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Abstract. This paper is mainly concerned with existence of mild solutions for a first order im-
pulsive neutral fractional integrodifferential inclusions with nonlocal initial conditions in «-
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1. INTRODUCTION

In recent years, impulsive differential and partial differential equations have be-
come more important in some mathematical models of real phenomena, especially
in control, biological, and medical domains. In these models, the investigated sim-
ulating processes and phenomena usually have short-time perturbations during their
evolution. The perturbations are performed discretely and their duration is negligible
in comparison with the total duration of the processes. That is why the perturbations
are considered to take place instantaneously in the form of impulses. The theory of
impulsive differential equations has seen considerable development; see the mono-
graphs of Bainov and Simeonov [1], Lakshmikantham et al. [12], and Samoilenko
and Perestyuk [17], where numerous properties of their solutions are studied and
detailed bibliographies are given.

The starting point of this paper is the work in paper [9], where the authors have
investigated the existence of solutions for the neutral partial differential equations in
a-norm

%[u(l)—F(t,u(hl(t)))] = —Alu@) - F,u(hi(ON]+ 6@ ulha(r)), te€J

u(0) + g(u) = up.
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Furthermore, in [5], authors studied the following impulsive neutral partial differen-
tial equations in c-norm

t
di[u(l)—F(t,u(M(t)))] EAM(Z)Jr/ K(1,5)G(s,u(ha(s))) ds.
t 0

t e J\{t1,t2,-- ,tm}, whereJ =[0,a],
Aulgy = I (u(ty)), k=1,2,---,m.
u(0) =g(u) e X.

Motivated by the above-mentioned works, in this paper we study the existence of
mild solutions for the following system in a general Banach space X with o-norm:

DY, [u(t) — F(t.u(hy (t))] € —Au(r) + /0 K(t.5)G(s.u(ha(s))) ds.

teJ\{t.t2,-- ,tm}, where J =[0,a],0<q <1, (1.1)

Auly = I(u(ty)), k=12, m.
u(0) + g(u) =up € X.

Here A is the infinitesimal generator of a compact, analytic semigroup

{T(t),t >0}, G is a multi-valued map and Au|;=;, = u(t]j) —u(t, ), where
u(t]:r ) and u (¢, )represent the right and left limits of u(¢) at 7 = . Let K : D — R,
D={t,s)eJxJ:0<s<tland F,G,g,I;(k=1,2,--- ,m) and hy, h, are given
functions to be specified later.

The nonlocal Cauchy problem was considered by Byszewski [2] and the import-
ance of nonlocal conditions in different fields has been discussed in [2,7] and the ref-
erences therein. For example, in [7] the author described the diffusion phenomenon
of a small amount of gas in a transparent tube by using the formula

14
gu) =) cju(t)),
Jj=0

where ¢;, j = 0,1,---, p are given constants and 0 <79 <11 <--- <1, < a. In this
case the above equation allows the additional measurement at z;, j = 0,1,---, p. In
the past several years theorems about existence, uniqueness and stability of differ-
ential and functional differential abstract evolution Cauchy problem with nonlocal
conditions have been studied by Byszewski and Lakshmikantham [4], by Byszewski
[2,3], by Fu [10], by Fu and Ezzinbi [!1] and recently, Cheng et al. [5] studied
the existence results for impulsive neutral integrodifferential equations with nonlocal
conditions.
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2. PRELIMINARIES

In this section, we introduce some definitions, notations and preliminary facts from

multi-valued analysis which are used throughout this paper.
Let (X,|.]]) be a Banach space. €(J, X) is the Banach space of continuous func-
tions from J to X with the norm ||u|; = sup{u(t):t € J}. B(X) denotes the
Banach space of bounded linear operators from X to X, with norm [N ||gx) =
sup{[|N(x)| : ||lx|| = 1}. A measurable function v : J/ — X is Bochner integrable
if and only if ||v|| is Lebesgue integrable (for properties of the Bochner integral see
Yosida [18]). L'(J,X) denotes the Banach space of Bochner integrable functions
v:J — X withnorm ||v[|;1 = [ [v()]| dt forall x € L1(J, X).

