(s hods—l—ZiG (t,8)|— &‘l(tJ)IO Z (E.vl’t]) ( i)J ))]a
J 5=t j=1

B:iK—imww>(im-
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(/OIG(&, $)q(s hods—i—ZG ts], gqtjl —|—ZG§I tj)q(t )JJ>>

j=1
e s (T
<q(1) j;Bw(é)) <Zoc
([ ettt £ s+ £ o) )|

s=i;

J=1

n n 1
<—jz_:1 Bi\lf(gi)) . (Z o; </0 G(&,5)q(s)(h° +Q)ds

+ ¥ G 9)lga(6)() +0) ¢ i G<al-,r,->q<zj><fﬁ-’+c>>>

—(p—ji] )(ZB:(/ 61)(5) (1 + O)ds

j=1 =7, j=1

~

I

o

Il 1
FatA
~

Il

—_

( [ Gt&atsyias + ¥ Gy,5) g o)+ Y G(&i,r»q(rjw;"))

j=1 s=ij j=1
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(/o1 G(&i,5)q(s)h™ds + Z Gi(t,5)|i=e,q(tj)I} + Z G(&i1)alt; >J7> >] ,

Jj=1 5=t Jj=1

(— ianp(&)) - (Z B
(/OlG(E,i,s) (s)h™ ds—i—ZG (,9) ],ﬁ_gqt,l —I-ZGE_.,,tJ q(tj)J; >>
- L_Zn:Bi(P(éi) :
q(1) j=1

(/OIG(&I $)q(s hds+ZG (t,8) =g, q()IT +ZG§ltj ()JJ>>],

j=1 s=t; j=1

™=
£

A//:l

(— y Biw(ﬁi)) - (Zl o ([ 6C&s)ats 7+ Qas

—|—ZG5(Z‘,S)‘1:§,-‘]<ZJ +C" +ZG él t] )( +§>>>

j=1 §=1j

—(p—éai a) (m(/ &,)q(s) (" +C)ds

+ i Gs ()=, q(t;) (I +8) + Z G(&istj)q(t;)(J7 + C)) )]

j=1 s=ij j=1

<—iow )(ZB(/ &,5)q(s)(h™ +{)ds

G(&itj)q(t))(J; +C)>>

1

G(&ir)q(s)(h” +C)ds

G(Gitj)q(t))(J7 +C)>>]

and

(ngE

£ Y Gt e a1 +0)+

j=1 S=t1j

~.
Il
_

S~

|
VR
&‘D
=
|
-
=
5
S
g
N—
N——
\/\
=
£
M: N

+ Y Gult.5)l eI +0) +

j=1 s=1j

~.
Il
_

Theorem 1. Assume that (C1)-(C8) hold,
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l-c 1 n
(OG/ G(s,s)q(s)dshy > / 8G(s,5)q(s)dsh™ + Y 8Gs(t,s)|r=1;q ()17
c 0 j=1 S=t1j

Y 8G(t7.17)q(t,) 7+ (A' + B)min{p(0). (1)},

j=1
l1-c
h” + Z I7 + Z J? < oo and OJG/ G(s,s)q(s)dshy > 0, then problem (1.1) has
=1 j=1 °
at least one positive solution for

-1
o
(&}

—I—ZSG |t t, q(t)I7 +ZSG t,17)q(t;))J7 +(A'+ B)dmin{e(0),y(1)}] .”!
Jj=

Proof. By (3.1), there exists { > 0 such that

[mc [ Gts.9ats >ds<ho—c>]l <x

1-o

G(s,s)q(s)dsho} <k < [/1 dG(s,s)q(s)dsh™ 3.1

/ 3G (s,s)q(s)ds(h”+) —i—ZBG (t,s \t z, q(t;)(I7 +C) (3.2)

j=1

+25G tj,17)q(t;)(J7 +8) + (A”+B”)5min{<P(0),W(1)}] -
j=1

1-o
Let  be fixed. Since coc/ G(s,5)q(s)dshy > 0, there exists T > 0 such that

(o
h(t,y) > (ho—C)y, 0 <y <1y, € [0,1 —G]. Then for € dKz,, t € [5,1 — 0], we
have
-

