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Abstract. In this paper, we study conformable backward stochastic differential equations driven
by a Brownian motion and a compensated random measure. We derive the conformable 1t6’s
formula with jumps and a priori estimates and we obtain the existence and uniqueness of solu-
tions under some assumptions in the framework of the conformable derivative. In addition we
get a predictable representation of the solution. Comparison theorems for the operator g under
different conditions are given. We also establish the inverse comparison theorem for the operator
g under a Lipschitz condition.
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1. INTRODUCTION

In stock transaction, the holder always expects that the option pricing problem
can be calculated and analyzed more accurately in order to avoid the risk and to
achieve the expected return and backward stochastic differential equations is a good
tool to deal with this kind of problem. The linear backward stochastic differential
equation was proposed by Bismut [4] in 1978. In 1990, Pardoux and Peng [19]
obtained an existence and uniqueness theorem for non-linear backward stochastic
differential equations under a Lipschitz condition; for applications in mathematical
finance, stochastic control, partial differential equations, stochastic differential games
and economics we refer the reader to [5,9, 11].

Mandelbrot [14] proposed in 1963 that the distribution of returns in the finan-
cial market has a typical thick-tailed characteristic which does not obey the general
normal distribution, and has the characteristics of self similarity and long-term cor-
relation. This has led to a large number of pricing models driven by Brownian motion
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that do not conform to the real market (see [7, 10,17, 18]). The fractional backward
stochastic differential equation can give a reasonable explanation to this kind of prob-
lem. Fractional Brownian motion is neither a semi martingale nor a Markov process
[15], so it can describe phenomena that cannot be described by semi martingales and
Markov processes, and it plays an important role in finance, hydrology, meteorology,
transportation, etc. It has self similarity and long-term memory [6], so it is practical to
describe asset price changes by fractional backward stochastic differential equations.
However, fractional derivatives have unique non-local characteristics (essentially dif-
ferent from the local properties of classical derivatives), so there are difficulties in the
theoretical analysis and application [13]. Khalil et al. [12] defined a derivative called
the conformable fractional derivative and when p = 1 its definition is consistent with
the classical derivative. The conformable derivative has not only some properties of
fractional derivative, but also some properties of integer order derivatives [2, 12]. In
this paper we consider conformable backward stochastic differential equations.

This article is mainly divided into six parts. First, we give some important lem-
mas that are applicable to conformable backward stochastic differential equation. We
give the Itd’s formula with jumps, state a priori estimates, and prove the existence of
a unique solution. Then, the predictable representations of different types of solu-
tions are studied. Next, we establish comparison theorems for the operator g under
different constraints, and give a class of inverse comparison theorems. Finally, some
examples are given to illustrate the theoretical results.

2. PRELIMINARIES

Let B(+) be a standard Brownian motion defined on the complete probability space
(Q, F, P) with the filtration { % };>0, B(R) denotes the Borel sets of R and [E denotes
the expected value. Next we give some definitions of spaces.

L2Q(]R) is a space of measurable function @ : R — R satisfying [ |9(s)|*Q(ds) <

oo, where Q is a ®-finite measure; L.?(R) is a space of random variable { : Q — R
satisfying E[|C|?] < oo; H?(R) is a space of predictable process Y : Q x [a,T] —
R satistying E[[;] Y (1)|?dt] < e with ||Y||%, = E[f) ¢ |Y()[?dt], © is a constant;
HZ (R) is a space of predictable process Z : Q x [a,T] x R — R satisfying

B[ [ zes)Pot.asnia) <=

with HZ||%12 =E[[] [ae®|Z(t,5)?O(t,ds)n(t)dr]; S*(R) is a space of adapted, cadlag
N

process X : Q x [a,T] — R satistying E[sup;c(, 1 X (1)]*] < e with [IX]2, =

E[sup;c(q rj e X (1)]?]-
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Definition 1 ([2, Definition 2.1]). The conformable derivative with low index p of
a function f : [a,0) — R is defined as

flrtex—a)'™P) - f(x)

€

Dy f(x) = lim ,x>a, 0<p <,
e—0

while D§ f(a) = lim,_,+ D§ f(x).

Remark 1 ([1, Theorem 2]). Fix 0 < p <1 andx > a. A function f: [a,e0) — R has
a conformable derivative Df f(x) if and only if it is differentiable at x and D f(x) =
(x—a)' P f'(x) holds.

Definition 2 ([2, Definition 3.1]). The conformable integral with low index p of a
function f : [a,o0) — R is defined as

Igf(x) = /axf(t)d(t _pa)p B /axf(t)(t_a)pildn x> a, 0< p <L

Definition 3 ([&, p.15]). Let ¥ be compensator of the random measure N. For any
(t,s) € [a,T] x R, the compensated random measure N is defined as
N(w,dt,ds) = N(o,dt,ds) — d(w,dt,ds).
Lemma 1 ([8, p.17]). If n: Q X [a,T] — [a,o) is a predictable process, Q is

a kernel from (Q x [a,T],B) into (R,B(R)) satisfying [ [22Q(t,ds)n(t)dt < oo,
then

O(dt,ds) = Q(t,ds)n(t)dt.

Lemma 2 ([16, Theorem 7.3]). Let f € L*(R). For any a <t < T, define x(t) =
[L f(s)dB(s) and A(t) = [!|f(s)|>ds. Then for any p > O, there exist universal posit-
ive constants cp, Cp(depending only on p), such that

P p
cpE[[A@) 2] <E[ sup [x(s)["] < C,E[|A(1)[>].
a<t<T
Lemma 3 ([8, Theorem 2.3.1]). (i) Let V : Q x [a,T| — R be a predictable process

satisfying [ aT |V (5)|?dt < oo. Then [V (s)dB(s) is a continuous local martingale with
the quadratic variation process

[ [ viwase), [ 'vmdB(T)] 0= [ VioPas asi<t

(ii) Let V : Q x [a,T| x R — R be a predictable process satisfying

/aT/R|V(tvs)|2Q(fadS)1](l‘)dt < .

Then [! [z V(t,s)N(d7,ds) is a cadlag local martingale with the quadratic variation

process
[/;/RV(T’S)MdT’dS)’/a./RV(T’S)MdT’dS)] (t)
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t
://]V(r,s)|2N(dt,ds), a<t<T
a JR

Lemma 4 ([8, Theorem 2.3.2]). Let V : Q x [a,T] x R — R be a predictable pro-
cess satisfying

/UT/R|V(tads)|Q(t,ds)n(t)dt < oo,
Then

//ths (dt,ds),a<t<T)

is a cadlag local martingale and

T
(/ /V(t,ds)N(dt,ds),a <1<T)
a R
is a cadlag process.

Lemma 5 ([8, p.23]). IfV is a non-negative predictable process satisfying

IE[ / ! /R V(t,s)Q(t,ds)n(t)dt] <
E[/HT/RV(t,s)N(dt,ds)] :IE[/GT/RV(t,s)Q(t,ds)n(t)dt}.

Lemma 6 ([8, p.42]). Lety> 0 and x1,x; € R. Then

then

1
2x1x| < §|x1\2+y\xz|2. 2.1)

Lemma 7 ([8, Theorem 2.5.1]). Let B be a (P, F)-Brownian motion, N be a
(P, F)-random measure with compensator 9(dt,ds) = Q(t,ds)n(t)dt. Assume an
equivalent probability measure QQ ~ P. Then

B%(1) = B(t) — /tcl)('c)dt, a<i<T,

NO(t,A) = N(1,A) // (1+%(1,5))Q(t,ds)n(1)dt, a <t < T, A€ B(R),

are (Q, F)-Brownian motion and a (Q, F )-random measure.

