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ON FEJÉR-HERMITE-HADAMARD INEQUALITIES FOR
FUNCTIONS INVOLVING FRACTIONAL INTEGRALS

SIKANDER MEHMOOD, FIZA ZAFAR, HASAN FURKAN, NUSRAT YASMIN,
AND AHMET OCAK AKDEMIR

Received 19 February, 2021

Abstract. In this paper, some new estimations of Hermite-Hadamard-Fejér type inequalities for
higher order differentiable preinvex functions are established via fractional integral operators.
The main motivation point of the study is that our findings, which include generalized preinvex
functions for Hermite-Hadamard-Fejer type inequalities by means of fractional integral operat-
ors, are the rare results in the literature. The coincidence of the special cases of the our main
theorems with the earlier works in the literature is also demonstrated as a verification of our
results.
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1. INTRODUCTION

Many researchers have concentrated on the concept of convexity, which has an im-
portant place in mathematics as well as in many other disciplines with its applications
and features. We will start by recalling two basic inequalities built on the concept of
convexity, which is the task of establishing the strong link between inequality theory
and convex analysis. The Hermite-Hadamard inequality, which produces bounds for
the Cauchy mean value of a convex function, and the Hermite-Hadamard-Fejér in-
equality, which is a weighted version of this inequality, have very useful and effective
applications in mathematical analysis, engineering, statistics, physics and numerical
integration.

Assume that g is a convex mapping such that g : V ⊆ R→ R and ℓ1, ℓ2 ∈ V with
ℓ1 < ℓ2, then the inequality

g
(
ℓ1 + ℓ2

2

)
≤ 1

ℓ2 − ℓ1

ℓ2∫
ℓ1

g(x)dx ≤ g(ℓ1)+g(ℓ2)

2
. (1.1)

is known as the celebrated Hermite-Hadamard inequality in the literature.
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In [12], a motivated generalization of inequality (1.1) is established by Fejér as
follow:

g
(
ℓ1 + ℓ2

2

) ℓ2∫
ℓ1

f (x)dx ≤
ℓ2∫

ℓ1

f (x)g(x)dx ≤ g(ℓ1)+g(ℓ2)

2

ℓ2∫
ℓ1

f (x)dx, (1.2)

holds, where f : [ℓ1;ℓ2]→R is a nonnegative, integrable function and it is symmetric
about x = ℓ1+ℓ2

2 .
Although fractional analysis is historically as old as classical analysis, it has not

only rapidly increased its popularity in recent years, but also the properties and ap-
plications of new concepts that have been gained to the literature by fractional ana-
lysis have made a breakthrough especially in applied sciences. Fractional analysis
makes it attractive for many researchers, with its advantages and perfect compat-
ibility with classical analysis for some concepts whose deficiencies are discussed
according to classical analysis. Defining fractional derivatives and integral operat-
ors, revealing their properties, using them in modeling and solving equations dealing
with various natural phenomena, memory effect caused by locality and singularity
of kernel structures, and effective results obtained in applications are the factors that
carry the fractional analysis forward. To provide further on fractional analysis, see
the papers [1–4, 6–11, 13, 14, 18, 21, 23–25, 27]. Now let’s get to know one of the
cornerstones of fractional analysis, the Riemann-Liouville fractional integral integ-
rals, and the fractional version of the Hadamard inequality that includes these famous
operators.

Theorem 1. (See [22]) Let g : [ℓ1, ℓ2]⊆R→R with 0 ≤ ℓ1 < ℓ2 and g ∈ L[ℓ1, ℓ2].
If g is positive and convex function on [ℓ1, ℓ2], then the following inequalities hold:

g
(
ℓ1 + ℓ2

2

)
≤ Γ(α+1)

2(ℓ2 − ℓ1)α

[
Jα

ℓ2
g(ℓ1)+ Jα

ℓ1
g(ℓ2)

]
≤ g(ℓ1)+g(ℓ2)

2
.

with ß > 0.

Here, the left and right-sided Riemann-Liouville fractional integrals of the order ß
∈ R+ denoted by the symbols Jß

ℓ1
and Jß

ℓ2
that are defined in [15]

Jß
ℓ1

g(x) =
1

Γ(ß)

∫ x

ℓ1

(x− t)ß−1g(t)dt, 0 ≤ ℓ1 < x ≤ ℓ2

and

Jß
ℓ2

g(x) =
1

Γ(ß)

∫ ℓ2

x
(t − x)ß−1g(t)dt, 0 ≤ ℓ1 ≤ x < ℓ2.

