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Abstract. The aim of this paper is to investigate eventual periodicity of the following max-type
system of difference equations of higher order with four variables
Uy = max A, =k b
Ink
Tt g7 ne{0,1,2,---},

— Un—k
Sp = max C,tl:’f] ,

Vv, =maxq B

tn:maX{D V”—"‘},

7 Sn—1
where k is a positive integer, A,B,C,D € (0,+c) with A < B and C < D, and the initial values
u_i,v_j,s—i,t—i € (0,4o0) fori € {1,2,--- k}. We show that:
(1) fAC < 1orA=B=C=D =1, then there exists a solution {(un,vn,s,,,tn)}::% of this
system which is not eventually periodic.
(2) If BD=AC =1 with A # C or BD > AC = 1 or AC > 1, then every solution of this system
is eventually periodic.
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1. INTRODUCTION

The aim of this paper is to investigate eventual periodicity of the following max-
type system of difference equations of higher order with four variables

— Sn—k
U, = max {A, (s

In—k
Up—

Vv, =max<{ B,
neNyp={0,1,2,---}, (1.1)

1
Un—k
Ih—1

t, = max {D Ynk },

7 Sp—1

s, = max 4 C,

)

© 2022 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2022.3699

914 G. SU, T. SUN, C. HAN, B. QIN, AND W. QUAN

where ke N={1,2---},A,B,C,D € R = (0, +o0) satisfying
A<B and C<D, (1.2)

and the initial values u_;,v_;,s_;,t_; € (0,40) (i € Z(1,k)), where Z(a,b) =
{a,a+1,--- b} for any integer a < b.

Ifx,=u,=v,and y, =s, =1, and A = B and C = D, then (1.1) reduces to the
following max-type system

Yn—k

X, = max A,x -

n € Np. (1.3)

yni 7y 1 )

In [24], Su et al. investigated the periodicity of (1.3) and showed that if AC > 1 or
AC =1 and A # C, then every positive solution of (1.3) is eventually periodic.

Recently, the study of the properties of the max-type difference equations and
systems, such as global behavior, eventual periodicity and boundedness, has aroused
a great deal of interest (see [1-5,7-17,19-21,23,26,28,30]). For example, Fotiades
and Papaschinopoulos [60] investigated the following max-type system of difference
equations

Yn—

X, = max A,x -

n €Ny, (1.4)

y e

and showed that every positive solution of (1.4) is eventually periodic.
In [25], Su et al., inspired by above results of (1.4), investigated the periodicity of
positive solutions of the following max-type systems of difference equations

Yn—
n x5

., —MmaxqA
n € Ny, (1.5)

Xn—1
ns Vn-2 9

Yp = max B

where A,,, B, € R are periodic with period 2 and showed that every positive solution
of (1.5) is eventually periodic.

In 2015, Yazlik et al. [31] investigated the periodicity of positive solutions of the
following system

X, =max )%mm l,y—l ,

’1 n €Ny (1.6)
Yp = max y—mm 1
n

’xn 1

and the general solution of (1.6) is obtained in an elegant manner.
The above results of (1.6) motivated Sun and Xi [27] in 2016 to investigate the
following more general system

_ 1
Xp  =Maxy - ,min l,yi

_ 1
Yp = max ynim,mln l,xiH ,

n € Ny, (1.7)



EVENTUAL PERIODICITY OF A MAX-TYPE SYSTEM OF DIFFERENCE EQUATIONS... 915

where A,B € R*, m,r,t € N and the initial values x_;,y_; € R" (i € Z(1,d)) with
d = max{m,r,t} and it is shown that every positive solution of (1.7) is eventually
periodic with period 2m.
In 2013, Stevié [ 18] investigated the boundedness character and global attractivity
of the following symmetric system
X, = max {B, )yﬁ*‘ },
XZ’:? } n € N, (1.8)

y, = max {B, 5
yn72

where B, p € R™ and the initial values x_;,y_; € R" (i € Z(1,2)).
Also above results of (1.8) motivated Stevié [22] to continue studying the behavior
of the following system

yp
X, = max {B, ut },
=
Zy_
Y :max{B,x,, ;} ne N, (1.9)
-
Z, = max {B, =l }
Yn—2

where B,p € R™ and the initial values x_;,y_;,z_; € R"(i € Z(1,2)), and showed
that system (1.9) is permanent when p € (0,4).

