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Abstract. In this paper, some new estimations of Hermite-Hadamard-Fejér type inequalities for
higher order differentiable preinvex functions are established via fractional integral operators.
The main motivation point of the study is that our findings, which include generalized preinvex
functions for Hermite-Hadamard-Fejer type inequalities by means of fractional integral operat-
ors, are the rare results in the literature. The coincidence of the special cases of the our main
theorems with the earlier works in the literature is also demonstrated as a verification of our
results.
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1. INTRODUCTION

Many researchers have concentrated on the concept of convexity, which has an im-
portant place in mathematics as well as in many other disciplines with its applications
and features. We will start by recalling two basic inequalities built on the concept of
convexity, which is the task of establishing the strong link between inequality theory
and convex analysis. The Hermite-Hadamard inequality, which produces bounds for
the Cauchy mean value of a convex function, and the Hermite-Hadamard-Fejér in-
equality, which is a weighted version of this inequality, have very useful and effective
applications in mathematical analysis, engineering, statistics, physics and numerical
integration.

Assume that g is a convex mapping such that g: V C R — R and ¢;,¢, € V with
{1 < {5, then the inequality

153
b+ 4, 1 g(l)+g(f)
g( : >§£2—€1/g(x)dx§2' (L1)

is known as the celebrated Hermite-Hadamard inequality in the literature.
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In [12], a motivated generalization of inequality (1.1) is established by Fejér as
follow:

0 0, 6
btb g(t)+g(&)

holds, where f : [¢1;¢>] — R is a nonnegative, integrable function and it is symmetric
about x = #.

Although fractional analysis is historically as old as classical analysis, it has not
only rapidly increased its popularity in recent years, but also the properties and ap-
plications of new concepts that have been gained to the literature by fractional ana-
lysis have made a breakthrough especially in applied sciences. Fractional analysis
makes it attractive for many researchers, with its advantages and perfect compat-
ibility with classical analysis for some concepts whose deficiencies are discussed
according to classical analysis. Defining fractional derivatives and integral operat-
ors, revealing their properties, using them in modeling and solving equations dealing
with various natural phenomena, memory effect caused by locality and singularity
of kernel structures, and effective results obtained in applications are the factors that
carry the fractional analysis forward. To provide further on fractional analysis, see
the papers [1-4,6-11,13,14,18,21,23-25,27]. Now let’s get to know one of the
cornerstones of fractional analysis, the Riemann-Liouville fractional integral integ-
rals, and the fractional version of the Hadamard inequality that includes these famous
operators.

Theorem 1. (See [22]) Let g: [¢1,02] CR — R with0 < ¢y < {3 and g € L[{,£5].
If g is positive and convex function on [(, 0], then the following inequalities hold:

g (El ;62) < 2?;;33& [Eg(01) +J2g(f)] < g(h) +s(t2) ;g(@).

with 3 > 0.

Here, the left and right-sided Riemann-Liouville fractional integrals of the order 3
€ R* denoted by the symbols JZ and Jg that are defined in [15]

1

ngg(x) = F(B)/el (x—1)g(t)dt, 0< by <x< £,
and .
1 (2

Jg(x) = F(B)/ (t—x)"1g(t)dt, 0 < 0 <x < 0.

If we choose BB = 1, the fractional integral becomes the classical integral.
Researchers who have worked on the concept of convexity have introduced many

new types of convex functions, made definitions of convexity in multidimensional

spaces, and contributed to the spread of the concept to a wide spectrum from operator
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convexity to convexity defined in n—dimensional space. As a result of these efforts,
many new classes of functions, their properties and countless inequalities built on
them have been revealed. In this context, we will continue with the concept of prein-
vexity, which is a generalization of convexity. But first, let’s remind the definition of
invex sets.

Definition 1. (See [5]) A set V C R is invex with respecttothemap 3 : V xV — R
if forevery 41,0, € Vandt € [0,1], £o+1t3 (¢1,¢2) € V. The invex set V is also called
an 3-connected set. Every convex set is an invex set but its converse is not true.