We use the notations & (X) for the family of all subsets of X. Let Pj .;(X) and
P¢p,c(X) denote respectively the classes of all bounded-closed and compact-convex
subsets of X. Similarly, Py..(X) denotes the classes of all bounded, closed and con-
vex subsets of X. A multi-valued map G : X — P(X) is convex (closed) for all
x € X. G is said to be bounded on bounded sets if G(B) = | J, g G(x) is bounded
in X forall B € Py(X) (i.e.,

sup,eg tsup{l|y|l : ¥y € G(x)}} < 00). G is called upper semicontinuous (u.s.c.)
on X if for each xg € X the set G(xg) is a nonempty, closed subset of X, and if for
each open subset U of X containing G(xg), there exists an open neighborhood I of
xo such that G(I") C U.

G is said to be completely continuous if G(B) is relatively compact for every
B € Py(X). If the multi-valued map G is completely continuous with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph, i.e., x, —
X%, Yn = Yx, Yn € G(xp) imply y« € G(xx). We say that G has a fixed point if there
is x € X such that x € G(x).

A multi-valued map G : J — P.;(X) is said to be measurable if for each x € X

the function Y : J — R defined by Y(¢) = d(x,G(t)) = inf{||x —z| : z € G(t)} is
measurable. For more details on multi-valued maps we refer to the book by Deimling
[6].
Let — A be the infinitesimal generator of an analytic semigroup {7'(¢),t >0} in X. We
note that if —A is the infinitesimal generator of an analytic semigroup then —(A +a/)
is invertible and generates a bounded analytic semigroup for o > 0 large enough. This
allows us to reduce the general case in which —A is the infinitesimal generator of an
analytic semigroup to the case in which the semigroup is bounded and the generator
is invertible. Hence for convenience, we suppose that || 7(¢)|| < M fort > 0.

We assume without loss of generality that 0 € p(—A) where p(—A) is the resolvent
set of —A. This allows us to define the fractional power A% for 0 <« < 1, as a closed
linear operator on its domain D(A%) with inverse A~%. We have the following basic
properties A%.
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Theorem 1 ([16]).
(1) Xo = D(A%) is a Banach space with norm || x|, = | A*x|| for x € D(A%).
2) T(): X — Xy foreach x > 0.
(3) A*T(t)x =T(t)A*X for each x € D(A%*) and t > 0.
(4) For everyt >0, A*T(t) is bounded on X and there exist Cq > 0 and § > 0
such that
IA*T(t)]| < Cat e ™" < Cot ™.
(5) A™% is a bounded linear operator in X with D(A%) =im(A™Y).
(6) If0 <« < B, then D(AP) < D(A%).
Remark 1. Observe as in [14] that by Theorem 1 (2) and (3), the restriction Ty (¢)
of T(t) to X is exactly the part of T(¢) in X,. Let x € Xy. Since
IT@)xllq = 14T @)x|| = [T A% || < | T O [A%x]| = |T@ | x]le
and as ¢ decreases to 0
IT(@)x —xllo = [IA*T (t)x — A%x|| = | T (1) A%x — A%x|| >0
for all x € Xy it follows that (7'(t);>0) is a family of strongly continuous semigroup
on Xy and || T (2)|| < ||T(¢)] forall > 0.

To begin with the analysis we need some basic definitions and properties from the
fractional calculus theory.

Definition 1. A real function f(x),x > 0 is said to be space C,,, u € R if there
exist a real number p(> u), such that f(x) = x? f1(x), where f1 € C[0,00) and it
is said to be in the space C}" if and only if Fm e Cy,meN.

Definition 2. The Riemann-Liouville fractional integral operator of order 0 < «,
of a function f" € Cy, u > —1 is defined as

1% f(x) =%a)/ox(x —0)*" L f()dt, o>0,x>0,
1°f(x) = f(x).

While modeling some real world phenomena with fractional differential equation
the Riemann-Liouville derivative has certain disadvantage. Therefore, we shell intro-
duce a modified fractional differential operator D% proposed by M. Caputo.