If we choose ß = 1, the fractional integral becomes the classical integral.
Researchers who have worked on the concept of convexity have introduced many

new types of convex functions, made definitions of convexity in multidimensional
spaces, and contributed to the spread of the concept to a wide spectrum from operator
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convexity to convexity defined in n−dimensional space. As a result of these efforts,
many new classes of functions, their properties and countless inequalities built on
them have been revealed. In this context, we will continue with the concept of prein-
vexity, which is a generalization of convexity. But first, let’s remind the definition of
invex sets.

Definition 1. (See [5]) A set V ⊆R is invex with respect to the map ℑ : V ×V →R
if for every ℓ1, ℓ2 ∈V and t ∈ [0,1], ℓ2+ tℑ(ℓ1, ℓ2)∈V. The invex set V is also called
an ℑ-connected set. Every convex set is an invex set but its converse is not true.

Definition 2. (See [29]) Let V ⊆ R be an invex set and a function g : V → R is
said to be preinvex w.r.t. ℑ if

g(ℓ2 + tℑ(ℓ1, ℓ2))≤ tg(ℓ1)+(1− t)g(ℓ2) .

∀ℓ1, ℓ2 ∈V and t ∈ [0,1] .

If ℑ(ℓ1, ℓ2) = ℓ1 − ℓ2 , then in classical sense , the preinvex functions coincide
convex functions. Recently, the following identity has been proved by Sikander et. al
in [20] for ň−times differentiable preinvex functions.

Lemma 1. Let V ⊆ [0,∞) be an open invex subset with respect to ℑ : V ×V → R.
Suppose g : V → R is a function such that g(ň) exists on V and g(ň) is integrable on
[ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)] for ň ∈ N, ň ≥ 1, then for every ℓ1, ℓ2 ∈ V with ℑ(ℓ2, ℓ1) > 0, the
following equality holds:

g(ℓ1)+g(ℓ1 +ℑ(ℓ2, ℓ1))

2

− Γ(ß+1)

2(ℑ(ℓ2, ℓ1))
ß

[
Jß
ℓ+1

g(ℓ1 +ℑ(ℓ2, ℓ1))+ Jß
(ℓ1+ℑ(ℓ2,ℓ1))−

g(ℓ1)
]

=
ň−1

∑
κ=1

Γ(ß+1)(ℑ(ℓ2, ℓ1))
κ

2 Γ(ß+κ+1)

[
(−1)κ−1g(κ)(ℓ1 +ℑ(ℓ2, ℓ1))−g(κ)(ℓ1)

]
− (ℑ(ℓ2, ℓ1))

ň
Γ(ß+1)

2 Γ(ß+ ň)

×
∫ 1

0

[
(1− t)ß+ň−1 +(−1)ňtß+ň−1]g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt,

for ß > 0 and ň ≥ 1

Similar results can be found in [16, 17, 26, 28, 30].
The main purpose of this study is to create integral identities that include Riemann-

Liouville integral operators that have the potential to produce Hermite-Hadamard-
Fejér type inequalities for ň−times differentiable preinvex functions and to obtain
integral inequalities that present new approaches based on these identities.
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2. MAIN RESULTS

In the sequel of the paper, we will denote

∥ f∥
∞
= sup

x∈[ℓ1 ,ℓ1+ℑ(ℓ2 ,ℓ1)]

| f (x)| ,

where f : [ℓ1;ℓ1 +ℑ(ℓ2, ℓ1)]→ R is a continuous function, g(ň) is the ň-th derivative
of g w.r.t. variable t and Ļ[ℓ1, ℓ2] is the classes of all real-valued Riemann integrable
mappings defined on [ℓ1, ℓ2] .

Lemma 2. Suppose that V ⊆ R is an open invex set and ℑ : V ×V → R is
a mapping. Assume that g : V → R is a differentiable mapping such that g(ň) ∈
L [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)] where ℑ(ℓ2, ℓ1) > 0. If w : [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)] → [0,∞) is an
integrable mapping, then we have the following equality:
ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

×
[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]

=
1

Γ(ß)

∫ 1

0
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt, (2.1)

for ∀ℓ1, ℓ2 ∈V , where

w(t) =



∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň , t ∈
[
0, 1

2

)
.

∫ t

1

∫ t

1
...

∫ t

1︸ ︷︷ ︸
ň−integrals

(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň , t ∈
[1

2 ,1
]
.