Definition 2. (See [29]) Let V C R be an invex set and a function g: V — R is
said to be preinvex w.r.t. 3 if

gl +13(0y,62)) <tg(br)+ (1 —1)g(f2).
Ve, 0, €V andt € [0,1].
If 3(¢1,0,) =¥, — £, , then in classical sense , the preinvex functions coincide

convex functions. Recently, the following identity has been proved by Sikander et. al
in [20] for 7i—times differentiable preinvex functions.

Lemma 1. Ler V C [0,00) be an open invex subset with respectto 3 : V xV — R.

Suppose g : V — R is a function such that g exists on V and g") is integrable on
(01,61 +3 (2, 61)] for 7 € N7t > 1, then for every {1,¢, € V with 3 (€2,41) > 0, the
following equality holds:

gl1)+ gl +3 (42, 41))

2
Lp+1)
GG [ff;g(el +3(02,41)) +f@l+swl)),g(el)]
n—1 "
:K; F(ﬁ;?&(f}(cﬁi,f;)) [(_1)K_1g(K)(gl +3(62,01)) _g(K)(fl)}
(S (£2,01))" T(B+1)
20(B+11)

1 ~ v ~ v
« / [(1 = £y (—1)i541] o) (0 443 (£, 0,) ),
0
forfp>0andnn > 1

Similar results can be found in [16, 17,26,28,30].

The main purpose of this study is to create integral identities that include Riemann-
Liouville integral operators that have the potential to produce Hermite-Hadamard-
Fejér type inequalities for 7i—times differentiable preinvex functions and to obtain
integral inequalities that present new approaches based on these identities.
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2. MAIN RESULTS

In the sequel of the paper, we will denote

[flle=""sup  [f(x)],

xe[fy,01+3(6.01)]

where f: [(1;4; +3 (¢2,4,)] — R is a continuous function, g is the /i-th derivative
of g w.r.t. variable ¢t and L[/}, /,] is the classes of all real-valued Riemann integrable
mappings defined on [¢},/;].

Lemma 2. Suppose that V. C R is an open invex set and 3 : V xV — R is
a mapping. Assume that g : V — R is a differentiable mapping such that g™ e
L[y, +S (£2,01)] where 3 (2,01) > 0. If w: [1,01+3 (€2,¢1)] — [0,00) is an
integrable mapping, then we have the following equality:

il g (0 + 13 (62,01))
o 253 (L, L)
ii—x—1 of8 A+1 o8
X |:(_1) J(&-I—%S(fz,f]))—f(gl) + (_1> J([1+%3(€2/1))+f(£1 +S (£27€1)>:|
1
(S (L2, 1))
8 mw%wz,m% (sf) (1) +J@1+%S(@,el)>+ (f) (Er+3 (62’41))}

+(=1)"

1
zrl(ﬁ) /O w(t)g™ (6, +13 (62, 01))dt, 2.1
for¥£e,, 0y €V, where
.ot t y
/0/0/0 W F (0 +uS (6, 0)) (du)' ref0,3).
—_—
W(l) _ ﬁt—inttegmls , 5
/1/1/] (1=l F(0y +uS (2, 01)) (du)", 1€ [51].
ni—integrals

Proof. Consider

/0 (08 (04 + 13 (6, 01))dr

:/Oé L[ [ e s )
Jodo "o,

ni—integrals

x g (0, +13 (£2,01))dt
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+/; At/lt"'/ll(l_”)ﬁlf(€1+M3(€2751))(du)ﬁ

ni—integrals

X g(ﬁ)(el +13 (62,51))61’1‘ =L+5h

From the first integral, we have

h5ﬁ L[ [+ s @0 @

n—integrals

x g™ (0y +1S (63,01))dt

= : e " i—1
s | L] e s ) @o

ni—1 integrals
1

xg V(613 (0,00)]

ez,el/ // / 8140y +uS (€2,01)) (du)”

n— 1 integrals
x gV (0 +13 (€, 1))t

gD (0 + 13 (£,01))
S (EZael)

/Oé /Oé',./oétﬁ—lf(€1+t3 (62,01)) (dt)"
—_——

7 integrals

€2,£1/ // / B=1 20y +uS (6,01)) (du)™

n—1 mtegrah

x gD (0, +13 (£, 01))dr.
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On generalizing the result, we have

gl 1(€1+ 53 (2,01)) 2 } g 7
e / / /0 S0 +13 (62,0)) (dr)

n— mtegral K

<"2(£1+Szzel -
- ! 6 +13 (6, 6,)) (t
Sy // S ()

n— 1 integrals

(oo )
2) 1

+ (=1 gwg(iéf)z)’fl)) (/Ozzﬁlf(zl 13 (@,&))d;)