Definition 3. The fractional derivative of f(x) in the Caputo sense is defined as
DIZ f(x) =1""*D" f(x)

— 1 * __\m—a—1nym
_F(m_a)/(; (x—1) D™ f(t)dt,

for m—1<a<mmeN,x>0,[feC".
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In order to define the solution of system (1.1) we shall consider the space
2={u:[0,a] > Xo :u € €((tx_1.1]. X)),k =1,2,--- ,m and there exist
u(t;) and u(t,j),k =1,2,---,m
with u(f) = u (), u(0) + g (u) = uo}-.

which is a Banach space with the norm

llull o = sup [Ju(®)]lq -
teJ

Now we define the mild solution for the system (1.1).

Definition 4. A continuous function u, such that

(1) u(0)+ g(u) =up foreach0 <t <a;
(i) Auli=s = Ix(u(t;)).k =1,2,--- ,m, the restriction of u(.) to the interval
[0,a)\{t1,t2,--- ,t;} is continuous.

satisfying the integro-differential equation

u(t) = T(Z)[uo—g(U)—F(O u(h1 (0] + F(t.u(hi(1)))

/(t YT (t —s)F(s,u(h1(s)))ds

F( )
_4q-1 —
F( )/ (=)' T(t s)/ K(s,w)v(w)dwds
+ZT(l—fk)1k(u(lk_)), reJ,v() e G(ru(ha)))
k=1

is called a mild solution of problem (1.1).
Our main results are based on the following lemmas.

Lemma 1 ([13]). Let X be a Banach space. Let G : J X X — Py, o1 -(X) satisfied
that

(i) Foreachu € X, (t,u) — G(t,u) is measurable with respect to t;
(ii) Foreacht € J, (t,u) — G(t,u) is u.s.c. with respect to u;
(iii) For each fixedu € €(J, X), the set

Seu={veL'(J.X):v(t) € G(t,u(ha(t))) foraetel)}

is nonempty. Let I be a linear continuous mapping from L' (J, X) to €(J, X).
Then the operator

I'oSg:€(J,X)— Pepc(€E(J, X)), u— (IoSg)(u):=I(SGu)
is a closed graph operator in €(J,X) x€(J, X).
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Lemma 2 ([8]). Let B(0,r) and B[0,r] denote respectively the open and closed
balls in a Banach space X centered at the origin and of radius r and let A : X —
Ppec(X) and B : B[0,r] = Pcp(X) be two multi-valued operators satisfying:

(a) A is a multi-valued contraction, and
(b) B is upper semicontinuous and completely continuous. Then either
(i) the operator inclusion u € Au + Bu has a solution in B[0,r], or
(ii) there exists a w € X with ||\w|| = r such that Sw € Aw + Bw for some
§> 1.

We have the following result from [14].

Lemma 3. 7(¢):>0 is an immediately compact semigroup in Xy, and hence it is
immediately norm-continuous.

3. MAIN RESULT

In this section, we state and prove the existence theorem for the system (1.1). Let
us list the following hypothesis: for some o € (0, 1),

(H1) There exists a constant 8§ € (0,1) with « < < 1 such that F : [0,a] x
Xo — Xg is a continuous function, and APF - [0,a] x Xo — X, satisfies
the Lipschitz condition, that is, there exists a constant L > 0 such that

HABF(zl,ul)—AﬂF(rz,uz)H < L(ti —ta] + u1 —uall,).

for any (t1,u1), (t2,u2) € [0,a] x X4. Moreover, there exists a constant L1 >
0 such that the inequality

‘AﬂF(t,u)Ha <Li(Jullg+1)

holds for any u € Xy with

Lo=|(M+1L+ LMq_pa®™P | | 3.1
0= < L. .
i r'(g)g+a—p)
(H2) The multi-valued map G : J x Xy — P¢ ¢p(X) satisfies the following condi-
tions:
(i) For each ¢t € J, the function G(¢,.) : Xo¢ — Pc¢p(X) is u.s.c.; and for
each x € Xy, the function G(.,u) is measurable. And for each fixed
u € £2 the set

Seu = {v e LY(J,X):v(t) € G(t,u) foraete J}
is nonempty.
(i1) For each positive number [/ > 0, there exists a positive function w(/)
dependent on / such that
sup (|Gt u)]| < w(l),

lulle <!
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where

IG@. W =sup{lv]l:veGEu), |ully = sup [lu(s)lly-

0<s<a

(H3) hj €e€(J,J),i =1,2. g: 2 — X, satisfies that
(i) There exist positive constants L, and L3 such that

lg@)lle < L2llulle+Ls  forallu € 2.