Td(1) > & /O ' Glt.5)g(s)h(s, (s))ds > /6 ©G(s,5)9(s) (ho — 0)0(s)ds
1-oc

> kwo(hg — ) G(s,s)q(s)ds||0] pc > [|O|pc-
[}

n n
Hence, ||TicS||pc > ||O]|pc, O € 0Ky, . Since h™ + ZI;C’ + Z:J}>° < oo, there exists
=1 =1
T, > 0 such that

h(t,y) < (h*+Q)y, I;(y) < (I7 +Q)y, J;(0) < (U7 + 0y, y =T, 1 €J.
Set

N =max { max h(t,y), max I;(y),..., max I,(y), max J; ..., max J, ,
e (1-3) ve[0.%) ) ¥e[0.] ") ¥e[0] o), ve[0] v)
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{ _ N N N N N }
Tp > max« T, 7To, s

e+ O 0>+ 0 L+ R+ T+
then

h(t,y) < (h™+8)t, Li(y) < (17 +8)t2, J;(y) <(J7+0)12, 0<y <1y, 1 €J.
Thus for & € dKz,, we have

n

ITeblre < | 8G(s.0)as)h(s (o) 6 3 86, 0.5,y e (011,
J= -

+x Xn: 8G(t),1;)q(t;)J;(D(t;)) + k[A(h) + B(h)] 5 min{o(0), (1)}

n

/01 8G(s,5)q(s)(h”+C)ds+d Z Gs(t,s) |§i§ﬂ(tf)(1;° +0)

Jj=1

<K

#83 Gl50)a(0) U7 +8) + (4 B)5min0(0). (1)} | 13l
< [[9llrc.

By Lemma 9, the operator Ty has at least one fixed point 9* with t; < ||| < 12,
which is a positive solution of problem (1.1). O

Theorem 2. Assume that (C1)-(C8) hold,

lI-oc 1 n
0)0/ G(s,5)q(s)dshe >/ 8G(s,5)q(s)dsh® + Y 3G, (t,s)]z:tjq(tj)lj-)
o 0 j=1 §=tj

n

+ Y 8G(1),1;)q(t))J7 + (A+B)Smin{(0), w(1)},

j=1

n n 1-o

h + Z I? + Z J;-) < o and WG G(s,s)q(s)dshw > 0, then the problem (1.1)
=1 A °

has at least one positive solution for

[0)0 e G(s,s)q(s)dshm] Tk

(o)
1 n
< 8G(s,5)q(s)dsh® + Y 8Gy(t,s)|i=1,q(t;)I] (3.3)
i=1 5=1j

0 J

-1

+ Y 8G(1,1)q(1;)J5 + (A+ B)Smin{e(0), y(1)}

n

j=1
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Proof. By (3.3), there exists £ > 0 such that

[mc " s, )a)dsth—0)| | <x

/ 8G(s,5)q(s)ds(h® +¢) —I—ZSG (,5) |z t, (t])(IO—i-C) (3.4

j=1

+Z5G t,7)4(t;) (I + €) + (A + B)Smin{e(0), y(1)} | .71

Jj=

n n
Let € be fixed. Since ho + Z I}) + Z J;-) < oo, there exists T; > 0 such that
j=1 j=1

h(t,y) < (R°+Q)y, Li(y) < (I]+Q)y, J;(y) < ([} +Q)y, 0<y<m,rel. (35)
Then for § € dKy,, by using (3.4) and (3.5), we have ||T®||pc < [|8]pc. Since
Wo 61 - G(s,s5)q(s)dshew > 0, there exists T, > 0 such that i(z,y) > (he— )y, y > T2,
teo,1—o].Lett, > max{2’cl,%2}, then for & € 0K, , t € [0, 1 — G|, we can obtain
|78 pc > [|8]|pc, & € 0Kz, . 1t follows from Lemma 9 that T has a fixed point 9*
with 1) < ||9*|| < 12, which is a positive solution of problem (1.1). O

Theorem 3. Let (C1)-(C8) hold. If hg = oo or he = oo, then there exists Ko > 0
such that problem (1.1) has a positive solution for 0 < K < Ky.

Proof. Choose a number t; > 0 and

‘Cl
(/ 8G(s,5)q ds+28G (:5) s () +25sz7¢,) (1))

Jj=

-1
+<A+é>8min{<p<o>,w<1>}) ,

where N = max ¢ max h(t,y), max I;(y), max J;(y) p.For® € 0Kz, 0 <K <o,
et[(E)Jr] ye[0,71] ! ye[0,t]
y 1

1
| T pc < ¥ / 3G (s,s)q(s)ds max h(t,y)+ ZSG t s)]z z, q(t;) Il’[léix]l ()
0 — Y€l0,T
ye[OTl] /=1

+i5G(tj,tj)q( tj) max J;(y )+ N(A 4 B)dmin{e(0),y(1)}

j=1 y€[0,1]
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1 n
< KN [/ 8G(s,5)q(s)ds+ Y 8Gy(t,s)|i=,q(t;) +
0 j:1 S=1j j