1

+ (—l)ﬁm (/Oztﬁlg(gl +13 (52,51))]“(51 +13 (fz,fﬂ)) dt

After simplification

(i-1)(p, 4 1 I
& (£1+2S (02,41)) 2 a1
W= i) /O LR 13 (0, 00))dr

_g(ﬁfzv)(glJr%S (02, 41)) (/02 B0 413 (62,01))d )

2-2(3 (6, 01))°

S ([ i)

! %
(=D g“g éféf)z)f 5 ( | s wz,el))dr)

+(—1)ﬁ(3(€217€1))ﬁ (/(;ztﬁ_lg(gl 413 (ﬁz,gl))f(gl +13 (fz,&))dl) .
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On substituting x = ¢; +13 (¢2,¢), we get

(A1) 1 (+13 (60
gVl + 53 (6,01)) fh+aS(b) .
271—13(52 51)B+1 /61 (x—201)" " f(x)dx
(=2 (g 41 G800
8 (gl‘f' 3(62,61)) 1+53(62,61) Al
B =2 (5 (522 gl))ﬁ+2 A (x_gl) f(x)dx

L =

g+ 1S, 0 0+53(6,00) B
+(_1)n—2g( 1+2 ( 2 1))/; (X—E])B lf(X)dX

2(S (b, 07)) !
i1 (L1 +13 (0, 01)) fO+38(00) -
1g((; (62 E();BJH’EL))/; (x_el)ﬁ 1f(X)dx
2,41

y 1 01+33(62,00) B
+(1)HW/£ (x— 1) g(x) f(x)dx.

Using the definition of Riemann-Liouville fractional integrals, we have

+(=1)

g (6 + 33 (£, 4))0(B) 4 ’
213 (£, 1) (t+13(eay-F ()

(ﬁ72)(£1+%3 (Ez,gl))l (E) B / (él)
g 1
n—2 (S (627 el)) 2 ([{IJF?S(({Z’ZI))i

I =

i2 8 (L4353 (6, 0))T(B) 4 o
2(3 (62,61))B+ﬁ_1 (O+13(,0))— 1

i1 8L+ 53 (6, 00))T(B) 4

+(=1)

ey S ersea- )
i L(B) 8
= (3 (b2,00))"" (615 (0 (8F) ()
After summing the above expressions, we get
i—1 (1) 1
_ i1 8" ( + 33 (62,4)) 8
h= K;O(_l) PAN (Ez,ﬂl)ﬁﬁlﬂ( (B)J(Zﬁ%s(&’el))fﬂgl)
P 1
(1) B, iy (81 (60,

(S (L2, 1)

285

(2.2)
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By a similar argument for the second integral, we have

b= (—1y™! M +13 (52351))
025G (b, 0)

. 1
+(-1) Wr(s)@ﬁ%s(ww(gf)(el+s(ez,el)). (2.3)

Upon adding (2.1)and (2.2), we get the required result. Thus, the lemma is proved.
]

B
F(B)J(m;swm))+f(€1 +3(02,0))

Remark 1. 1f we set71 =1, we get Lemma 1 of [19].
g(l1+ 53 (62, 01))
g (EZ,EI)B—H
B B
(T 130 L) I8, 15y £+ (02,)
1
(S (62, 00))*"!

B B
% [J(ZIJF%s(ZZygl))* (8f)(41) +J(51+%5(£2751))+ (8f) (61 +3 (6, ))]

= F(lﬁ)/()l W(t)g’(ﬁ] +13 (Ez,&))dt,
where
wiy = { G e e
S =)™ f(l +uS (6, 0))du, te[3,1].