(i1) g is a completely continuous map.
(H4) Foreacht € J, K(t,s) is measurable on J and

K(r) = esssup{|K(t,5)|,0 <s <1}

is bounded on J. The map t — K; is continuous from J to L°°(J,R), here
K:(s) = K(t,s) and K = sup,c; K(¢).

(HS5) I € €(Xy,Xy),k = 1,2,---,m, and there exist nondecreasing functions
Yr € €(J,Ry),k=1,2,---,m such that

Ik )llg < Vilulle) < Nullg, forueXq N eRy
(H6) There exists a real number r > 0 such that

Mya?7*(1 K
24 Mol + La) + 5 LD
r < 424 (3.2)

o [M(L +mN)+2L +M°‘L1aq_a] ’
(g—a)I'(q)
where o
MaLla o
M(L2+mN)+2L1+—}< . (3.3)
[ (g—)I'(q)

Theorem 2. Let ug € Xy. If the hypotheses (H1) — (H 6) are satisfied, then the
system (1.1) admits at least one mild solution on J.

Proof. Consider the operator N : 2 — £ (S2) defined by
N@) ={we 2 :w()=T)[uo—gw)—FO,u(h1(0)]+ F,u(hi(1)))

+ Tq) Ot(t — )2 T (t —5)F(s,u(hy(s))) ds

+ %/OI(I—S)(]_IT(I—S)/: K(s,w(s)v(w)dwds

m
+Y T —t) I (ty)). e v)eGtulha (1)},
k=1
Clearly the fixed point of N are solutions of the system (1.1). Let

A) = F(t,u(h1(2))) =T () F(0,u(71(0)))



698 M. H. M. RASHID AND A. AL-OMARI

— 0l —
F( )/ (t—s)T""T—s)F(s,u(hi(s)))ds

and

Bu) ={we2:w@)=T{)[uo—gM)]

_¢)a-1 —
F( )/ (t—85)1""T(t s)/ K(s,w(s)v(w)dwds

+ Z T(t — 1) (). v € Sgu}-
k=1

In order to apply Lemma 2, we give the proof in several steps.
Step 1. 4 is a contraction.
Take x,y € B;. Then for each ¢ € J and by condition (H1), we have that
[ACH ) =AY ()|
S F @ x(h1 () = F(t.y (RO llg + 1T @)[F (0. x(71(0))) — F(0, y (h1(0)]ll¢

e
= [[A*[F(t.x(h1 (1)) = F(t, y (hi )]
+ A% T (O[F (0, x(h1(0))) = F (0. y (R ()]

H rq) / (=T AT =) AP (e x (1 (10) — F .y (i ()]s

LM,_ga?te=h
=|M+1L+ Fo@tap | SUP||X(S) Y(9)lla
=Lo sup 1c () =y ()l -
Thus,

[AC) =AW = Lo [[x =yl -

Therefore, by assumption 0 < Lo < 1, we can see that +4 is a contraction.
Step 2. B(u) is convex for each u € £2.

Indeed, if wi, wy € B(x), then there exist vy, vz € Sg,x, such that for each

t € J we have

wi =T (Ouo—gw)]+ Y T —te) I (uty))
k=1

1! B s N
+Tq) ) (t—s)? T(t—s)/0 K(s,w)v; (w)dwds, i=1,2.



EXISTENCE SOLUTION OF NEUTRAL F. D. E. WITH FRACTIONAL OPERATOR 699

Let 0 <A < 1. Then for each t € J we have

Awy+ (1= Dwy = TOuo—g)] + Y T — i) I (u(ty)
k=1

F( )/ (t—s)1" 1T(t—s)/ K(s,w)[Avi(w)+ (1 —=A)va(w)]dwds.
Since S¢ y is convex (because G has convex values), then
Awp + (1 =D)wy € N(u).