Proof. Consider∫ 1

0
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

=
∫ 1

2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt
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+
∫ 1

1
2

∫ t

1

∫ t

1
...

∫ t

1︸ ︷︷ ︸
ň−integrals

(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt = I1 + I2

From the first integral, we have

I1 =
∫ 1

2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

=
1

ℑ(ℓ2, ℓ1)


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň−1


×g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1)

∣∣∣ 1
2

0

− 1
ℑ(ℓ2, ℓ1)

∫ 1
2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1))dt

=
g(ň−1)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)

×


∫ 1

2

0

∫ 1
2

0
...

∫ 1
2

0︸ ︷︷ ︸
ň integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň



− 1
ℑ(ℓ2, ℓ1)

∫ 1
2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň−1


×g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1))dt.
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On generalizing the result, we have

I1 =
g(ň−1)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)


∫ 1

2

0

∫ 1
2

0
...

∫ 1
2

0︸ ︷︷ ︸
ň−integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň



−
g(ň−2)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
2


∫ 1

2

0

∫ 1
2

0
...

∫ 1
2

0︸ ︷︷ ︸
ň−1 integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň−1


...

+(−1)ň−2 g′(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň−1

(∫ 1
2

0

∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)2

)

+(−1)ň−1 g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň

(∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ň

(∫ 1
2

0
tß−1g(ℓ1 + tℑ(ℓ2, ℓ1)) f (ℓ1 + tℑ(ℓ2, ℓ1))

)
dt.

After simplification

I1 =
g(ň−1)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

2ň−1ℑ(ℓ2, ℓ1)

(∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)

−
g(ň−2)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

2ň−2 (ℑ(ℓ2, ℓ1))
2

(∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
...

+(−1)ň−2 g′(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ň−1

(∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)

+(−1)ň−1 g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň

(∫ 1
2

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ň

(∫ 1
2

0
tß−1g(ℓ1 + tℑ(ℓ2, ℓ1)) f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
.
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On substituting x = ℓ1 + tℑ(ℓ2, ℓ1) , we get

I1 =
g(ň−1)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

2ň−1ℑ(ℓ2, ℓ1)
ß+1

∫ ℓ1+
1
2 ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

−
g(ň−2)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))

2ň−2 (ℑ(ℓ2, ℓ1))
ß+2

∫ ℓ1+
1
2 ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

...

+(−1)ň−2 g′(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+ň−1

∫ ℓ1+
1
2 ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

+(−1)ň−1 g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň

∫ ℓ1+
1
2 ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

∫ ℓ1+
1
2 ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 g(x) f (x)dx.

Using the definition of Riemann-Liouville fractional integrals, we have

I1 =
g(ň−1)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))Γ(ß)

2ň−1ℑ(ℓ2, ℓ1)
ß+1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)

−
g(ň−2)(ℓ1 +

1
2 ℑ(ℓ2, ℓ1))Γ(ß)

2ň−2 (ℑ(ℓ2, ℓ1))
ß+2 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)

...

+(−1)ň−2 g′(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))Γ(ß)

2(ℑ(ℓ2, ℓ1))
ß+ň−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)

+(−1)ň−1 g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+ň Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)

+(−1)ň Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+ň Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1).

After summing the above expressions, we get

I1 =
ň−1

∑
κ=0

(−1)ň−κ−1 g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

Γ(ß)Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň Γ(ß)Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1). (2.2)
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By a similar argument for the second integral, we have

I2 = (−1)ň+1
ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

Γ(ß)Jß
(ℓ1+

1
2 ℑ(ℓ.2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň Γ(ß)Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1)). (2.3)

Upon adding (2.1)and (2.2) , we get the required result. Thus, the lemma is proved.
□

Remark 1. If we set ň = 1, we get Lemma 1 of [19].

g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)
ß+1

×
[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

− 1

(ℑ(ℓ2, ℓ1))
ß+1

×
[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]

=
1

Γ(ß)

∫ 1

0
w(t)g′(ℓ1 + tℑ(ℓ2, ℓ1))dt,

where

w(t) =
{ ∫ t

0 uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))du, t ∈
[
0, 1

2

)
.∫ t

1 (1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))du, t ∈
[1

2 ,1
]
.