In this paper, we investigate eventual periodicity of (1.1) and obtain the following
theorem.

Theorem 1.

(1) If AC < 1, then there exists a solution (un,vn,sn,tn):;ik of (1.1) such that
u, =A and s, = C for any n > —k and lim, v, = lim,, et = o0

(2) If A= B =C =D =1, then there exists a solution {(u,Vn,Sn,tx)}r__; Of
(1.1) such that up = v, = s, =t, and 1 < u,y1 < u, for any n > —k and
lim, ,eou, =1.

(3) If BD =AC =1 and A # C, then every solution of (1.1) is eventually periodic
with period 2k.

4) If BD > AC = 1 and {(un,vn,sn,tn)}::_k is a solution of (1.1), then u, and
s, are eventually periodic with period 2 and v, and t, are eventually periodic
with period 2k.

(5) IfAC > 1, then every solution of (1.1) is eventually periodic with period 1.

2. PROOF OF THEOREM 1

In this section, we study eventual periodicity of positive solutions of system (1.1).
Let u, = Ax,,vy, = By, 8, = Cpy,t, = Dq,, for any n > —k. Then (1.1) reduces to the
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_ CPn—k
X, = max l,ABy”n g

— Dgni
Yo =max L, g

Anr n € Ny, 2.1

Pn = Mmax 15 CDgq,1 (>

_ Byn—k
gn =maxql, CD[n)n—l ,

where the initial values x_;,y_;, p_;,q—; € R" (i € Z(1,k)). Let { (Xn, Y, Pn> qn) }12 4
be a positive solution of (2.1). To show Theorem 1, we need the following lemmas

and propositions.

Lemma 1.
(1) For any n € Ny,

x>l yn2 1, pp>1, go > 1. (2.2)
(2) IfAC > 1, then for any r € N and n > 2rk,
r
Xn = Mmax { L ﬁ’ (BlD)r y;l*lQn—k—IYn—Zk—l‘Jn—3kxj17'2'r'l;n—2(r—l)k—lqnf(lr—l)k—l }’
Yn  =max { 1, AB?,H ’ (ALC> rxnflpn—k—lxn—Zk—lpn—3iﬁ;'2'r‘l;n—2(r—l)k—lpn—(Zr—l)k—l
P =max { L CD;\n—l ’ ($> . Qn—lyn—k—1Qn—Zk—lyn—3kpj17'2"‘~2n—2(r—l)k—lyn—(Zr—l)k—l
qn = max { L CD[B;n—l ) (ALC) pnflxn—k—lPn—2k—Ipxn—jkn:lz":]fpn—Z(r—l)k—lxn—(Zr—l)k—l )
(2.3)
Proof.

(1) It follows from (2.1).

(2) Note BD > AC > 1. From this, (2.1) and (2.2) it follows that for any r € N

C X4k
ABy,_2k—1” BDy, ok 1qn—31—1

J)

4k

Yn—-19n—k—1Yn—2k—19n—3k—1

j

Xn—2rk

and n > 2rk,
_ { Cpn—i }
X, = maxs 1,
AByn 1
Axn72k
=maxql,—maxql, —
AByn 1 CDqgp 1
_ { Xn—2k }
=maxq 1,
AByn 1 BDyn 19n—k—1
1
:max{L max{L
AByn 1 BDyn 19n—k—1
1\2 Xp—
:max{l7 ( )
ABy,_1 \BD
C 1 \7
= max{l7 _— (—)
ABy,—1 \BD

Yn—19n—k—1Yn—2k—19n—3k—1""

V- (2r—2k—19n—(2r—1)r—1 }
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In a similar way, also we can obtain the other three formulas. The proof is complete.
O

Proposition 1. IfAC < 1, then there exists a solution {(Xu,yn, Pn,qn) },; = of (2.1)
such that x, = p, = 1 for any n > —k and lim,,__,..y, = lim,__,. g, = co.