Lemma 8 ([8, Proposition 2.5.1]). Let M be the stochastic exponential defined by
dM(t )
M(t)

s)
s)

1)dB(1 +/ K(t,5)N (dt,ds), M(a) = 1,
where O(-) and K(-,
o] <K. [ Ix

The process M is a square integrable, positive martingale.

are predictable processes satisfying

2O(t,ds,m(t) <K, a<t<T, k(t,s)>—1,a<t<T,scR.
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3. EXISTENCE AND UNIQUENESS RESULTS

In this part, we consider the following conformable backward stochastic differen-
tial equation with jumps
dB(t
DRX(0) = —5(0.X(0),¥(0)200.)) + ¥ () 20

Jr Z(t,5)N(dt,ds)
+
dt
X(T)=({eL’(R),

where Dy is the conformable derivative, X is an adapted process, ¥ and Z are given
control processes, g: Q x [a,T] x R x R x LZQ(]R) — R is predictable, B(-) is a given
Brownian motion and N is a compensated random measure.

From now on, in order to simplify the notation, we think of ® as an implicit func-
tion in function g(,#,X(),Y(¢),Z(t,s)), so as not to cause confusion.

Using Definition 2, (3.1) has an equivalent form

dX (1) = —(t—a)’'g(1,X(2),Y (1), Z(t,-))dt + (t — a)®~ 'Y (t)dB(t)
St (t—a) ! / Z(t,5)N(dt, ds), (3.2)
R
X(T)=C.

3.1

,0<p<l1,t€laT],

Definition 4. A triple (X,Y,Z) € S*(R) x H?(R) x HZ(R) is called the solution
of (3.1) if (X,Y,Z) satisfies

T T
X() =0+ [ (=0 g(w X (0. Y(1). 205 )t~ [ (2= Y (1)dB(E)
—/T(’c—a)pI/Z(I,S)N(dr,ds), 0<p<l,a<t<T. (3.3)
t R

Next we give some important assumptions:

(S1) The terminal value { € L?(R).
(82) Forall (x,y,2), (¥',,7) € Rx R x LH(R), g is Lipschitz continuous and

e(t002) (0 )P <K (Jr= /Pt by P [ o) 0)P00as) )

as.,ae. r€[a,T],KeR.
(83) ELfJ 1g(1,0,0,0)Pdr] < .

Lemma 9. Suppose that (X,Y,Z), (X',Y',Z") € S*(R) x H*(R) x H%(R), and
(€, 9), (T',g) satisfy (S1), (S2) and (S3). Foranya <t <T, if

T
eG’|X(t)—X’(t)]2+G/t X (1) — X' (1) 2dv
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+ / ! ¢ (1—a)?P |y (1) —Y'(1)dt
Te(’T —qa)*P—1) s)—Z(z,s s
[ [t @@ Nz ~Z (ws)Poldsn (e
T
<eTL-CP+2 [ - (D) X))
x |g(t,X (1), Y (1),Z(1)) — &' (v, X'(1),Y'(1),Z (1)) |dr,
then
BIe[X(1) X ()] + B [ [ @ N -y
+E[ / / ot (1 — a)2P~D|Z(1,5) (r,s)|2Q('c,ds)n(T)dt]
<E[°T|L-C ]—l—(lsE[/tTe '(1—q)?P~1)
x [g(t, X (1),Y(1),Z(1)) —g’(T,X'(T),Y’(T),Z’(T))Izdf]-
Proof. From (2.1), one can see that
2 [ amap x5 - X0)
X ’g(‘C,X(T),Y(‘C),Z(T)) _gl(T7X,(T)7Y/(T)aZ/(T))’dT
< ;[TeGT|X(T) —X’(r)|2d'c+c/tT ™ (t—a)?P V)
x |g(t,X(7),Y(7),Z(x)) — &' (1,X'(1),Y'(x),Z'(x))|*dt, a <t < T.
Hence, we have
X (1) —X' (D) +o / " eI (1) - X' (1) 2
+ / ' e (1—a)P |y (1) —Y'(1)%dn
! % (1 —a)XP—D) s)—2Z'(t,9)) s
[ [ -0 iz - Z rs)Pol sz

< e"T|C—C'|2+;/Te‘”]X(t)—X’(t)|2d‘c—|—c/Te°T(t—a)z(p_”
x |g(1,X(1),Y(1),Z(1)) — ' (7, X' (),Y' (x),Z (%)) [*dt, a<t < T.
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Using Lemma 3 and Theorem 1.51 in [20], we note the integrals in the above inequal-
ity are uniformly integrable martingales. Thus

E[e™[X (1) - X'(1) ] + o [/IT X (1) —X’(T)\zdr]
+E[/Tem(’c—a)2(P1)’y(T) —Y’('c)zd’c}
+E|:/t‘T‘/Re0*c(1—a)2(9—1)|Z(T7S)_Z/(,C’S”ZQ(T’ds)n(T)dt]

ol 12 r ot , 2

<E[eTg- | ]+GE[/ 1 (1) - X'(0) dr]

+(1;E|:/ITEGT(T_a)2(pl)|g(T7X(’C),Y(’C),Z(’C))

—gl(‘C,X/(T),Y’(T),Zl(‘t))fzd’t} ,a<t<T.
Let Y= o, and we have

E[e |X (1) — X"(1)|*] + E [ / Te‘”('c —a)XP D)y (1) — Y'(r)zdr}
+E[ /t ' /R (1 —a)*P7V|Z(1,s) —Z’(r,s)\zQ(t,ds)n(t)dr]
<ELT =P+ LB [ (a0 Vg(e X (9, (9.209)

g/(*c,X’(r),Y’(T),Z’('c))|2dr} ,a<t<T,

as required. The proof is complete. O

Lemma 10. Assume that (S2) is satisfied and let 0 < p < 1. Then

T T
/ Y (1) — ¥ (1) P < (T — a)2(0P) / S (t—a)2P |y (1) — Y/ (1) 2,
‘ ‘ (3.4)

and
/a ! /]R (2T, 5) — 7' (1, 5) > 0%, ds)n (t)dx

T

<=t [ [ a0z - Z () PO dsDds. (335)
a R

Proof. We have

/T em(’c—a)z(pil)‘Y(’C) _ Y’(r)|2dr > /T em:(T _a)Z(Pfl)ly(,c) —Y/(’C)‘zd’t

a
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= (T —a)*P-V /T eTY (1) — Y/ (1) Pdr.

a

Thus
T T
/ Y (1) — V' (1) P < (T — a)2(0P) / (1 —a)2P |y (t) — Y/(1) 2,

a

where the function (- —a)2P~") monotonicity has been used. The inequality in (3.5)
can be obtained in a similar manner to that in (3.4). ]

Lemma 11. Foranya <t < T, we have
T
E [ / e |X (1) —X’(r)|2dr} < TE[ sup " |X(1)—X'(7)]*]. (3.6)
t t<t<T

Proof. From Lemma 2 and the Holder inequality, we have

E[/{TeGT\X(T)—X/(T)PdT} < \/ﬁEK/tTeZ“WX(r) —X/(’C)|4dfc>;]
< (T —0)EL sup ¢ (7)—X'(5)f]

< TE[ sup " X(t)—X'(1)]?], a <t <T.