Lemma 3. If g : [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)] → R is an integrable function which is also
symmetric about ℓ1 +

1
2 ℑ(ℓ2, ℓ1) with ℓ1 < ℓ1 +ℑ(ℓ2, ℓ1) ,then the following identity

holds

Jß
ℓ1+

g(ℓ1 +ℑ(ℓ2, ℓ1)) = Jß
(ℓ1+ℑ(ℓ2,ℓ1))−g(ℓ1) (2.4)

=
1
2

[
Jß
ℓ1+

g(ℓ1 +ℑ(ℓ2, ℓ1))+ Jß
(ℓ1+ℑ(ℓ2,ℓ1))−g(ℓ1)

]
,

where ß > 0

Proof. Since g is symmetric about ℓ1 +
1
2 ℑ(ℓ2, ℓ1) , we have g(2ℓ1 +ℑ(ℓ2, ℓ1)−

x) = g(x), for all x ∈ [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)] . Taking into account 2ℓ1 +ℑ(ℓ2, ℓ1)− t = x,
we can write

Jß
ℓ1+

g(ℓ1 +ℑ(ℓ2, ℓ1)) =
1

Γ(ß)

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

[(ℓ1 +ℑ(ℓ2, ℓ1)− t]ß−1 g(t)dt

=
1

Γ(ß)

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 g(2ℓ1 +ℑ(ℓ2, ℓ1)− x)dx
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=
1

Γ(ß)

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 g(x)dx = Jß

(ℓ1+ℑ(ℓ2,ℓ1))−g(ℓ1).

The proof is completed. □

Lemma 4. Let V ⊆R be an open invex set and ℑ : V ×V →R be a mapping. Sup-
pose that g : V → R is a differentiable mapping such that g(ň) ∈ L [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]
where ℑ(ℓ2, ℓ1)> 0. If w : [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]→ [0,∞) is an integrable mapping, then
we have the following equality:

ň−1

∑
κ=0

[
(−1)ň+1 g(κ)(ℓ1)+(−1)ň−κ−1 g(κ) (ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+ň−κ

]
×
[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]
+(−1)ň

Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň


=

1
Γ(ß)

∫ 1

0
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt, (2.5)

for ∀ ℓ1, ℓ2 ∈V , where

w(t) =
∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň

+
∫ t

1

∫ t

1
..
∫ t

1︸ ︷︷ ︸
ň integrals

(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň , t ∈ [0,1].

Proof. We will start with∫ 1

0
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

=
∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň− integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

+
∫ 1

0

∫ t

1

∫ t

1
..
∫ t

1︸ ︷︷ ︸
ň −integrals

(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň
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×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt = I1 + I2.

By evaluating the first integral, we have

I1 =
∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

=
1

ℑ(ℓ2, ℓ1)


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


× g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1)

∣∣∣1
0

− 1
ℑ(ℓ2, ℓ1)

∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň


×g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1))dt.

Namely,

I1 =
g(ň−1)(ℓ1 +ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)


∫ 1

0

∫ 1

0
...

∫ 1

0︸ ︷︷ ︸
ň integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň



− 1
ℑ(ℓ2, ℓ1)

∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−1 integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň−1


×g(ň−1)(ℓ1 + tℑ(ℓ2, ℓ1))dt.

On generalizing the result, we have

I1 =
g(ň−1)(ℓ1 +(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)


∫ 1

0

∫ 1

0
...

∫ 1

0︸ ︷︷ ︸
ň integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň
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− g(ň−2)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
2


∫ 1

0

∫ 1

0
...

∫ 1

0︸ ︷︷ ︸
ň−1 integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň−1



+
g(ň−3)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
3


∫ 1

0

∫ 1

0
...

∫ 1

0︸ ︷︷ ︸
ň−2 integrals

tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)ň−2


...

+(−1)ň−2 g′(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň−1

(∫ 1

0

∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))(dt)2

)
+(−1)ň−1 g(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ň

(∫ 1

0
tß−1g(ℓ1 + tℑ(ℓ2, ℓ1)) f (ℓ1 + tℑ(ℓ2, ℓ1))

)
dt.

After simplifications, we obtain

I1 =
g(ň−1)(ℓ1 +ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
− g(ň−2)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
2

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
+

g(ň−3)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
3

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
...

+(−1)ň−2 g′(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň−1

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
+(−1)ň−1 g(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ň

(∫ 1

0
tß−1 f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ň

(∫ 1

0
tß−1g(ℓ1 + tℑ(ℓ2, ℓ1)) f (ℓ1 + tℑ(ℓ2, ℓ1))dt

)
.