Proof. Letx_j=p_;j=1landy ;j=qg_ ;= max{%,c%,f%,%)} +1 for any i €

Z(1,k). Then by a simple calculation it follows from (1.2) and (2.1) that

X0 = max l,flfy:"l =1,
Yo = max ,&:"l = Dfé" > 1,
po =max 1, C/gq’k] =1,
| 40 = max I,Clg;"l :%>1
x; = max 1, a’;;y*()" =1,
y1 = max 1, g‘g;o" = Dj{g" > 1,
p1 = max 1,2)3[;(’)‘ =1,
g1 = max l,g{)];g} = Bé;" > 1
Xi_1 = max I,A%’;k’jz =1,
YVk—1 = max l’Ag?cZIz = DZ; > 1,
Pi—1 = max}l, C/g;klzi =1,
| g1 = max 1, Cf)};;](' = BgB' > 1
( Xj = max l,Ag}{jil =1,
Y = max ’Agagil =2 >1,
pr = max? 1, Cg;zfl =1,
gr = max ,nggl =9%>1
Xp41 = max l,ACTp;k =1,
Vki+1 = max l,ﬁ;]x‘k —%>1,
P =max {1, 4} = 1,
qk+1—max{l,clj)y[‘)k _%> 1
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X2k—1 = max I,ACBI;I;;z = 1,
Yok—1 = max 1, Ag’fc’;_‘z =22 > 1,
P2k—1 = max 1,% =1,
Gq2%—1 = maxy 1, Cﬁﬁ;]ﬁz = % > 1.

By mathematical induction, we can obtain that for any A € Ny and any r € Z(0,k— 1),

Xkt r = Max 1,% =1,
Yohe4r = Max 17% = %(A]ic)k‘h—k > 1,
Pork+r = max{la CADX#'XL’I =1,
Goker = max {1, dpictic b — B (c by, > 1
and
KAt Dkr = MAX ,ABffl?f‘ ol S}
YA Dk+r = max ,ABXIZTII«:; ) = (Ai)kJrlyr—k > 17
P2t 1)k = MAX { L CDqA Xﬁtﬁr =1
L 920 +-1)k4r = max{la CD’fzyiﬁ;;r [T (iyﬂ—l%’f}c > 1.
From the above we have x, = p, = 1 forany n > —k and lim,,__,.. y, = lim,, o g, =
oo, The proof is complete. ([l

In Example 3.1 of [29], we showed that the following equation
Xn—k
Xn—1

2.4)

Xp —

has a positive solution z,, (n > —k) with 1 < z,4 < z, forany n > —k and lim,, 0z, =
1. From Example 3.1 of [29], we obtain the following proposition.

Proposition 2. [fA=B=C=D=1andz, (n > —k) is a positive solution of (2.4)
with 1 < zy41 < 2, for any n > —k and lim,__,.z, = 1, then there exists a solution
{nsYns Py @) Yooy of (2.1) such that x, = y, = pp = gn = 2n and 1 < xp41 < X for
any n > —k and lim,__,.x, = 1.

Now we assume A =B > AC =1 > C = D. From Lemma 1, we see that for any
i €Z(0,2k—1)andn € N,

.

Xo(n—1)k+i
Xopk+j = Max
2nk+i Y Yonk+i—192nk+i—k—1 |’
Y2 (n—1)k+i
. — max —_—
Yonk+i ? Xonkti—1P2nk+i—k—1 |’
A P2(n—1k+i (&)
; = max< 1 o
P2nk+i P Cqonkrio1’ Qonkti—1Y2mkti—k—1 |’
A D2(n—1)k+i
; = max< 1
{ Qonk—+i { ) C2p2nk+i—| Y Ponk+i—1X2nk-+i—k—1
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. C C .
since 7 < 1 and YT < 1. From (2.5) and (2.2) it follows that for any

i €Z(0,2k—1)andn € N,

I <o+ <maxqLxog i ¢ < X2 1)kis
I <yot+i <maxqLyo1jiri ¢ < V2(n-1)kti-

Write

lim, e Xoniti =A; > 1,
lim, oo yoniti = Bi > 1.

Lemma?2. LetA=B>AC=1>C=D.

(1) IfA; > 1 (resp. B;> 1) for some i € Z.(0,2k — 1), then xppi+i+2r and Ponk—k-+i+2r
(resp. Yonk+i+or and Gonk—k+it2r) are constant sequences eventually for any
reN, and quuk—iyiv2r11 = Yonktiv2r+1 = 1 (reSp. Popk—kyiv2ri1 = Xonktit2ri1 =
1) eventually for any r € Ny.