8G(t),17)q(1))
=1

+(A +1§)8min{(p(0),\|1(1)}]
=T = ||13Hpc. (3-6)

If hg = oo, then there exists T, € (0,7;) such that A(¢,y) > my for all y € [0,12],
t € [0,1 — o] where 1 > 0 satisfying
l1-oc

KOO G(s,s)q(s)ds > 1. (3.7)

9

Then for © € 0Kx,,

T 0(t) > K/

9

1-o

0G(s,5)q(s)h(s,(s))ds > K/ oG(s,s)q(s)NO(s)ds

(o}

1-o

I-o
> woon [ G(s.5)q(s)ds|Bllrc > [[8]rc.
(&)

Hence, ||Tx0||pc > ||®]|pc, O € 0Kx,.
If Koo = oo, then there exists T3 > 0 such that h(t,y) > yy fory > 73, ¢ € [6,1 — O]
where 7 > 0 satisfying
1-o

KOGy G(s,s)q(s)ds > 1. (3.3)

(o}

T
Let T3 > max{t, g}, then for § € dKx,,

1-c

oG(s,s)q(s)h(s,O(s))ds > K/ oG(s,s)q(s)yS(s)ds

9

1-o

Td(1) > & /

c
-0

> Kkaoy [ G(s,s)q(s)ds|[8]pc > [|D|pc-
o

Hence, HTKﬂHpc > H‘G”pc, e 8KT3. - -

Then, Lemma 9 yields that T has a fixed point in K, \Kr, or Kz, \Kz, according to
whether hg = o or h. = oo, respectively. As a result, problem (1.1) has a positive
solution for 0 < K < K. O

n n n
Theorem 4. Let (C1)-(C8) hold. If i°+ Y 10+ Y J) =0 or =+ Y IT +
4 e~

j=1 J J=1
n
J7 = 0 such that problem (1.1) has a positive solution for Kk > K.
j=1
Proof. The proof is done similarly to the theorem 3. O

Corollary 1. Let (CI)-(C8) hold. If hg = he = oo, then there exists Ko > 0 such
that problem (1.1) has at least two positive solutions for 0 < K < K.
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n n n n
0 0 0_ poo o0 o
Corollary 2. Let (C1)-(C8) hold. If i°+ lej + Z%J, =h"+ X;lj + ZIJJ- =0,
Jj= Jj= Jj= Jj=
then there exists Ko > 0 such that problem (1.1) has at least two positive solutions for
K > Kp.

Theorem 5. Let (C1)-(C8) hold. If hy > 0 and he. > 0, then there exists Ky > 0
such that problem (1.1) has no positive solution for K > K.

Proof. Since hg > 0 and h. > 0, then there exist positive numbers Ny, 1M2,T1, T2
such that T; < ot and h(t,y) > My, y € [0,11], t € [0,1 — ], h(t,y) > Moy,
y € [T2,+90), t € [0,1 — ]. Let the positive number 13 be defined by

o . h(t,y)
N3 =minq Ny,MN2, mmn ———
te[o,l-0] Y

yeE[T1,72]

Then, A(t,y) > M3y, y € [0,72], 1 € [0,1 —0c] and h&(t,y) > M3y, y € [t1,+e0),
telo,1—-o0].

Assume 9(¢) is a positive solution of problem (1.1). We will show that this leads to a
contradiction for

1

1-oc :
(06113/ G(s,5)q(s)ds
[¢)

K>k =

Since T, 0(¢) = O(¢) for ¢ € J, then for k¥ > Ko and ||®|pc € [0,72],

1 1-o 1
19]|pc = |0 pc > Ticd (2> > K/ G (2,s> q(s)h(s,0(s))ds
o

> KoN3 /61_0 0G(s,5)q(s)8(s)ds

1-c

> KoWom3 G(s,5)q(s)ds||8| pc = [|O]|pc,
[}

which is a contradiction. For k > g and ||9||pc € [, 4o0),

1 1-o 1
[8|lpc = [|T®|pc > T <2> > K/ G (2,s> q(s)h(s,9(s))ds
(¢

1-o
> koo [ Gls.5)q(s)ds|[3]lre > 9]

(o}

which is a contradiction. Hence, problem (1.1) has no positive solution. ]
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n n n
Theorem 6. Let (C1)-(C8) hold. If i°+ Y I} + Y J} <o and h>+ ) I7 +
j=1 j=1 j=1
n
Z J7 < oo, then there exists Ko > 0 such that problem (1.1) has no positive solution
j=1
for 0 < ¥ < K.

Proof. The proof can be done similarly to the theorem 5. 0
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