After substituting x = ℓ1 + tℑ(ℓ2, ℓ1) , we have

I1 =
g(ň−1)(ℓ1 +ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)
ß+1

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx
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− g(ň−2)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+2

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

+
g(ň−3)(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+3

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

...

+(−1)ň−2 g′(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň−1

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

+(−1)ň−1 g(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 f (x)dx

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

∫ ℓ1+ℑ(ℓ2,ℓ1)

ℓ1

(x− ℓ1)
ß−1 g(x) f (x)dx.

Using the definition of Riemann-Liouville fractional integrals, we can easily see that

I1 =
g(ň−1)(ℓ1 +ℑ(ℓ2, ℓ1))Γ(ß)

ℑ(ℓ2, ℓ1)
ß+1 Jß

(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

− g(ň−2)(ℓ1 +ℑ(ℓ2, ℓ1))Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+2 Jß

(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

+
g(ň−3)(ℓ1 +ℑ(ℓ2, ℓ1))Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+3 Jß

(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

...

+(−1)ň−2 g′(ℓ1 +ℑ(ℓ2, ℓ1))Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+ň−1 Jß

(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

+(−1)ň−1 g(ℓ1 +ℑ(ℓ2, ℓ1))Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+ň Jß

(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

+(−1)ň Γ(ß)

(ℑ(ℓ2, ℓ1))
ß+ň Jß

(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1).

After summing the above expressions, we get

I1 =
ň−1

∑
κ=0

(−1)ň−κ−1 g(κ)(ℓ1 +ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)
ß+ň−κ

Γ(ß)Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň Γ(ß)Jß

(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1). (2.6)
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By proceeding a similar method for the second integral, we deduce

I2 = (−1)ň+1
ň−1

∑
κ=0

g(κ)(ℓ1)

ℑ(ℓ2, ℓ1)
ß+ň−κ

Γ(ß)J ß
ℓ1+

f (ℓ1 +ℑ(ℓ2, ℓ1))

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň Γ(ß)Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1)). (2.7)

Upon adding (2.6) and (2.7) and using lemma 3, we get the required result. The
lemma is proved. □

Remark 2. If we set ň = 1, the identity reduces to the Lemma 3 of [19].[
g(ℓ1)+g(ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+1

]
×
[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]
−

[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+1

]

=
1

Γ(ß)

∫ 1

0
w(t)g′(ℓ1 + tℑ(ℓ2, ℓ1))dt,

where

w(t) =
∫ t

0
uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))du

+
∫ t

1
(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))du, t ∈ [0,1].

Theorem 2. Let V ⊆ R be an open invex set and ℑ : V ×V → Rß be a mapping.
Suppose that g :V →R is a differentiable mapping such that g(ň) ∈L [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]
where ℑ(ℓ2, ℓ1)> 0. If f : [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]→ [0,∞) is an integrable mapping and
it is also symmetric w.r.t. ℓ1 +

1
2 ℑ(ℓ2, ℓ1) and

∣∣g(ň)∣∣ is preinvex function on V , then
the following inequality holds:∣∣∣∣∣ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

×
[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣
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≤ ∥ f∥
∞

Γ(ß+ ň+1)
1

2ß+ň

[∣∣∣g(ň) (ℓ1)
∣∣∣+ ∣∣∣g(ň) (ℓ2)

∣∣∣] , when ň is odd integer

≤ ∥ f∥
∞

Γ(ß+ ň+2)
1

2ß+ň

[∣∣∣g(ň) (ℓ1)
∣∣∣− ∣∣∣g(ň) (ℓ2)

∣∣∣] , when ň is even integer

for ∀ ℓ1, ℓ2 ∈V.

Proof. Applying modulus on both sides of (2.1), we can write∣∣∣∣∣ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)

+Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣

=
1

Γ(ß)

∣∣∣∣∫ 1/2

0
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt +

1
Γ(ß)

∫ 1

1/2
w(t)g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

∣∣∣∣ .
From preinvexity of

∣∣g(ň)∣∣ on V and using the fact ∥ f∥
∞
= supx∈[ℓ1,ℓ2] | f (x)|, we

have∣∣∣∣∣ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)

+Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣

≤ ∥ f∥
∞

Γ(ß)

∫ 1/2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň integrals

uß−1 (du)ň

[(1− t)
∣∣∣g(ň) (ℓ1)

∣∣∣+ t
∣∣∣g(ň) (ℓ2)

∣∣∣]dt

+
∥ f∥

∞

Γ(ß)

∫ 1

1/2


∫ t

1

∫ t

1
...