1<t<T
The proof is complete. U
We introduce the conformable Itd’s formula with jumps here.
Theorem 1. Suppose U(-) =U(X(-),-) € C*'(R x Ry, R). Then, foranya <t <

T, we have

D a2 — (- - g X(0.Y (0,20,

+5( —a)2<p1>y2(z)>dt+ (t—a)P~ 'Y (t)S=dB(t)

1 2
+2(z—a)2<P—1>2”2‘/zz(t,s)N(dz,ds), 0<p<l. (@37
X JR

Proof. For any a <t < T, by Remark 1 and Lemma 3, we have

pev(n)a _p“)p — dU(r)

ou ou 19%u )
ou Ju 1 0%u
= —dt+ de(t) + Eﬁ

St = (t —a)*P=VyY2(1)dr
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1 8 u )
5 =aP0 VS [ 209N (dr.ds)
_ du | Ou
o p—12% .
= St — (1 —a)P~ S g(t.X (1), Y (1), Z(1,-))dr
—i—(t—a)p*la—Y(t)dB(t) Lou (t —a)*P~VyY2(1)dr
ox 2 0x2
+(t—a)p_lau/Z(t,s)N(dt,ds)
1 2
+§(t—a) ax2/Z (t,5)N(dt,ds), 0 <p <.
The proof is complete. U

Theorem 2. Suppose (S1), (S2) and (S3) hold and let (X,Y,Z),(X",Y',Z")
S*(R) x H2(R) x H%(R) be solutions to (3.1). Then

I ' + 12~ 2%

< (7= (BTGP 08| [ (e ape )

< 9(%,X (%), ¥ (1), Z(x) —g’(r,x’m),Y'(r),z’(r))r%zr} )

(3.8)
and
1Y =¥+~ Z |
T
§k<E[eGTc_C/|2]+E|:/ (‘C a)z(p 1)
< 1g(t.X (1), (2),2(1)) g'(r,xm,Y<r>,z<r>>|2dr} ) (3.9)
and

Hx—x’\ézs( V(T — ) ) T -

AL e

x [g(1,X (1), ¥ (1),Z(1)) — ¢'(7. X' (1), Y' (1), Z'(t ))Izdf], (3.10)

T
X=X < K (BT~ LRI+ E| [ ete-apo
t

><\g<r,x<r>,y<r>,z<r>>—g’(r,xm,Y<r>,z<r>>rzdr}), G
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where K depends on K\,K», and K depends on K,T,c,a, anda <t <T.
Proof. Case 1. Applying Theorem 1 to % |X(¢) — X'(¢)|?, then

S0 X WP +o [ () X (@) P

+ [ e ap Iy (e -V (o)

+ / [ e a0 Viz(5) =2 (x.5) PO(r. dsn(w)de
=L P42 [ e a XD - X ()

x |g(1,X (7)Y (1),Z(7)) — (7. X' (1), Y' (1), Z'(v)) d*
—2/ (=)’ X (1) X' ()Y (v) — Y'(x)|dB(v)

_2/ “(r—a)® X (1) - X'(x y/yzH )= Z'(%,5)|N(dr, ds)

—/ “(t—a)XP 1/\er "(1,5)|?’N(dt,ds), a<t<T. (3.12)
t

Thus
T
X ()~ X' (1)) + o / SFIX (1) — X' (1) dn
t

T
+ / (1 —a)2P DY (1) — V(1) Pdr
+ / ' / (1 —a)*PV|Z(1,5) = Z'(1,5) Oz, ds)n(T)dT

<eTg-tP 42 [ e (-ap X () - X'(0)
< (1 X(1).¥ (1).2(1) ~ ¢ (.X'(0).Y'(2).Z(¥)) [dm.a <1 < T,

From Lemma 9, we have
E [e6f|x(t) —x'(t)\z] +E [/Te‘“(r—a)z(pl)Y('c) —Y’(1)|2dt]
—HE[/ / ot (t—a)*P|Z(1,5) — Z’(r,s)\zQ(t,ds)n(t)dt]
1 T
E[e°T|C—C’|2]+GE[ | e e—aP Vg x (0¥ (). 2(2)

—gl(’C,X/(’C),Y/(’C),Z/(’C))|2d’t} a<t<T.
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Next from Lemma 10, estimate (3.8) holds.
Case 2. By the Lipschitz condition of g’ and (2.1), we get

2= a)P X (1) = X (1)| x |g (1, X (1), Y (), Z(1)) — &' (1, X' (2),Y' (1), Z'(1))]
< 2X0) =X (OP + (1~
* |g(t, X (1), Y (1),Z(1)) = ' (6, X (1), Y (1), Z(1))[?
+ Ii(t—a)z(pl) <\X(t) ~X'(OP+[Y (1)~ Y'(0)]?
+/R]Z(t,s) —Z’(t,s)|2Q(t,ds)n(t)>, a<t<T.
Similar to the proof of the estimate (3.8), but here we take y= SYS——°% ”f‘LSK ,6>2v2K

instead of Y= ¢ in Lemma 9, then the proof of estimate (3.9) is complete.
Furthermore, we can also establish the following estimates in the same way:

BIX () - X ()] < BTl U+ | [ e
x |g(1,X(1),Y (7),Z(7)) —gl(’C,X/(’C),Y/(T),Z/(’C)|2d’c], a<t<T, (3.13)
and

E{e‘”\X(t)—X’(t)F] <I?(E[eGTK—C'2]+E[/tTem(t—a)2(p_l>

x |g(t, X(1),Y(7),Z(7)) —gl(‘C,X(‘C),Y(‘C),Z(’E)Izd‘C} ), a<t<T. (3.14)

Case 3. By (3.12) and Definition 3 we have
%X (1) —X’(t)]z—i—c/tTem]X('c) —X'(7)|%dt
+/ “(t— )20y (1) — Y'(1) Pdr
+/ t(1—a)2P-) /yz” _7(%,5)|’N(dr, ds)

=P 2 [ ap XD - X'()
< I(g(x.X(3).Y (9).2(0) ~ (2.X(3).'(5),Z/(5) la

—z/ “(r—a)*~ X (x) - X'(0)||¥ (x) — ¥'(1)|dB(x)

—2/ (t—a)P !X (7) ]/|Z’cs Z'(1,9)|N(dt,ds), a<t <T.
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Note
o X (1) - X'(1)|*
<ML -gP+2 [ e e-ap () - X'(0)
X g5, X (1 >,Y<r>,z<r>>—g’(r,x’@,Y’<r>,z'<r>>|dr
T
+4 sup /e‘“(r—a)p’1|X('c)—X’(T)||Y(T)—Y’(T)]dB(T)
t€la,T) /1
T
4 su a)P X (z Z(t,s $)|N(dt,ds
w4 sup | [ (e WO X (@) [ [209) ~Z (20 N(dnds)|

According to Lemma 2, Lemma 5 and (2.1), we get

E[ sup ¢|X(1) —X'(r)]’]
t€(a,T]

T
<ET - P+ 28| [ ete-ap X - X )

< [§(T.X(1),¥ (1), Z()) —g’(r,x’m,Y'<r>,z’<r>>\dr]
# 5L s X)X 0]

—|—K16E[/IT ¢ (t—a)?P Dy (1) —Y’(t)|2d‘c]

+ Ko [ /t ! /R (1 — )PV 7(,5) —Z’(‘c,s)\zQ(t,ds)n(t)dt} ,

wherea <t <T, K|, Kb eRand0<p < 1.
From Lemma 9, we have

XX < BRI U+ B | [ e - X o]
T
w| [ e ape Vgt X0 (9).200)

—g’(r,x’u),Y’(r),z'(r))|2dr]
K1 +K;

E[ sup e”|X(1) —X'(1)]’]
t€la,T]

KE [ [ e a—ape v —Y’(r)\zdr]

+
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T
+sz1@[ [ [ e-arP iz - Z (x5 POl dsm(x)de|.
t R
Next by (3.8) and (3.6), one has

—Ki—K—-T -
ATy -y < (1+v<T—a> (- PK) TP
_ N\41-p) T
+V<I+MGK>E[/ " x (T—a)?P~D
t

x |g(t,X (1), (1),Z(1)) — &' (.X'(1),Y'(1),Z' (1)) *dr|,
where K depends on Kj and Kp,a <t <T. Lety> K|+ K, + T, and then

IX x| < (1+v<T—a>4“mk)E[e“ﬂc—m
_ N4(l-p) g T
+Y<1+MGK>E[/ " x (t—a)*P~D
t

x [g(t. X (1),Y (1), Z(1)) — &' (v.X'(1),Y'(v),Z'(v)) PPd|.
Choose Y= /G, and we have
XX < (1+ﬁ(r—a>4<1-P>K>E[e°T|c—C'|2]

+\F<1+ L > [ “(t—a)*P)

* |g(t,X (1), (1),2(1)) — &' (v, X' (x),Y' (1), Z'(v)) Pd |,

which proves estimate (3.10).
Case 4. By the Lipschitz property of g’ and some classical inequalities, then similar
to the proof process of estimate (3.10), we can directly get estimate (3.11). U

Remark 2. When p = 1, the above estimates are the same as in [8, Lemma 3.1.1].