Step 3. B is bounded on bounded sets of 2.
Let By = {ue$:|ul, <!} be a bounded set in £2. Now for each u €
Bj,x € B(u), there exists a function v € Sg,, such that foreacht € J. We
have

[x@)lle = IT@)(x0—g(x) o
/t(l—s)q_lT(t —) /S K(s,x)v(x)dwds
0 o

I
4 Z | T~ 1) Ik (x (),

k=1
=IT®l ||(x0 —8(x)lle +

(z —s)q—lA“T(z—s)/sK(s,x)v(x)dwds
0

‘F( ) Jo
+ Z | A°T (¢ — 1) I (x (1)) |

k=1
<M(Lz|x|lg+ L3+ [lxolly)
aw(l)sup,cy K(t) (! My (t —s)471
I'(q) 0o (t—9)*

w(l)sup,e s K(t)Ma ga-a+1
(g—a)I'(q)

Hence 8 is bounded on bounded sets of §2 for each x € B(B(/)).

Step 4. B sends bounded sets into equicontinuous sets on 2.
Let 71,72 € J,11 < 12. Let u € By and x € B(u), then there exists v € Sg
such that, for each ¢t € J, we have

ds+M Zwk(nxua)

+M (D).

k=1

<M(ILy+ L3+ |xollo) +

x(t)—T(t)(x()—g(x))—Fm/. (t—5)2 T (- s)/ K(s,x)v(x)dxds



700 M. H. M. RASHID AND A. AL-OMARI

+ Y T =) I (x (1)

k=1
Then

[ x(t2) —x(71)ll4
< T (r2) =T (x)](x0 — g(x)) &

! H%q) 0 22 =90 T =5) — (=)0 T )]
/ K(s,x)v(x)dxds
0 o

oo :(Tz—s)q—lT(Tz—s) /0 " K(s. x)v(x) dxds a

+| Y [T(r—t) = Tt — i) e (x (1)

0<tr <t

o

+| Y. Ta—1)I(x @)

T1<I<T2

o

<A1 +Ar+ A3+ As+ As + As.

Actually, A1, A,, A3, A4, A5 and Ag tend to O independently of B; when
75 — 11 — 0. Indeed, let x € B;, we have

Ay = ||[T(r2) = T (z)](xo — g(xX) [l
ST (w2) =T ()l [(xo — g () 4
<7 (z2) =T(@)llo (I¥olle + L2 Xl + L3)

from which we deduce that lim, ,;; A1 = 0 since by Lemma 3 the function
t — ||T(t)|, fort € (0,a].

Ay =
o

ﬁforl [(t2—$)9 T (va—5) — T (11 — )] /Os K(s,x)v(x)dxds
q?=1 ru

I'(q) Jo
q—1 r7

I'(q) Jo

dxds

o

=

[T(t2—5)— T(x1 — 5)] /0 K(s.x)v(x)

T —S§ 1 —S§
-T
2 ) ( 2

=

NA“T(Z)

T2 — 11
T
TS+

dxds

/s K(s,x)v(x)
0
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<aq_"‘_lMO[sup,eJK(t)w(l) TI[T(TZ_Tl T, —§ 1=
= I'(q) 0 2 2 2

Therefore, the continuity of the functiont — ||7°(¢)||,, for ¢ € (0,a] allows us
to conclude that lim; ., A2 =0.

Az = “ % /rl [(t2—$)47 = (11 — )47 T (11 —5) /s K(s,x)v(x) dxds

)—T( )lds.

A“T(tl—s)/ K(s,x)v(x)dx| d

< F( )/ [(r2— )71 — (11 — )7 ]

M - / [(r2— )7 — (1 — )7 ] / K(s.x)v(x)dx| d
Mqya™* sup, ¢y w(l) g1 a1
o [O (e — )4 = (r1 —5)7 V] ds

Hence limg, ¢, A3 =0.
1 ) s
4= ‘—/ (rz—s)q_lT(rz—s)/ K(s,x)v(x)dxds
') J- 0 o

_ a? ™ sup, ey K(Ow(l)

123
|A¥T (v — )| ds

I'(q)

Maaq 1SupteJ K(t)w(l) o
< @) / (1o —s) %ds
- Mya?Vsup, ¢ K(t)w(l)| —_——

- (1-a)I(g)

Since 1 —a > 0, we deduce that lim¢, ¢, A4 = 0.