Lemma 3. If g: [¢1,01 +3 ({2,¢1)] — R is an integrable function which is also
symmetric about {1 + %5 (02, £1) with £y < L1+ S (¢2,41) ,then the following identity
holds

B8 +3(6,0)) =T, 5 0,0)-801) 2.4)

Lrs g
= 3 [ 8O+ S (02, 00)) 5, 8(0)]
where 3 > 0

Proof. Since g is symmetric about 1 + %3 (02,£y), we have g(20; + 3 (45,4;) —
x) =g(x), forall x € [¢1,£, +3 (£2,£;)]. Taking into account 2¢; +3 (¢5,4,) —t = x,
we can write

N 1 01+3(0,41) 81
Basb4S () = [T [0S (l,0) " gty
1

€1+3(£27€l) f B—1 2€ S E E d
e [ e a3 0 )
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1 erS(fz,Zl) B

The proof is completed. g
Lemmad4. Let V C R be an open invex set and 3 : V x V — R be a mapping. Sup-

pose that g : V — R is a differentiable mapping such that g7 € L0101+ 3 (£2,01)]

where 3 (02,€1) > 0. If w: [l1,6, +S3 (£2,41)] — [0,00) is an integrable mapping, then

we have the following equality:

¥ [(—1)”“g<‘<>(£1)+(—1)”“lg“) (41+3(£2,el))]
2(3 (Lo, )Y ¥

x []@Hrs(fz,fl))*f(gl)+J/j+f(€1+S(£27£1))]
+(_1) |:Jél+5 (62,01)) (gf El +Jﬁ gf €1+S(£27£1))]

k=0

(3 (L2, 4 W"

1 1 .
-8 /O w(t)g™ (01 +13 (£, 0,))dt, 2.5)

for~ £y,0, €V, where

:34145”42/1fw1+usw%eoxdmﬁ
ool

7l integrals

+/]/1../l(1—u)/ﬁ‘*lf(zl+us(e2,zl))(du)ﬁ, re0,1].
—
n integrals

Proof. We will start with

/O 1 w(t)g™ (01 413 (05, 0,))dt

:/0l /Ot/Ot.../otuﬁlf(ﬁl—Fus (£2,01)) (du)"

7i— integrals

x g () +13 (a,01))dt

+/ // / F(0r +uS (63, 41)) (du)”

/1 lntegral K
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x g W (01 4+13 (b2, 01))dt = I + 1.

By evaluating the first integral, we have

:/01 /0’/0’.../(:uﬁlf<el+us (62,01)) (du)’

7 integrals

x g (0 +13 (£2,01))dt

1 t ot ro }
_5(52761) /O/O/Ouﬁ 1f(£1+u3(€z,€1))(du)

nn—1 integrals

(i-1) !
w gV (0 413 (zz,el)(o

zz,elf // / BLf(0) +uS (62, 01)) (du)"

n—1 mtegrals
x gV (0 413 (£, 41))dt.
Namely,

gD +3 (02, 01)) B
I = 3 52,51 / / / £1+IS Zz,ﬁl))(dl‘)

7 zntegrals

62,61/ // / At £1+u3(£2,£1))(du)

n— l integrals
x g (0 +13 (b2, 01))d1.

On generalizing the result, we have

(n 1)
. €1+ (62,41)) / / / B0 413 (6, 01)) (di)"
3 (br,41)

7 mtegral s
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gD S (o)) | L o
O (B3(h)) /0/0/0t (0 +13 (6,00)) (dr)

n—1 integrals

g +3 (L, 0) | 1! 2
R TR /O/O / LR 415 (62, 1)) (dr)

n—2 mtegrals

€1+3 6261
+ 1”2g ’ < SUF0 13 (6,0 dt)
0 S L[t s ) @)

(=1 g(ii;(z (jf)’)él)) (/O B F( 413 (ez,el))dt>
+(—1)"1</1z6—1g(£ +13 (02, 00)) f (€1 + 13 (€2, 4 ))) dt
(3(62,61))ﬁ 0 1 2,41 1 2,41 .

After simplifications, we obtain

g3 (0, 0) [
"= S (2, 41) </0 GRS (52’51))611)

g +S (0, 0) ([

(3 (62,01))? </0f f(€1+t3(£2,£1))dt)
SIS (0, 00) (Y 5y

(S (02, 01))° (/o ANICEER (ez,zl))dz>

i1 8001 +3 (62, 01)) .
(3 (62, 01))" </0 AU (€2,€1))d1>

+(=1)

+(—1)”% (/Oltﬁ_lg(fl +13 by, 01)) f(1 +13 (Zz,fl))dt> .