We now prove the existence of a unique solution to the conformable backward
stochastic differential equation (3.1). The essence of this proof is to transform (3.1)
into an equivalent integral equation (3.3), and then prove the existence and unique-
ness of the solution of (3.3). Its proof idea is similar to the proof idea of the existence
and uniqueness of the solution to ordinary differential equations.

The following theorem is the core in this paper.

Theorem 3. Assume that (S1), (S2) and (S3) are satisfied. The conformable
backward stochastic differential equation (3.1) has a unique solution (X,Y,Z) €
S?(R) x H?(R) x H (R), provided 3 <p < 1.
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Proof. We first prove the existence of the solution. Suppose X°(T) = ¢, X°(¢) =

YO(t) = Z%¢,5) =0, (¢,5) € [a,T] x R and (X",Y",Z") € S*(R) x H?(R) x H(R).
Leta <t <T, and then let

n+1 _ r _ \p-1 n n n
X (r)_c+/t (1—a)®'g(t, X" (1), Y"(x), Z"(1, ))dx
- / " (= a1y (2)aB()

T
— / (t—a)P™! / 7" (1, 5)N(dr, ds). (3.15)
t R
For any m,n € R, |m+n|*> < 2(m? 4 n?). From (52), we get

(. X" (1), Y"(1),2" (1))
< lg(e,X"(r),Y" (1), 2" (1)) +(1,0,0,0)”
<2|g(t, X" (1), Y"(r),2"(1))” +2lg(2,0,0,0)

<20g(r.0.0.0 + 26 (X" 0P + V"0 + [ [P Qlrasi )

where a <t < T, K € R and g is independent of (X"*! y"+1 z+1),
According to (3.6), we have

T T
E[/ ‘g<faX"<t>vY"<t>,z"<r>>rzd’] S2E[/ !g<r,o,o,o>|2df} F2K(T || X"
+ Yl +11Z"]Fg) <o a <1 <T.

For any sequence of stopping times (,),>1, one has
T 2
Bl X )] = 4| [ (- e X0, 0.2 @) ) |
til
T
+E [ / (t—a)*P~D|y"+! (1:)|2d1:]
1,

+E[ [’IT/R(T_a)Z(p1)|Zn+1(T’S)FQ(TadS)T](’C)d’C},

By the Cauchy-Schwarz inequality and the properties of integrals, we get

’ K/tnT(T_a)plg(TaX"(T),Y”(r),ﬂ(r))d’f) 1

<E [ [ @i tas [* |g<r,x"<r>,Y"<r>,z"<r>|2>dr}

1
2p —

(-0 | [ X702 @R
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1 (T—a)®'E {/ZT yrl ('c)|2d'c] ,

In

E[/T(T_Q)Z(p1)|Yn+l(,c)|2d,c:| < ; 1

and

[/ [5-a iz Pt dsm(eas]

< 5oy -0 8| [ [ 12 woPotdsmas],

where 1 < p < 1. Thus for any a <t < T, we have E[[X" !, X"*1](r)] < o and
X"*1(¢) is a uniformly integrable martingale. Taking the conditional expected values
on (3.15), we get

EX" (1)) ZE[CJr/tT(T—a)"lg(’f?X"(’r),Y”(T),Z”(T,-))dflfz]-
Also the triple (X", Y"1 Z"1) must satisfy the equation
C+/aT(T—a)p‘lg(T,X”(T)vY”(T),Z”(T,-))df
ZE[CJr/aT(T—a)plg(va”(f%Y”(T)?Z"(T,'))df

g

T T
+ / (t—a)* Y™ (1)dB(T) + / (1—a)?! / 7 (1, 5)N (dr, ds),
a a R
then Y"*! and Z"*! can be determined by  and

T
E[C+/a (t—a)P g (T, X"(1),Y"(1),Z"(x,-))dx| ).

By Fatou’s Lemma and Doob’s inequality we can conclude that there exists a triple
(xn+l yn+l 7+ € S2(R) x H2(R) x H%,(]R)
Forany a <t < T, from Lemma 9, Lemma 10, (3.10) and (3.15) we have

HXn-H _Xn||é2 + HYn-H _YnH%[Z + HZn-H —Zn”%}v
T
<] [ e a e x 0.1 (0.20)
n—1 n—1 n—1 2
_g(TaX (T),Y (T),Z (T))‘ dt

< 2KK3(T — a7 X" = X" ||
Y =Yl + 12" = 2" )
<2KK3(T+1)(T —a)z(l_p)(HX" _xn-l Héz
Y=Y e + 12" =2 ), (3.16)
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where K3 = /o + (Tfa\)gip)K + (Tfa():(lip). Thus there exists a limit (X,Y,Z) €
S?*(R) x H2(R) x H(R) of the converging sequence (X"+! y"+! zn+1) , and
(X,Y,Z) satisfies (3.3).

Next, we prove the uniqueness of the solution. Suppose (X,Y,Z) and (X',Y’,Z’)
are solutions of (3.1). For any a <t < T, we have

T
X(t)-X'(t) :/t (v—a)’'[g(t. X (7). Y (1), Z(x,))

- g(’t,X’(’C), Y/(T)7ZI(T7 ))]dT
Nt apP (Y (1)~ Y'(0))dB(x)

|
_ /t " ap /R (Z(1,5) — Z'(1,5))N (dx, ds).
Then

E[ sup e |X (1) —X’(t)|2]

a<t<T

= E{ sup €%

a<t<T

[ G- ap e X (0.7 (0,265,
2]

+E{ sup e /, T(‘c—a)z(p_l)]Y(T) —Y’(T)]zdr}

a<t<T

- g(’C,X’(’C), Y’(’E),Z’(’C, '))]dT

—HE{ sup € /, ' /]R (t1—a)2PV|Z(1,5) — Z(1,5)PQ(x,ds)n(T)dx|.

a<t<T

From Lemma 10, (3.9) and (3.11), we can get
IX = X'lIg + 1Y =Yl + 12~ Z'|[ =0,

which proves the uniqueness of the solution (X,Y,Z). The proof is complete. U

4. PREDICTABLE REPRESENTATION OF SOLUTION

We introduce two types of predictable representations of conformable backward
stochastic differential equations. Assume that the terminal condition ( satisfies (S1),
and a generator g : [a,T] — R is a predictable process.
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Proposition 1. Lera <t <T, % < p <1, and we consider the backward stochastic
differential equation with zero generator

AX (1) = (1 — a)® 'Y (1)dB(t) + (t — a)®~ 1/2 (t,5)N(dt,ds),
X(T) =¢.
Then there exists a unique solution (X,Y,Z) given by
T
—t- [ (-0 ¥ (x)aB() -
t

Moreover, we have

r apl/sz (dt,ds).  (4.1)

t

X(1) = E[¢] 7],

and

C:E[C]—F/IT(’C—CZ)‘)1Y(‘C)dB(’C)+/tT(’C—a)pI/RZ(’C,S)N(d’C,dS).