As=| Y [T(o—u)—T (o — i)k (x (1))

0<try <t o
< Y Tt =T =t [ I,
0<tr <11
< Y V() MT (2 =) = T(r1 — 1))l
0<tr <t

Hence, we deduce limg, 7, As = 0.

As=| Y T(m—i)h(x()

T1<t<Tp
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< Y Ulxlo 1T @ =)y

T1<t<Tp

Therefore, limz, 7, Ag = 0.
Step 5. (B B;)(¢) is relatively compact for each ¢ € J, where (8 Bj)(t) =
{x(t);x € BB;,t € J}. Obviously, by condition (H3) (ii), (8Bj)(¢t) is
relatively compact in §2 fort = 0. Let 0 < ¢ < a be fixed and 0 < € < t. For
u € By and x € B(u), there exists a function v € Sg 4 such that

t—e S
x(l)zT(t)(xO—g(x))—I—%q) ; (t—s)q_lT(t—s)/O K(s,x)v(x)dxds
+%q) t;(r—s)q_lT(t—s)/os K(s,x)v(x)dxds+0<%:<tT(t—tk)Ik(x(tk_)).

Define
1 t—e N
xe(t)=T(t)(x0—g(x))+m | (t—s)q_lT(t—s)/(; K(s,x)v(x)dxds
+ Y T—)e(x(t)
0<ty <t—e
B T(é) t—e 1 N
—T(t)(xo—g(x))-l—m | (t—s)? T(t—e—s)/o K(s,x)v(x)dxds
+ Y Tt e(x ().
O<tp<t—e

Since {T'(t),t > 0} is compact, the set U¢ = {x(¢) : x € B(B})} is relatively
compact in §2 for every €,0 < € < t. Moreover, for every x € B(By),

/t (t—s)q_lT(t—s)/s K(s,x)v(x)dxds
t—e 0
+M > YD),

t—e<ti <t

1
[x (1) = xe(@)|lg = X0 ‘

o

Therefore, letting € — 0, we see that, there are relatively compact sets ar-
bitrarily close to the set {x(¢) : x € B(Bj)}. Hence the set x(¢);x € B(B;)
is relatively compact in £2. As a consequence of steps (3 —5) together with
the Arzela-Ascoli theorem, we can conclude that 8 is a compact multivalued
map.
Step 6. B has a closed graph.

Let up, — us,un € By, {xn € B(uy)}, and x,, — x4. We shall prove that

Xx € B(ux). x, € B(u,) means that there exists v, € Sg 4, such that, for
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eacht € J,
1 t s
50(1) =T (00 = 80 + 1~ [O (t—5)T ' T —s) /0 K (5, )n () dxds

+ > T =) e (un (1)

o<ty <t

We must prove that there exists v« € Sg,u, such that, foreacht € J,
1 t s
X« (1) =T (@) (uo—g(ux)) + —/ (t—s5)"1T(t —s)/ K(s,x)v«(x)dxds
I'(q) Jo 0
+ >0 T =) I (us (1)

0<ti <t
Clearly since I,k = 1,2,---,m and g are continuous we have that

|| xn =T @O o—gun)) = Y T(t—1) Ik (un(ty))

o<ty <t

—| = TO@o—gw))— > TUt—t) s |l — 0

o<ty <t
as n — oo. Consider the linear continuous operator

O:LY(J,X) > €. X) v— PW)()
1

[ ! _ q—1 _ S
F(q)/o (f S) T([ S)/O K(S,x)vn(x)dxds

From Lemma 1, it follows that @ o S, is a closed graph operator. Moreover
we have that

X () =T(@) (o —gun) = D T —1) [k (un(ty) € D(SGu,)-

o<ty <t

Since u, — u it follows from Lemma 1 that

X)) =T o —gux)— D T —1) I (ux(t) € P(SG,u),

0<tr <t

that is, there must exist a v« € Sg 4, such that

() =T o —gx) = D Tt —1) e (ua (i)

0<tr <t

t s
= d((v4)(?)) = %/(; (t—s)q_lT(t—s)/0 K(s,x)v«(x)dxds.