(S (2,1))"
After substituting x = £; +13 (¢2,0;), we have

(1) O+3(2,01)
g (€1+3(€2,£]))/ A1
L = x—/ x)dx
1 S(£2’€1)8+1 p ( 1) f( )

289
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_ g2 (0 +3 (4, )) 0+3(62,61) I
(3 (L2, 01))"" /zl (x—=01)"" f(x)d
I +3 (1,
( (€27€1))B+3

o)) /ZIJFS(M]) et Fds

a2 8 (01 +S (6,0 0+3(62,61) B
o e, a0 s

y 6+3(6,0)

+(=1)"! gig (_ng(f;’fﬁn)) /( ) (x—00)"" flx)dx
y 0143 (62,61)

HO G, e s

Using the definition of Riemann-Liouville fractional integrals, we can easily see that

. g(ﬁ—l)(fl +3 (fz,fl))r(ﬁ) 3 f(gl)
3 (E / )B—H (0143 (£2,61))—
El +S (627€1)) (B) B
(62781))B+2 (0 +S

2

(S

01 +3 (0,0 8
E 1(—;272(1)2)B+13)) ( )J&1+S(£2751)),f(€1)

(00— (41)

i 8 (L1 +3 (b, 1))T(B) 4

(3 (b, 0,))FH1 TS
a1 8(01+3 (62,41))L(B)

S seo-f@)

I'(B
@(ﬁz(gl)))lwl]?msezel _(gf) (4r).

+(=1)

RAGY

+(=1)

+(=1)"

After summing the above expressions, we get

el (x)
i1 8 (6 +3 (6, 0))
Il:é(_l) 1 i’s(ﬁlz,el)BinKl F(B)J?KWS(@,A))ff@l)
1
= LB, 5(05,00)) (&) (41). 2.6)
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By proceeding a similar method for the second integral, we deduce

a8y
L=(-1)" QWF(B)[@?J(& +3 (£2,41))

i1
T S G

Upon adding (2.6) and (2.7) and using lemma 3, we get the required result. The
lemma is proved. 0

T(B)J 4 (8f) (61 +3 (£2,61)). 2.7)

Remark 2. 1f we set 71 = 1, the identity reduces to the Lemma 3 of [19].

g(ly)+g (b +3(6a,0y))
2(3 (2, 01))™!

X B ey S (0) I £+ S (2,0))]
B [J?gl+g(gz7gl)) (gf) (81) +]?1+ (gf) (fl +3 (62,61))]

(S (£a,00)"!
= F(IB)/Olw(t)g’(ﬁl +13 (b2, 41))dt,
where

w(t) = /’ W0+ uS (6, 61))du

0

+/1’(1 —u)¥ (0 +uS (02,01))du, refo,1].

Theorem 2. Let V C R be an open invex set and 3 : V x V — R? be a mapping.
Suppose that g :V — R is a differentiable mapping such that g7 € L[0y, 0, +3 (£2,01)]
where 3 (€2,01) > 0. If f: [01,01+3 (¢2,£1)] — [0,0) is an integrable mapping and
it is also symmetric w.r.t. {1+ %3 (02,¢1) and ‘ g(ﬁ>| is preinvex function on 'V, then
the following inequality holds:

il g (0 +13 (62,01))
=0 258 (b, 4 )
k-1 A1
% [(_1) J@1+%3(fz741))—f(€1)+(_1> J@H‘%S(fz/l))'*'f(gl +3 (ﬂz,&))}
1
(S (Lo, 1) "
x mw%wz,ﬂl))— (&) (&r) +f(ﬁ£.+%8<é2,e.)>+ (/) (tr+3 (fz’m)] ‘

+(=1)"



292 S. MEHMOOD, F. ZAFAR, H. FURKAN, N. YASMIN, AND A.O. AKDEMIR

1 y y
< F(/)’”—{’r‘iw—k 1) 25+ [ g (61)) + ‘g(") (2) } ., when i is odd integer
< F([f”—{’r‘;—k 2) 2ﬁ1+,v, [ gt (El)) - ‘g(ﬁ) (2) } ., when Ii is even integer

forN 01,4, €V.