∫ t

1︸ ︷︷ ︸
ň integrals

(1−u)ß−1 (du)ň

[(1− t)
∣∣∣g(ň) (ℓ1)

∣∣∣+ t
∣∣∣g(ň) (ℓ2)

∣∣∣]dt

= I1 + I2 (2.8)
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From the first term of (2.8), we get

I1 =
∥ f∥

∞

Γ(ß)

∫ 1/2

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň−integrals

uß−1 (du)ň

[(1− t)
∣∣∣g(ň) (ℓ1)

∣∣∣+ t
∣∣∣g(ň) (ℓ2)

∣∣∣]dt

=
∥ f∥

∞

Γ(ß+ ň−1)

∫ 1/2

0
uß+ň−2

∫ 1/2

u

[
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣]dtdu

=
∥ f∥

∞

Γ(ß+ ň−1)

∫ 1/2

0
uß+ň−2

[∣∣∣g(ň) (ℓ1)
∣∣∣( (1−u)2

2
− 1

8

)
+
∣∣∣g(ň) (ℓ2)

∣∣∣(1
8
− u2

2

)]
du.

By making use the change of variable x = ℓ1 +uℑ(ℓ2, ℓ1) for u ∈ [0,1], it is obvious
to see that

I1 =
∥ f∥

∞

Γ(ß+ ň−1)

∣∣∣g(ň) (ℓ1)
∣∣∣

ℑ(ℓ2, ℓ1)

×
∫ ℓ1+

1
2 ℑ(ℓ2,ℓ1)

ℓ1

(
1
2

(
1− x− ℓ1

ℑ(ℓ2, ℓ1)

)2

− 1
8

)(
x− ℓ1

ℑ(ℓ2, ℓ1)

)ß+ň−2

dx

+
∥ f∥

∞

Γ(ß+ ň−1)

∣∣∣g(ň) (ℓ2)
∣∣∣

ℑ(ℓ2, ℓ1)

×
∫ ℓ1+

1
2 ℑ(ℓ2,ℓ1)

ℓ1

(
1
8
− 1

2

(
x− ℓ1

ℑ(ℓ2, ℓ1)

)2
)(

x− ℓ1

ℑ(ℓ2, ℓ1)

)ß+ň−2

dx. (2.9)

From the second term of (2.8), we have

I2 =
∥ f∥

∞

Γ(ß)

∫ 1

1/2


∫ t

1

∫ t

1
...

∫ t

1︸ ︷︷ ︸
ň−integrals

(1−u)ß−1 (du)ň

[(1− t)
∣∣∣g(ň) (ℓ1)

∣∣∣+ t
∣∣∣g(ň) (ℓ2)

∣∣∣]dt

=
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)

∫ 1

1/2

(∫ t

1
(1−u)ß+ň−2 du

)[
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣]dt

=
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)
∥ f∥

∞

∫ 1

1/2
(1−u)ß+ň−2

(∫ u

1/2

[
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣]dt

)
du

=
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)
∥ f∥

∞

∫ 1

1/2
(1−u)ß+ň−2

[∣∣∣g(ň) (ℓ1)
∣∣∣(1

8
− (1−u)2

2

)

+
∣∣∣g(ň) (ℓ2)

∣∣∣(u2

2
− 1

8

)]
du.
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By the change of variable x = ℓ1 +(1−u)ℑ(ℓ2, ℓ1) , we get

I2 =
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)

∣∣∣g(ň) (ℓ1)
∣∣∣

ℑ(ℓ2, ℓ1)

×
∫ ℓ1+

1
2 ℑ(ℓ2,ℓ1)

ℓ1

(
1
8
− 1

2

(
x− ℓ1

ℑ(ℓ2, ℓ1)

)2
)(

x− ℓ1

ℑ(ℓ2, ℓ1)

)ß+ň−2

dx

+
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)
∥ f∥

∞

∣∣∣g(ň) (ℓ2)
∣∣∣

ℑ(ℓ2, ℓ1)

×
∫ ℓ1+

1
2 ℑ(ℓ2,ℓ1)

ℓ1

(
1
2

(
1− x− ℓ1

ℑ(ℓ2, ℓ1)

)2

− 1
8

)(
x− ℓ1

ℑ(ℓ2, ℓ1)

)ß+ň−2

dx. (2.10)

Case (i) When n is odd integer.
Adding (2.9) and (2.10) based on (2.8), we have∣∣∣∣∣ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)

+Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣

≤ ∥ f∥
∞

Γ(ß+ ň+1)
1

2ß+ň

[∣∣∣g(ň) (ℓ1)
∣∣∣+ ∣∣∣g(ň) (ℓ2)

∣∣∣] .
Case (ii) When n is even integer.