Proof. Any solution (X,Y,Z) of the backward stochastic differential equation (4.1)
satisfies

{=X(a)+ / " (= a1y (1)dB(x) + / e ap-! /R Z(t,5)N(dx, ds).

From Lemmas 3 and Lemma 5, for any sequence of stopping times (#,),>1, one has

B X)) = ¢+ E| [ (-ae V@

E[ [/ <r—a>2<f>”\z<r,s>rZQ<r,dsm<r>dr]

1
<C2+2[)7_1T Clzp ]]E|:/ ’Y 2dT:|

+2p1—1(T )2~ 11@[/ / 1Z(t,5)]70(t dS)T](‘C)d’E}
4.2)

where % < p < 1. The stochastic integrals in (4.2) are uniformly integrable martin-
gales, then X is a square integral martingale and E[[X,X](a)] < co. Furthermore, we
derive Y € H?(R) and Z € H% (R). By Doob’s inequality and Theorem .9 in [20], we
can conclude that X € S?(IR). Taking the conditional expected value on both sides of
(4.1), we get X(t) = E[{| %], a <t < T. Next taking the martingale X () = E[{| F]
on both sides of (4.1), we have

C=E[g)+ [ (P Y (2B

+/ T— apl/er (dt,ds), a<t<T.
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In addition, the processes (¥,Z) can be uniquely expressed by £ and E[C]. O

Proposition 2. Leta <t <T, % < p £ 1, and we consider the backward stochastic
differential equation with generator independent of (X,Y,Z)

dX(t) = —(t —a)? 'g(t)dt + (t —a)*~'Y (1)dB(t)
(t—a)P~ 1/Z N(dt,ds),
X(T)=¢,

where g satisfies E| [ aT |g(7)|>d7] < oo. Then there exists a unique solution (X,Y,Z) €
S?(R) x H2(R) x HZ(R) satisfying

_ C+/IT(1:—a)p_1g(‘c)d1:— /tT('c—a)p_lY(‘c)dB(‘t)
— / T(r—a)f’*1 / Z(t,s)N(dr, ds). (4.3)
t R

Moreover we have

X(t)=E [C+/tT(1: —a)* 'g(1)dt

il
and

c+/ T—a) lgt)dt=F [§+/ T—a) g(x )d]+/T(r )Y (1)dB(x)

—i—/ T— ap]/Zts (dt,ds).

Proof. For any sequence of stopping times (,),>1, from Lemma 3 and Lemma 5,
one has

E[[X, X](t)] = C%EK/InT(T_a)plg(r)dT) T
T
HEU (t—a)*P Uy (c )|2dr]
+E[/ /T a)?P|z(1,5)2 (‘Cds)n(ﬂc)dfc} (4.4)

Next, from the Schwarz inequality we have

Immx«%n<¢+»l<r—@mlﬁ[

T
2
o (e

th

T
2p1_1(r a)- IEU e‘”\Y(r)]zdr]
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1

+2p_ﬁT amlE[/ / ¢°"Z(t,5)]*Q(t,ds)n(t)dx |, (4.5)

where % <p<Ll.

Notice that ftnT e9*Y (1)|%dt and ftnT Jr €% Z(t,s)[*Q(1,ds)n(t)dt are uniformly
integrable martingales. Since E[[! |g(1)[?dt] < oo, we can get E[[X,X](a)] < oo.
Furthermore, we also get ¥ € H?(R) and Z € H%(R). By Doob’s inequality and
Theorem 1.9 in [20], we see that X € S*(R). Since t — [ (1 —a)P~'g(1)d7 is ass.
continuous, see Sect. 4.3 in [3], then taking the conditional expected value in (5.4),
we get X (1) = E[{+ [T (1 —a)P~'g(t)dr| ], a <t < T. Next taking the martingale
X(t) =E[¢+ [T (t—a)P'g(t)dt| %] on both sides of (5.4), we have

C+/T(’ta)P—lg(t)dt:]E[CJr/T(‘ca)P—lg(*c)d‘c] +/T(‘Ea)P—IY(1)dB(’C)

—i—/ T— apl/Zts (dt,ds).

This finishes the proof. U

5. COMPARISON THEOREM AND CONVERSE COMPARISON THEOREM

For any (0,7,X(¢),Y(1),Z(t)) € QX [a,T] x R xR x LZQ(R), let

g(w,1,X(1),Y (t),Z(1,5)) :h(m,z,x<z),Y(t),/RZ(I,s)S(I,S)Q(t,dsm(t))
= h(w,1,X(¢),Y(1),U(t,5)),

where the process 8 : Q x [a,T] x R — R is predictable and non-negative.
Hence equation (3.2) can be written in the following form

AX () = —(t —a)° ' h(1,X (1) /Zts O(t,dsn(1))dt

+(t—a)° Y (1)dB(t) + (1 — a)°~! /R Z(1,5)N(dt, ds), (5.1
X(T)=C.

Definition 5. A triple (X (¢ ) Y(1),Z(r)) € R x R x Lj(R) is called the solution of
equation (5.1) if (X (¢),Y(¢),Z(t)) satisfies

C+/ t—a)P 'h( T, X(x (r),/Z(r,s)S(T,s)Q(t,ds)ﬂ(T))dr
—/ (t—a)P~'Y (x)dB(x )—/t T—a)" ‘/er (dv,ds),

t
wherea <t <T.
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From now on, in order to simplify the notation, we think of ® as an implicit func-
tion in the function h(w,#,X(¢),Y (t), [g Z(z,5)8(t,5)Q(t,ds)n(t)), so as not to cause
confusion.

Next we introduce the following hypotheses, denoted by H,.

(i) the generator h: Q X [a,T] Xx R x R x Lé(R) — R is predictable, continuous
and satisfies the Lipschitz condition

|h(w,t,x,y,u) 7h(0‘)7tax,ay,7u/)| < K(|X*X,| + |y7y,‘ + |u7u’|),

as., a.e. (0,1) € Qx [a,T], forany (x,y,u), (x',y,u') e RxR x LZQ(]R),
(ii) forany (z,x,y) € Q x R x R, the mapping u +—— h(z,x,y,u) is non-decreasing,
(i) the mapping t — [ |3(¢,5)|?Q(¢,ds)n(t) is bounded,
(iv) E[f |h(2,0,0,0)|2dt] < oo.

Theorem 4. Consider the conformable backward stochastic differential equation
T
X0 =C+ [ (t-aP e X@,Y (1), [ 26935500 dsn(x)de
t R

T T
_ / (t1—a)P Y (1)dB(t) — / (1—a)P! / Z(%,5)N(dt, ds),
t t R
where a <t < T. Assume that the terminal values {, {' € L?(R) and the generat-
ors h, W satisfy the hypotheses H.;. Let (X,Y,Z), (X',Y',Z') € S*(R) x H?(R) x
HZ (R) be the unique solutions with ({,h) and ({',h'). For any (t,x,y,z) € [a,T] x
RxR xR, if £ > and h(t,x,y,u) > I (t,x,y,u), then X(t) > X'(t), where u =
Jr2(t,5)0(t,8)0(t,ds)N (). In addition, for any a <ty <T, if X(t9) = X'(t9), then
X(t)=X"(t),t0<t<T.