Proof. Applying modulus on both sides of (2.1), we can write

Eg“)(m%swz,él))
S 253 (0,0,
ni—x—1 48 n+1 48
X[ st SO+ DG s /(S (2 0)

1
B0 s - 60 @)

I sy @) (G +S (@.0)] |

+(=1)"

1/2 . 1 1 .
/O w(t)g(") (01 +13 (£2,£1))dr + 0] /1 /zw(t) M +13 (0y,0y))d1|.

From preinvexity of |g(ﬁ)’ on V and using the fact || f||., = sup.ejs, o, | f(x)], we
have

M (0 +13(6,0))
w—o 2¥3 (fz,ﬂl)ﬁwﬂc

n—x—1 8 n+1 48

<[0T s SO+ DT g, S (0 +S (20)
7 1 B3

Y S o506 (@)

44ty @) (G143 (42%1))} ‘

A | Lot | [0

7 integrals

”f|°°//2 // / W ) | [(1-0) |5 ()] 41

7 mtegral s

=L+h (2.8)

g™ (&)‘-ﬁ-t

P (@)H di

g% (02)]] s
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From the first term of (2.8), we get

I = FJE}L;’ /0]/2 /OI/OI.../OIuB”(du)"V [(l—t)
L7 Jo

n—integrals

2 1/2 ) )
= r(g@fl)/o “M"*z/u [(1 —1) |g™ (61)‘ 41 lg (@)H dtdu

— Hf”oo 1/2 fi— % (1 —u)2 1 N 1 u?
_m/o u3+ Z[g(>(£1)‘< > —8>+g()(52)‘(8—2)]dul

By making use the change of variable x = ¢; +u3 (¢2,¢;) for u € [0, 1], it is obvious
to see that

g™ (51)‘ +1

¢ (&2)|]

Al ® @)
TB+i—1) 300l

€1+%S(€2*21) 1 x—€1 2 1 x—él B+7i-2
x / Sy (N i B dx
18 2 S(fz,gl) 8 3@2,[1)

. @)
C(B+7i—1) 3 (r,0)

£1+%3(Z27(1) 1 1 x—4{ 2 x—4 B2
X/él (8_2 (5(52751)> (5(52,51)> . @9

From the second term of (2.8), we have

e Lo oo

n— lntegral s

= M/;Z (/t(lu)m'ﬁ_zdu) [(lft)

Mllflw [yt ([ [a-nle @) +oe )] ar)
(( ||f||w”fH/ - W[g@(&)‘<;_<1;u>z>

<>(e2)] (”’z—é)]du.

+

g (el)] +r \gm) (ez)H di

g ()| +1

g (02)]] s
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By the change of variable x = ¢ + (1 —u)3 (¢2,¢;) , we get

1y g [P (@)
TB+i—1) 36 0))

O+53(0.0) (11 x—1{ 2 x—4 B2
></ S (S N I Y (i dx
2 8 2 (3(52741)> (3(42%))

CO AL e @)

TTera-n V5w

O+33(0:0) (1 x—0 \* 1 x—0 "2
|l — = dx. 2.10
X/él (2 < 3(52751)> 8 <3(€2,f1)) o G0

Case (i) When r is odd integer.
Adding (2.9) and (2.10) based on (2.8), we have

g0+ 13 (6, 01))
= 2KS (52 /¢ )B+7I—K
n—x—1 4B n+1 48
X1 gy SO+ (1T (043 (6,0))

P 1
R 13- (8 ()

I sy @) (G4 S (G.0)] |

Ifll. 1 [
ST (B+7i+1) 26+

L=

g<ﬁ> (0] +[¢ (2]

Case (ii) When n is even integer.
Adding (2.9) and (2.10) based on (2.8), we have

’E gM (0 + 13 (6, 01))
= 2KS (62,6 )BJrﬁfK
i—xk—1 18 n+1 48
DT s O+ DG g /(04 S (02,0)

. 1
T S e 150~ (@) (@)

15000+ &5 (51+S(€2,£1))H

<= (3@1 ) 231+ﬁ (g™ (0]~ ™ (2]

The proof is completed. O
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Remark 3. If we choose 71 = 1, the result coincides with the Theorem 3 of [19].

g1+ 33 (02, 01))
S (62761)5—1-1

B
[J(f1+23(fz,€1))*f(€1) (1/ +25(142,151))+f(£1 +3 (62761))