Therefore, B has a closed graph and so 8 is u.s.c.
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Step 7. The operator inclusion u € A(u) 4+ B(u) has a solution in B[0, r].
Define an open ball B(0,r) in §2, where the real number r satisfies the in-
equality given in condition (H6). As a consequence of steps (1 —6), we can
see that the operators 4 and B satisfy all conditions of Lemma 2. Now
we show that the second assertion of Lemma 2 is not true. Let u € £2 be a

possible solution for Ax € Ax + Bx for some A > 1 with ||x|, = r. Then
we have,

x(t) = X_lT(t)[uo —g() = F(O,u(h1(0))] + A~ F(t,u(h1(1)))

_ )41 _
F( )/ t—s)I""Tt—s)F(s,x(hi1(s)))ds

4l —
F( )/ (t—s)1 Tt s)/ K(s,x)v(x)dwds

+ 171 Z T(t —tr) I (u(ty).
k=1
Thus by (H1)—(H5)
[x(®)]lg < A‘l IIT(t)[uo —g@)— FO,u(h1(O)]llq + A~ 1F (& uhi(1)lg

F( ) / | =97 Tt —5)F(s.x(h1(5))) s,

-1 t

“T@ o
+ 27! Z ”T(l —tk)lk(u([k_))Hoc
k=1

(t—5)1"1T(t —s) / K(s,x)v(x)dwds
0

o

<h+DL+1Iz3+14+1s

where,

It = 27| T(@)[uo — g (w) = F(O,u(h1(0)))] 4
<M luo— gy + 4% F(0.u(h1(0)))]
< M(Jluollg +lIglle) + (L1 [Jullo +1)
= M(uollg + L2 llullg + L3) + (L1 [lullo +1).

L =2"YF(t.u(hi (1)),
<[ A*F(t.u(h (@)l
<(Liflullg+D.
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/H(t—s)q 'T(t —5)F(s.x(h1(s))) ds|,

I3 =

F( )
< F( A H(l $)?VAYT (1 —5) F(s.x(h1(s5))) ds||
< Ma(LII—[l(I’;q.Q + 1) /t(t _S)q—l—ot ds
_ Mo(Lylullg +1)a?™
I'q)(q—a)
-1 t K}
Iy = @ o (t—s)q_lT(t—s)/0 K(s,x)v(x)dwds
< aw(”u”a) SUP;ey K(t) /t(t_s)q—l ”AOtT(t_S)” ds
0

I'(q)
- w(|lullq)Maa? %" sup, ey K(t)
B (q—a)'(q)

Is =27 S| TG -t e ),

k=1

< YT -],
k=1

m

M Z lpk(”“”ot)

Taking the supremum over ¢ we obtain,

lx@ e = M(lluolle + L2 llulle + L3) + (L1 ullg + 1) + (L1 fullg + 1)

Mo (Ly |lullg +Da?™  w(|lull o) Mga? *  sup,c; K(t)
I'q)(g—a) (g—a)I'(q)

+M " Y (lullg).

k=1

+
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Substituting ||u||o = r in the above inequality and noting that (3.2) holds,

we have

My(Lir+1)a?™®

r <M(|uollq + Lar + L3)+(Lir + 1)+ (Lir+ 1)+

I'(g)(q—a)

w(r)Mga? **lsup, . ; K(t) ”
M ,
o MO
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and hence
Mya? *(1 +aw(r)K)
(=)' (q)
Ma L 1 aq_a }
(q—a)I'(q)
which is contradiction to (3.2). Hence the operator inclusions u € #A(u) +

B(u) has a solution in B[O, r]. It further implies that the system (1.1) has at
least one mild solution x in §2. The proof is complete.