Proof. The existence and uniqueness of solutions (X,Y,Z), (X',Y’,Z") follows
from Proposition 2. Define X () = X(t) —X'(t), Y(t) =Y (t) = Y'(t), Z(t) = Z(t) —
Z'(t) and U(t,s) = [g Z(t,s)d(t,s)Q(t,ds)n(t). The generator A’ is Lipschitz con-
tinuous in x, y and z, and we can define the following processes

{h(nX(t)J(t),U(t,s))— (£,X'(1),Y (1),U(t,s)) ifX(t) #X’(t),

h
X(t)

olr) =
) 0 otherwise,

=~

)

0 otherwise,

h(t,X'(1),Y (2),U(t,s))—h(tX'(),Y'(t),U(t,s)) if Y(t) 7& Y/(t)
B(r) = ’

and

JrZ(t,5)8(t,5)Q(t,ds)n(t)

h(t,X'(2),Y'(£),U(t,s))—h(t,X'(¢),Y'(t),U'(t,5)) if Z(t) 7& Z/(t),
y(r) = .
0 otherwise.
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Thus
dX(t) = —(t— apl[ /Zts (t,8)0(t,ds)n(t))
Y'(0), /R z (t,s)S(t,s)Q(t,ds)n(t))]dt
(t—a)° T (1)dB() + (1 —a)*" 1/ Z(t,5)N(dt,ds)
(- apl[ /Zts (1,5)0(t, ds)n (1)) + ()X (¢)
HBOFO) w0 / 200,980,500, d51(0) -+ ¢ 0P~ F@)a3()
(t—a)P~ 1/Z (t,s)N(dt,ds),
where

\

0(t.ds)n (1)
= h(t.X'(1), >/er<ts> (t.ds)n(r)

,/Z t,5)0(t,5)0(t,ds)(t)).
R
Applying Lemma 1 to X(t)exp(fat(l) —a)P~'o(v)dv), and we have

d% (1) exp < / " —a)P-la(u)du)

— (t—a)P ()R (1) exp ( / " —a)p_loc(l))d1)> dr
+exp ( / ‘v —a)ploc(l))d1)> dx (1)

— (—a) exp (/at(u —a)Pla(u)du)
<H(1X O 0), | 2698090000 )
~ =P BT 0e ([ 0P ool )ar— - i)
<exp( [[(v-ap o) [ 200930000 ds e+ o -
X exp ( / t(u—a)ploc(n)do)f/(t)dB(t) +(r—a)!
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><exp(/(—ap1 dU)/Zts (dt,ds)
a

By integrating both sides of the equation from ¢ to 7', one has

(1) exp ( / "o a)ploc(u)dn>

~Low( [ - aiw) + [ (e-ap !

X exp (/;(D —a)p_loc(l))d1)>
xﬁ(t,X’(r),Y’(r), Z/(’C,s)S(’C,s)Q(’C,ds)T](’C))d’C

832

+ / (t— )~ 'y(t)exp

T
—/ (’ca)plexp</( v—a)’ o dD)/Z’rs (dt,ds), a<t<T.
t a

From Lemma 7, we can introduce an equivalent probability measure

7|, ~ MO M@ =1
‘j‘/[f‘”ét)) = B(r)dB(1) +/R‘If(f)3(t,S)N(dfadS)a ast<T.

We know that |B(¢)| < K, [ [w(t)3(¢,5)|?Q(t,ds)n(t) < K and y(¢)d(t,s) > 1. Ac-
cording to Proposition 8, the process M is a square integrable martingale under the
equivalent probability measure Q. Then changing the probability measure, we have

X(t)exp </at(u —a)p‘loc(u)ch))
—Zexp </aT(u —a)ploc(v)d1)> +[T(r—a)pl exp (/;(u —a)pla(o)du>

><fz(ﬂ:,X/(T),Y’(T),/RZ’(T,s)B(T,s)Q(r,ds)n(r))dr
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T T
- o e ( [o-ap taian) Foas
1 a
T T B B
- / (t—a)* Lexp < / (o—a)Pla(u)du> / Z(%,5)N2(dr, ds), (5.2)
t a R

where a <t < T. By Lemma 2, Schwarz inequality, the definition of expectation and
the boundedness of the functions, we have

EQ [sup [ "= P exp ( / ‘o— a)ploc(n)d1)>17(r)dBQ(r)]
< KEC \//T (1—a)~Texp (/;(u —a)Ploc(U)ch))Y(r) zdr}

<KIEHd]P ] [/t (r—a)Plexp</;(u—a)f>1a(u)du>?(r) zdr}
<K (T;?ZM \// exp "(o—a)Pla )du) (1) dr]
and

EC [sup /, "= P exp < / I(D—a)ploc(l))aﬂ)) /R Z(t,s)NQ(dr,ds)]

gKE@[(/tT/R(‘c—a)p_l

><exp< / v—a)Plo (D)db)Z(r ) 2Q(t,ds)n(‘c)d1:>]
<KEH ]E[/ / t—a)

Xexp(/a v—a)? o du) 0(t,ds) ()dr}
W= ST

exp( / T(D—a)p e )du> (%,5) Q(r,ds)n(r)dr)z}.

Taking the conditional expectation on both sides of equation (5.2), we get

X(r)exp ( / " —a)Pla(n)do)
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=EQ [f;exp (/aT(U—a)ploc(u)du>
+/tT(r—a)plexp (/‘;(u—a)pla(n)du>

xE(t,X’(‘c),Y’(‘c), /R Z’(’c,s)8(’c,s)Q(r,ds)n(t)>dt

Hence for any a <1 < T, we have X (¢) > X'(z).

For the last part note we add a hypothesis X (ty) = X'(ty), that is, X (ty) = 0, where
a <ty <T. Notice that { > 0 and h(r,X'(t),Y'(t), [ Z'(t,5)8(t,s)Q(t,ds)n(r)) > O,
then we can conclude that { = 0 and h(t, X' (t),Y'(t), [g Z'(t,5)8(t,5)Q(t,ds)n(t)) =
0, where ro <t < T. By (5.2), one has

(1) exp < / " —a)p_la(u)du)

- _/ZT(t—a)p‘l exp (/;(D—a)p_](x(l))dl)>l7(‘c)d3@(‘c)

- [ emarten ( [o-arawa)

X / Z(t,s)N(dt,ds), tg <t <T. (5.4)
R

T,} . (5.3)

Taking the conditional expectation in (5.4), the proof of the second conclusion is
complete. O

On the basis of Theorem 4, we propose an inverse principle of the comparison prin-
ciple.

Theorem 5. Consider the conformable backward stochastic differential equation
X0 =+ [ (—aPh(z.X (), /z 1,5)8(7,5) 0 (1, ds ) (1) )dt
T

_ / (t1—a)P Y (1)dB(t) — / Yeap! /R 2(%,5)N(dv, ds),

where a <t < T. Assume that the generators h, I’ satisfy the hypotheses H. Let
(X,Y,Z), (X',Y",Z') € S*(R) x H*(R) x H%(R) be the unique solutions with h and
K. For any (t,x,y,u) € [a,T] x R x R x L3(R), if { = {' € L*(R) and X (t) > X' (1),
then h(t,x,y,u) > I (t,x,y,u), where u(t) = [pz(t,5)0(t,5)0(t,ds)n(1).

Proof. According to the proof of Theorem 4, we can still get formula (5.3),

X(r)exp ( / " —a)Pla(u)do)
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z T 1 T 1
—FQ|Zexp / (0—a)Pov)dv ) + / (t—a)P
a t

X exp (/;(1) — a)pl(x(l))dl)>

xE(t,X’(‘c),Y’(‘c), /R Z’(’c,s)8(’c,s)Q(r,ds)n(t)>dt

il
Since { = C', the above formula can be rewritten as

X(r)exp </at (v— a)"loc(n)d1)>

—EQ [/IT(‘c—a)p_l exp (/;(u —a)p_loc(l))d1)>
X fz(t,X’(t),Y’(t),/RZ’(t,s)8(t,s)Q(t,ds)n(t))dt
¥

(t), we have h(z,x,y,u) > h'(t,x,y,u). The proof is complete.
U

il

Hence for any X (1) >

Theorem 6. Consider the following conformable backward stochastic differential
equation

X(1)=C+ T(T—a)p_lg(faX(T),Y(T),Z(% ‘))dt

—/ (r—a)plY(t)dB(t)—/T(r—a)p1
x RZ(t,s)N(dt,ds), 0<p<l,a<t<T.