1
+W |: ? S(0y,01)) (gf) (61)+]?g1+%3(42,g1))+ (gf) (61"’_3@2761))]'
1Al 1

< oy 2y 18 @]+ @]

Theorem 3. Let V C R be an open invex set and S : V x V. — R¥ be a mapping.
Suppose that g : V — R is a differentiable mapping such that g € L[0y,01 +3 (£2,41)]
where 3 (02,01) > 0. If f: [€1,01+ 3 (£2,41)] — [0,00) is an integrable mapping and
it is also symmetric w.r.t. £+ %3 (02,¢1) and ‘ g(f’)| is preinvex function on 'V, then
the following inequality holds:

_F DT ) + ()T e (4 + S (6, 0))
|J’ - KZ:O [ 2(5 (fz, ))/)’Jrﬁflc ]
[J@ﬁf&(fz,fl (61) Jﬁl f(ﬁ] +3 (62761»}
i ) () + . (8f) (01 +3 (62, 01))
1y | TGS (6,0))—
+(=1) { ( oty )M
11l i i , .. .
< BT (B+i—1) Hg( )(fl)‘+‘g( )(EZ)H ; when i is odd integer

[1£los
~ B+ B+HA+1)T(B+A-1)

& 00| = [s @)

when 71 is even integer

forvel,£2€v.

Proof. Applying modulus on both sides of (2.5), one can write

ﬁi:l [(_1)ﬁ+1 ( ) ( )n K—lg(K) (é] +S(£27£1))‘|

2(5(62, ))B-‘rﬁ—K
{J(Bkﬁs t.))—f (1) +Jz,+f(€1+5(427f1))}

B et (@) ()5 (8f) 6+ (12, 01))
+(_1) B4
(S (£27€1)>

xk=0
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— 1“(1]3)/01 /Ol/()t.../()tuﬁflf(ﬁl-i-us (62,01)) (du)"

il integrals

+/1 /1t ‘/1 fl+u3 (2,01))(d ) gm)(zl +13 (2, ¢1))dt

7 mtegrals
From preinvexity of ] g™ ‘ on V, we have
¥ ™) + ()T e (0 45 (,10))
%0 2(3 (2, 01)"" 7"
x [ b (0 I (0 + S (62,0)]

[ (643 (62,61)) gf)(gl)_'_"gl (gf)(ﬁl—i—S(ﬁz,ﬂ]))]‘
(S (62,01))°*"

V=

/ /0/0 / B=11 £ (01 +uS (£2,01))] (du)"

7 mtegml s

+/1[/1t-'/1t(1_”)5llf(gl"‘us(g%gl))\(du)ﬁ

——

7 integrals
((1 —1)|g" (ﬁl)‘ +1|g™ (62)‘)&

After simplification and letting || f||., = supyc, 4, [/(x)[, we have

< rptes | L ( [ (=g )] +e]g (&)})dt) du

(l)ﬁ_lfHoo/l B2 /1 NG ()
el MUY M (=) g (00)| + g™ (£2)] ) i )
Case (i) n is odd integer.

Adding (2.9) and (2.10) based on (2.8), we have

1/ oo [
B+ (B+i—1)

Case (ii) n is even integer.

V<

8 ()| + [¢ (1)



FEJER-HERMITE-HADAMARD INEQUALITIES 297

Adding (2.9) and (2.10) based on (2.8), we have

11l

IS ETR @ ) TG A1) 7 @] - [¢" @]

The proof is completed. ([l

Corollary 1. If we set it = 1, we have the following result

g(&)z—i(_;((le Zl?)/gizljgl)) [J(jf]-kfs(ﬂz,&))—f(gl) +JZ+f(€1 +3 (fz,f[))}

Koo &) () +I0 4 () (1 +3 (62,01))
(S (b2, 00))""!
11l

< m Hg/ (51){ + ‘g/ (EZ)H .

3. CONCLUSION

We have obtained new lower and upper bounds of Hermite-Hadamard-Fejér type
inequalities for 7i—times differentiable preinvex functions. We have also elaborated
the results with special cases. Authors expect that the results of our paper will be
inspiring for interested readers to prove new integral inequalities via some certain
fractional integral operators.
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