24+ M(|luollg + L3) +

r=
1—|:M(L2+WZN)+2L1+

0

4. AN EXAMPLE

As an application of previous sections, we study the fractional neutral differential
equation of order ¢, where 0 < g < 1.

q

d T ) 0 .
E)t_‘l[u(t’x)_/o @(z,y,x)[u(smt,y)—i—gu(smt,y)]dy:|

2

ad § ad
= —u(t,x) ~|—/ K(t,s)g (Z,u(sint,x),a—u(sint,x)) ds,
0 X

0x2
0<t<1,0<x<n0<s<tit#ty, k=1,--,m

u(t,0)=u(t,m7)=0. 4.1

u(th) —u(y) =L(u@y)) k=1,-.m
p T

w00+ ) [ houts ) dy = uo(), 0=x=m
i=0"90

where 0 < g <1,0 <ty <-+-,tp,ug € X = L?([0,1], R) equipped with the L?-norm
|I.Il, and k;(.,.) € L?([0,1] x [0,1],R) fori = 1,2.
Consider the operator A : D(A) C X — X defined by

D(A) = HR(0.m)) = {f € X : /. f" € X, f(0) = f () =0},
Af =—f".

Then — A generates a compact, analytic semigroup 7'(.) of uniformly bounded linear

operators. It is well known that O € p(A) and so the fractional powers of A are well

defined. Moreover, the eigenvalues of A are n? and the corresponding normalized

eigenvectors are e, (x) = \/g sin(nx),n = 1,2,---. The following results are well
known:
(Al) If z € D(A), then

(e.¢]

Az = an(z,en)en.

n=1
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(A2) Foreachz € X,

| 21
A 2z = Z ;(Z,en)en-
n=1
(A3) The operator A7 is given by
1 o0
A2z=") n{z.en)en

1
for each z € D(A%) 1= {feX: Yol n(z.en)en € X}.
We assume that the following conditions hold:
(i) The function ® is measurable and

b1 b4
sup / / O2(t,y,x)dydx < co.
o Jo

0<r<1

3
Il

(ii) Foreacht € J, K(¢,s) is measurable on J and
K(t) = esssup{|K(t,s)|,0 <s <t},is bounded on J.
2

d
(iii) The function 22 is measurable, @(t,y,0) = O(¢,y,m) =0, and
X

T b4 32 )
su O(t,y,x
ostgl /o /0 (8x2 .y ))

(iv) For the function g : J x R x R — R the following three conditions are satis-
fied:

(a) Foreacht € J,g(t,.,.) is continuous.

(b) Foreachu € X%, g(.,u,u’) is measurable.

(c) There is a positive number v such that

2

2
dydxi| < 00.

g u )| <vlul, for all (t,u)eJxX%.

) I € €( Xy, Xy), k =1,2,---,m and there exist nondecreasing function ¥, €
€(J,R4) such that for each u € X,

(7 @) < Yk ([l g)-
Here we choose @ = § = % It follows from [15] that if u € X% , then u is

absolutely continuous, u’ € X, and u(0) = u(x) = 0. In view of this result,
for (t,u) e J x X LWE £2, we can define respectively that

Fltau)(x) = /0 Oty () +u' (] dy'.
G(t,u)(x) = g(t,u(x),u’'(x)) and
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p p T
cw®) =Y K @wr) =Y /0 ki(ou()dy,  wef.
i=0 i=0

SoG:JxX%—>X. AnditiseasytoseethatF:JXX%—>X%,A%F:
JXX%—>X%.Infact,f0reachteJ,wehave

9
(Faan) = 2 [7 L0y -+ 0ldy.costim)

EL1
and also

1 T 32
(P =252 ([* T5 0050100+ (ldysingm) ).

It shows that F and A2 F both take values in X 1 in terms of properties Al
and A3, and so does the function g. Since, for any x1,x; € X L

[x2—x1]7 =) (x2—x1,en)?

WK

1

3
Il

n?(xy—x1,en)?

M

3
Il
-

=

|x2 —x1]|1.
2

from which and conditions (iii) we see that (H'1) and (H 2) are satisfied. In
addition, G satisfies condition (H 4) while g verifies (H5). From (i) it is
clear that F(¢,u) is bounded linear operator on X. Let 41 (¢) = hy(t) = sint.
If conditions (3.1)-(3.3) are satisfied, then from Theorem 2, system (4.1)
admits a mild solution on [0, 1] under the above assumptions.
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