Assume that

(i) the terminal value ¢ € L*(R),
(ii) the generator g: Q x [a,T] x R x R xR — R is predictable and Lipschitz in

xandy
|g(t,x,y,z) _g(taxl7yl7z)’ < K(|X—X” + |y_y/|)a

In addition, for any (x,y,z), (x,y,7) € RX R X R, there exists constants
—1 < Cy <0andCy > 0 such that

gle10:2) 8000, ) < [ (al0,9) 20,957 (,5)000, ()
where 8337 (t,5) : Q x [a,T] x R — R is predictable and satisfies
Ci(1As]) < 8% (,5) < (1A s]),
(i) E[f] g(2,0,0,0)[2ds] < co.
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Let (X,Y,Z) € S?(R) x H*(R) x H(R) and (X',Y',Z') € S*(R) x H*(R) x HZ(R)
be the unique solutions to the above equation with (C,g) and C’ ").  For any
(t,%,9,2) € [a,T| x Rx R xR, if { > C and g(t,x,y,2) > &'(t,x,y,2), then X(t) >
X'(¢). In addition, forany a <ty <T, if X (to) = X'(t9), then X (t) = X'( ),60 <t <T.

Proof. Notice that %7 (¢,s) depends on x,y,z,z and when it is greater than
Ci(1 Als|), it can also be negative. According to hypothesis (ii), we can conclude
that the generator g is also Lipschitz in z such that

|g(t,x,,2) — g(t,x,y,2)| SCz/RIZ(t,S)—Z’(LS)\(IAISDQ(LdS)ﬂ(f),

where C3 > max(—Cj,C;). In other words, there exists a predictable process §rvad
Q % [a,T] x R — R such that

8003 = 8(tx0.2) > [ (l0.9) = 0.9)F5 (1.5)Q(0.ds)n(0).
where —C3(1 A |s|) < &2%(¢,5) < C3(1 As|). Hence we can get
18(t,x,y,2) —g(t,x',y', 7)) SK(!x—X'IJr!y—y’!+/R!Z(hs)—Z'(t7S)|

x max (|8 (1,5)[, [§7 (1, ) ) Q(t,ds)N(r))-

The existence and uniqueness of the solutions (X,Y,Z) and (X’,Y’,Z") follow from
Theorem 3.

Let
Xt)=X(@t)-X'(2), Yt)=Y(@)-Y'(t), Z(t) = Z(t) - Z'(t), and
Ult,s) = /R Z(1,5)8(t,5)0(t,ds)n ().
Since
g(m,t,X(1),Y(2),Z(t,s)) = h(w,t,X(2),Y(t) /Z (t,s) O(t,ds)n(t))

= h(m,t,X(t),Y(t) Ult,s)),

we also have

gtX ()Y (1).Z(t,5)—g(t.X"(1),Y (1),Z(t,5)) - /
() - if X(1) £ X'(0),
0 otherwise,
and
g(l,X/(l‘),Y(Z),Z(l‘,S))—g(l‘,X’(l‘),Y/(l),Z([,S)) o /
) o i Y £Y(1),
0 otherwise.
Then

d)z(t) = _(t _a)pil[a(t))z(t) + B(I)Y(t) —l—g(l,X’,Y’,Z)
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—g(6,X',Y" . Z)+ §(t,X" Y, Z))dt + (1 — a)P 'V ()dB(r)
4 (t—a)! / Z(t,9)N(,9).
R
Applying Lemma 1 to X (¢) exp( ! (v —a)P~'a(v)dv), we have
!
dX (1) exp < / (v— a)Pla(u)du>
t
= —(t—a)P 'B(O)Y (1) exp (/ (v —a)pl(x(l))d1)> dt
~=ap e ( [ (v-aP e )is.X ¥ 2) - 0. XY 2 a
t
—(t—a)® exp </ (v— a)"‘loc(u)m)) g (t,X’(t),Y’(t),Z’(t,s)) dt

+(t—a)® Texp / ‘v —a)ploc(u)du)f’(t)dB(t)

4 (r—a)Pexp ( / t(u—a)ploc(l))du> /R Z(t,5)N(dt,ds)

By integrating both sides of the equation from ¢ to 7', one has
!
(1) exp ( / (v— a)ploc(u)du>
a
. T
= Cexp (/ (v —a)ploc(u)dn>
a

=

N
a
NP
>
&
:—\

QU
No))
Q

IN
IN
N

Notice that g(7,x,y,z) — g(t,x,%,2') > [ Z(t,8)8%7 (1,5)Q(t,ds)n(t), then

X(r)exp (/at (v— a)ploc(u)du)
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> Lo ([ (v-ap oty >du>+/T<r P18
xexp(/;(l) a)P oy > dr—i—/ T—a)!
xexp</;(u—a)9 e )du)/R (1,5)557 (1,5)0(t, ds) (t)d

_ /t "= P exp < / ‘o— a)Pla(u)du) ¥(1)dB(x)

- /, T(I—a)plexp( / T(D—a)"%x(b)dl)) /R Z(,5)N(dr,ds).

Define
dQ
di]P’ . :M(t)v M(a) =1
o, = BB+ [ 5 0 0¥ @ ds) a<r<T

According to Lemma 7, we get

(1) exp < / "o a)ploc(u)du)
> Cexp </aT(1) —a)p‘loc(u)ch))

+/tT(1—a)"1exp </;(U—a)"loc(u)du>g(1,X’(r),Y’(r),Z’(r,s)>dt
—[T(T—a)plexp </;(1)—a)p1(x(D)d1)>I7(’c)dBQ(’c)

_ /t T(t—a)p_lexp< / T(U—a)"”OL(D)dU) /R (v, 5)NO(dr, ds).

Taking the conditional expectation on both sides, we have

X (1) exp ( / " —a)ploc(v)du>

>EQ [iexp (/aT(U—a)p‘loc(u)dn> +/tT(1—a)P—1

X exp </ar(u—a)"loc(u)du)g(r,X’(r),Y’(r),Z’(r,s)

al



CONFORMABLE BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS WITH JUMPS 839

Since > 0 and g(1,X’,Y’,Z') > 0, we can conclude that X (r) > 0. The proof of the

first assertion is complete. ~
According to X (t9) = X'(t0), a <19 < T, we have { =0 and g(¢,X’,Y’',Z') = 0.

Then

X (1) exp ( / "o a)Pla(u)du>
>_ /, "= P exp ( / ‘o —a)pl(x(l))dD)Y(r)dBQ(T)
- /t e Texp ( / ‘(o a)P-la(u)du> /]R (. )N (dr, ds).

Taking the conditional expectation on both sides of the above inequality, we can get

X(t) >0.
In the same way, since

tx02) = 81,032 < [ (2(6.9) 20,98 (1.9) 000 s (),

one has

(v— a)ploc(u)du) Y (1)dB(7)

_ /t =P exp / T(U—a)ploc(l))d«o) /R Z(t,5)N(dx, ds).

Define

aQ| B
#, = M(t), M(a) = 1

C%Y)) =BOdB() + [ 819N (dr.ds). a<r <T.
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According to Lemma 7, { = 0 and §(t,X',Y',Z') = 0, we get

X(t)exp </at (v— a)ploc(l))d1)>
<_ /, el Texp ( / ‘o —a)p_loc(u)du>l7(t)dBQ(t)

_/IT(fc—a)p_lexp (/at(l) a)’” d0> / Z(t,5)N®(dr,ds).

Taking the conditional expectation on both sides, we can conclude that X(¢) < 0.
Combined with the inequality X () > 0, we get X(t) =0, to <t < T. The proof is
complete. O

Notice that the comparison theorem does not hold when the generator g only sat-
isfies conditions (S1), S(2) and (S3). In the next section, we will give a counter
example.