Adding (2.9) and (2.10) based on (2.8), we have∣∣∣∣∣ň−1

∑
κ=0

g(κ)(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

2κℑ(ℓ2, ℓ1)
ß+ň−κ

×
[
(−1)ň−κ−1 Jß

(ℓ1+
1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+(−1)ň+1 Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+(−1)ň 1

(ℑ(ℓ2, ℓ1))
ß+ň

[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)

+Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣

≤ ∥ f∥
∞

Γ(ß+ ň+2)
1

2ß+ň

[∣∣∣g(ň) (ℓ1)
∣∣∣− ∣∣∣g(ň) (ℓ2)

∣∣∣] .
The proof is completed. □
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Remark 3. If we choose ň = 1, the result coincides with the Theorem 3 of [19].∣∣∣∣∣g(ℓ1 +
1
2 ℑ(ℓ2, ℓ1))

ℑ(ℓ2, ℓ1)
ß+1

×
[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

f (ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

f (ℓ1 +ℑ(ℓ2, ℓ1))
]

+
1

(ℑ(ℓ2, ℓ1))
ß+2

[
Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))−

(g f )(ℓ1)+ Jß
(ℓ1+

1
2 ℑ(ℓ2,ℓ1))+

(g f )(ℓ1 +ℑ(ℓ2, ℓ1))
]∣∣∣∣∣

≤ ∥ f∥
∞

Γ(ß+2)
1

2ß+1

[∣∣g′ (ℓ1)
∣∣+ ∣∣g′ (ℓ2)

∣∣] .
Theorem 3. Let V ⊆ R be an open invex set and ℑ : V ×V → Rß be a mapping.

Suppose that g :V →R is a differentiable mapping such that g(ň) ∈L [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]
where ℑ(ℓ2, ℓ1)> 0. If f : [ℓ1, ℓ1 +ℑ(ℓ2, ℓ1)]→ [0,∞) is an integrable mapping and
it is also symmetric w.r.t. ℓ1 +

1
2 ℑ(ℓ2, ℓ1) and

∣∣g(ň)∣∣ is preinvex function on V , then
the following inequality holds:

|J|=

∣∣∣∣∣ň−1

∑
κ=0

[
(−1)ň+1 g(κ)(ℓ1)+(−1)ň−κ−1 g(κ) (ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+ň−κ

]
×
[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]
+(−1)ň

Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň

∣∣∣∣∣∣
≤ ∥ f∥

∞

(ß+ ň)Γ(ß+ ň−1)

[∣∣∣g(ň) (ℓ1)
∣∣∣+ ∣∣∣g(ň) (ℓ2)

∣∣∣] ; when ň is odd integer

≤ ∥ f∥
∞

(ß+ ň)(ß+ ň+1)Γ(ß+ ň−1)

[∣∣∣g(ň) (ℓ1)
∣∣∣− ∣∣∣g(ň) (ℓ2)

∣∣∣] ;

when ň is even integer

for ∀ ℓ1, ℓ2 ∈V .

Proof. Applying modulus on both sides of (2.5), one can write∣∣∣∣∣ň−1

∑
κ=0

[
(−1)ň+1 g(κ)(ℓ1)+(−1)ň−κ−1 g(κ) (ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+ň−κ

]
×
[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]
+(−1)ň

[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň

]∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣
1

Γ(ß)

∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň integrals

uß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň

+
∫ t

1

∫ t

1
..
∫ t

1︸ ︷︷ ︸
ň integrals

(1−u)ß−1 f (ℓ1 +uℑ(ℓ2, ℓ1))(du)ň

g(ň)(ℓ1 + tℑ(ℓ2, ℓ1))dt

∣∣∣∣∣∣∣∣∣ .
From preinvexity of

∣∣g(ň)∣∣ on V , we have

|J|=

∣∣∣∣∣ň−1

∑
κ=0

[
(−1)ň+1 g(κ)(ℓ1)+(−1)ň−κ−1 g(κ) (ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+ň−κ

]
×
[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]
+(−1)ň

[
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+ň

]∣∣∣∣∣
=

1
Γ(ß)

∫ 1

0


∫ t

0

∫ t

0
...