Remark 3. When p = 1, the above comparison theorems are the same as in [21,
Theorem 2.5] and [2 1, Theorem 2.6].

6. EXAMPLES

Example 1. Consider the following linear conformable backward stochastic dif-
ferential equation

C+/ta"‘b d‘H—/’Ea -
T
X c(r)Y(r)dt—/ (t—a)? 'Y (1)dB(1), a<t<T.
t
Let £ € L*(R), and let b(-) and ¢(-) be F-predictable, bounded processes. From

Theorem 3, there exists a unique solution (X,Y) € S*(R) x H?(R).
Define

X(t)=X(t)exp (/at(v—a)"‘lb(v)dv), a<t<T
Y(r)=Y(t)exp </at(v—a)plb(v)dv>, a<t<T.

Then we apply the 1to’s formula to X (¢), and one has

dX (1) = (1 —a)® (1) exp ( / ‘(v —a)Plb(v)dv> di
+exp (/a[(v —a)plb(v)dv> dX (1)
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= (r—a)® 'b(t)exp </Z(v —a)plb(v)dv> dt
’

(=) 'b(1) exp </I(v —a)Plb(v)dv> di

y
—(z—a)P-lc(z>exp< / (v—a)> 1b(v)dv> (1)di

;
—I—(t—a)p_lexp(/t(v a)P~'b(v)dv )Y (t

;

—(t—a)plc(t)exp< / (V—a)P 1b(v)dv> (1)d
+(t—a)plexp</a(v a)® 'b(v dV)Y

By integrating both sides of the equation from ¢ to T, we get

R(1) = X(T) +/IT(I—a)p_lc(‘c)l?(‘c)d‘c—/IT(‘c—a)p_]Y(T)dB(T).

Let
5, = M), Ma) =1,
dM (1) B

According to Lemma 7, we have

A A T A
R(1) = X(T) —/t (t1—a)* "7 (x)dBY(x).

Since the process ¥ is a.s. square integrable, we can conclude that X is a Q-local mar-
tingale, and by Lemma 2 and some important inequality we have X (1) = EQ[X (T)| #].
In addition, we can get

|

Cexp ( / " a)P-lb(v)dv> — RO {Cexp ( / " a)P-lb(v)dv>

- /T(T—a)plff(r)dBQ(r).

The above results satisfy Proposition 1.

Example 2. Leta <t <T and 0 < p < 1, and we consider the following conform-
able backward stochastic differential equation

DEX (1) = —rX (1) + Bt —a) PX (2 | JeX(ONr.ds)

dr dr (6.1)
X(T)=¢,
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where r, 3 € R. From Remark 1, equation (6.1) has the equivalent form
dX (1) = —r(t —a)’~'X (t)dt + BX ()dB(r)
(t—a)P~ 1/ X (t)N(dt,ds),

X(T)=¢.
Suppose U(7,X(t)) = InX(z). From Theorem 1, we have

cnnxa>=:xb)¢xc»—zxi(ﬁdxanz
—r(t—a)P~” 1dt+BdB()+X:)(t a)P~! X N(dt,ds)
b ZXi(t) (6 =apo=) [ XN (ards)
—[dr—aw1+iﬁﬂdt+ﬁd30>
—(t—a)P” 1/x N(dt,ds)
2X2 /X2 N(dt,ds).
Then

InX (¢ 1n§+/ [ (t—a)P '+~ Bz]dt

/BdB +/X (t— apl/X N(dt,ds)

Pl/x2 N(dt,ds),

: 2X2(t

and the solution of (6.1) is expressed as

X(t) = Gexp <;[(T —a)’ —(1—a)’]+ lBZ(T —1) =B(B(T) - B(1))

/BdB +/X tapl/X N(dt,ds)
- i / X2(0)N(dt ds)
t

Taking the conditional expected value on both sides of the above equation, one has

X(0) = ECexp{ 5T~ = (t=a)’ )+ 3BT~} 7,
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which satisfies Proposition 2.

Example 3. Consider the conformable backward stochastic differential equations

X0 =G+ [ (0P a1 (X (0710, 21(5,)) +vi (s

—/T(‘c—a)p_lYl(‘c)dB(t)—/ (1—a)®~ 1/z1 T, 5)N(dr, ds),
(6.2)

and

%) =Gt [ G- 610, 10.2069) @k

—/T(r—a)ple(r)dB(r)—/ (1—a)P" 1/22 T, 5)N(dr, ds),
(6.3)

where 0 < p < 1,a <t < T and v{(-),v2(-) € S*(R). Assume that the generator g
and g, satisfy condition H. At this time, forany a <7 <T,let{; =0, {, = (t=a)?
and g1(,X,(1),Y1(2), Z1 (1)) +v1(t) = 0, g2(,X5(1),Y2(2),Z5(t)) + v2(t) = 1, then
(X1,Y1,Z1) = (—K(B(T) — B(t)),K(t —a)'~P,0) is the unique solution of equation
(6.2) and (X2,Y2,2>) = (@ —K(B(T)—B(t)),K(t —a)'~P,0) is the unique solu-
tion of equation (6.3). Obviously, {; > {; and g> + Vv, > g1 + V1, and we know that
Xa(t) > Xi(t), which satisfies Theorem 4.

In the financial market, such as the Merton model, v(-) represents the investor’s
consumption rate, X (¢) represents his property at time z, Y (¢) represents the portfolio
strategy at time 7 under the condition of small fluctuation, and Z(z,s) represents the
portfolio strategy at time ¢ affected by large fluctuation. At this time, the comparison
principle has the following explanation, that is, if an investor wants to achieve a
higher fiscal revenue at a future moment, then the investor must either invest more
money now, or reduce consumption before time 7'.

Example 4. Consider the following price model of a stock
T
e +m/ T—a)l gi(1)dT— n/ (t1—a)°"'Y,(1)dB(7)
t
—/ T— apl/z N(dt,ds), a<t<T, (6.4)
t

where i = 1,2 and m,n € RT. Let generator g; satisfy the condition H.. Choose
Yl(t) = T(I—a)l_p, Yg(t) =0 anle(t) :ZQ(I) =0. Forany C] = Cz = C_,, ile(t) =

and X, (f) =t — 1, we can get

T
- C—i—m/l (1—a)® g (t)dt—nT(B(T) —B(t)), a<t <T,
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and -
f—1= §+m/ (T—a)p’lgl(r)d’c, a<t<T.
t

Then g;(7) = 7077“)17')[1 —nTB (1)), g2(t) = 7(,770)17,; and{ =T —1. Clearly, g (t) >
g2(t) which satisfies Theorem 5.

Example 5. Consider the following conformable backward stochastic differential
equation

X0 =0t [ (- aP gt x (1), Y (1), 2(1))dx
T

_ / (1—a)° 'Y (1)dB(t) — / e ap-! /R Z(t,5)N(dv.ds),  (6.5)

t t

where the intensity of the Poisson process is 1. Let g(7,X,Y,Z) = —2Y(¢) and g only
satisfies the conditions (S1), (S2) and (S3). Then

t
//N(d’c,ds),agth,
a JR

is a standard Poisson process. If we choose { =0 and {' = [ [ N(dx,ds), then
(X(t),Y(t),Z(t)) = (07070) and (X/(t)7Y/(t)7Z/(t)) = (fat IRN(d’C,dS) - (T_t)707 1)
are the unique solutions of the equation (6.5) with ({,g) and ({',g). The existence
and uniqueness of the solutions (X (¢),Y (r),Z(¢)) and (X'(¢),Y'(¢),Z'(t)) follow from
Theorem 3. It is clear that £ < ', but X (r) > X'(z).
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