∫ t

0︸ ︷︷ ︸
ň integrals

uß−1 | f (ℓ1 +uℑ(ℓ2, ℓ1))|(du)ň

+
∫ t

1

∫ t

1
..
∫ t

1︸ ︷︷ ︸
ň integrals

(1−u)ß−1 | f (ℓ1 +uℑ(ℓ2, ℓ1))|(du)ň


(
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣)dt

After simplification and letting ∥ f∥
∞
= supx∈[ℓ1,ℓ2]

| f (x)|, we have

|J| ≤ ∥ f∥
∞

Γ(ß+ ň−1)

∫ 1

0
uß+ň−2

(∫ u

0

(
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣)dt

)
du

+
(−1)ň−1 ∥ f∥

∞

Γ(ß+ ň−1)

∫ 1

0
(1−u)ß+ň−2

(∫ 1

u

(
(1− t)

∣∣∣g(ň) (ℓ1)
∣∣∣+ t

∣∣∣g(ň) (ℓ2)
∣∣∣)dt

)
du

Case (i) n is odd integer.
Adding (2.9) and (2.10) based on (2.8), we have

|J| ≤ ∥ f∥
∞

(ß+ ň)Γ(ß+ ň−1)

[∣∣∣g(ň) (ℓ1)
∣∣∣+ ∣∣∣g(ň) (ℓ2)

∣∣∣] .
Case (ii) n is even integer.
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Adding (2.9) and (2.10) based on (2.8), we have

|J| ≤ ∥ f∥
∞

(ß+ ň)(ß+ ň+1)Γ(ß+ ň−1)

[∣∣∣g(ň) (ℓ1)
∣∣∣− ∣∣∣g(ň) (ℓ2)

∣∣∣] .
The proof is completed. □

Corollary 1. If we set ň = 1, we have the following result∣∣∣∣∣
[

g(ℓ1)+g(ℓ1 +ℑ(ℓ2, ℓ1))

2(ℑ(ℓ2, ℓ1))
ß+1

] [
Jß
(ℓ1+ℑ(ℓ2,ℓ1))− f (ℓ1)+ Jß

ℓ1+
f (ℓ1 +ℑ(ℓ2, ℓ1))

]

−

Jß
(ℓ1+ℑ(ℓ2,ℓ1))− (g f )(ℓ1)+ Jß

ℓ1+
(g f )(ℓ1 +ℑ(ℓ2, ℓ1))

(ℑ(ℓ2, ℓ1))
ß+1

∣∣∣∣∣∣
≤ ∥ f∥

∞

(ß+1)Γ(ß)

[∣∣g′ (ℓ1)
∣∣+ ∣∣g′ (ℓ2)

∣∣] .
3. CONCLUSION

We have obtained new lower and upper bounds of Hermite-Hadamard-Fejér type
inequalities for ň−times differentiable preinvex functions. We have also elaborated
the results with special cases. Authors expect that the results of our paper will be
inspiring for interested readers to prove new integral inequalities via some certain
fractional integral operators.
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[26] S. Turhan, İ. İşcan, and M. Kunt, “Hermite-Hadamard type inequalities for n-times differentiable
convex functions via Riemann-Liouville fractional integrals,” Filomat, vol. 32, no. 16, pp. 5611–
5622, 2018, doi: 10.2298/FIL1816611T.

[27] S. Ullah, G. Farid, K. A. Khan, A. Waheed, and S. Mehmood, “Generalized fractional inequal-
ities for quasi-convex functions,” Adv. Difference Equ., vol. 2019, p. 16, 2019, id/No 15, doi:
10.1186/s13662-019-1951-5.

http://dx.doi.org/10.1063/1.5081555
http://dx.doi.org/10.1186/s13662-019-2202-5
http://dx.doi.org/10.2298/FIL1507651L
http://dx.doi.org/https://doi.org/10.3390/math7050467
http://dx.doi.org/https://doi.org/10.3390/math7050467
http://dx.doi.org/10.1007/s10898-007-9176-7
http://dx.doi.org/10.1016/j.mcm.2011.12.048
http://dx.doi.org/10.1016/j.camwa.2011.12.023
http://dx.doi.org/10.2298/FIL1714415S
http://dx.doi.org/10.2298/FIL1816611T
http://dx.doi.org/10.1186/s13662-019-1951-5
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