(2) IfA; =1 (resp. B; =1 ) for some i € 7.(0,2k — 1), then xoup+it2r = 1 (resp.
Vonk+it2r = 1) eventually for any r € Ny.

Proof.
(1) IfA; > 1 for some i € Z(0,2k — 1), then by (2.5) one has
X2(n—1)k+i

Xonk+i = (2.6)
Y2nk+-i—192nk+i—k—1

eventually and

Y2(n—1)k+i+1
yankript = max {1, A @.7)
Xonk+iP2nk+i—k

eventually since poprri—x > 1 and
Yo (n—1)k+i+1 < Ya(n—1)k+i+1 R Biq
Xonk-+iP2nk-+i—k X2nk-+i A;
It follows from (2.6) that

< Biy1= lim youkyit1-
n—>oo0

im youri-1 = lIm gopptik—1=1. (2.8)
n—-yo0 n—->o0

On the other hand, by (2.1) we see

Cpank+i—k
Xopkai = —H5——— (2.9)
T Ay
eventually. Furthermore by (1.2) and (2.1) and (2.8) we have
C ik
yankrict = max { 1, P (2.10)
X2nk+i—1
eventually since CAqf;;‘;: i’:l — Ang < 1, which with (2.9) implies
C i
Xopiys = —L2kik 2.11)

A2
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It follows from (2.1) and (2.7) and (2.11) that
AYonk+i—2k
Ganksioin = max {1, A2 2.12)
P2nk+i—k
eventually since
A i 1
lim yznkﬂ 2%+1 L
n—e C*popkyik A
Thus by (2.2) and (2.5) and (2.7) and (2.12) we have

<1.

X2 (n—1)k-+i+2
Vonk+i+192nk+i—k+1

Xonk+i+2 = Max { 1, } = X(n—1)k+it2

eventually.
We claim that xp,;1;2 > 1 eventually. Indeed, if xp,44,4+2 = 1 eventually, then by
(2.1) and (2.2) and (2.7) and (2.11) one has

AYonk+i 1
QPonk-+k+i+1 = max{],M} — max{],i} 1
C*Ponicrk+i X2 (n4 1)kt

eventually and

1 A A
Poank+k+i+2 =maxy l, —— ¢ = —
C?Ponk+ketit1 C?
eventually and
Ayonkyit3
Q2nk-+k+i+3 = Max { L, } = V2nk+i+3
CPonkk+it2

eventually and

AQonkvk+it3 }  max {17Ay2nk+i+3 } _ AVanktivs

Vonk+2k+i+3 = Max { L,
C2Xonk+2k4i42 C? C?

eventually since % > f% > 1, which leads to a contradiction that B; 3 =

AB;
o > Biya.

By xouk+it+2 > 1 eventually, in a similar way as the above also we have

AZ
Vonk+2k+i+3 = q2nk—k+i+3 = 17 Xonk+i+d = X2nk—2k+i+4, P2nk—k+i+2 = Ex2nk+i+2

eventually.

Continuing in a similar way, we can obtain that xp,x+; 2, and poug+ir2, are con-
stant sequences eventually for any » € N, and qopk—ktit2r+1 = Yonk+it2r+1 = 1 even-
tually for any r € N. The other case is treated similarly, so we omit the detail.

(2) Indeed, if A; = 1 and xp+; > 1 for some i € Z(0,2k — 1) and any k € N, then
by (2.1) we have

Cponk—k+i } _ Cponk—k+i o1

Xonk-+i = Max { L, =
A2yonkrioi A%yonkrioi
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eventually and by (2.5) we have

C _ .
yankrier = max { 1, 2oL (2.13)
X2nk+iP2nk+i—k

1y si =2 A2 > A and
eventually SINCE Xopk+iP2nk+i—k = Xopp 4 ;Y2nk+i—1"¢ = @ an

CYonk—2kri C2yonk—2kri C2B;
Vonk—2k+i+1 < Vonk—2k+i+1 i+1

< Bjy1= lim il
i+1 ’1_>oo)’2nk+z+1

A2XonktiPonk+i—k A A?
By (2.1) and (2.13) we have
AYonk+it AC
Q2nk-+k+i 1=maX{1,7}:max{l, }:1
S C2 ponk+itk C2A2 X0k 2k iy 24 2k i~ 1

eventually and

7 124x2nk+i+2 } _ Ax2nk;ri+2 (2.14)
C*@onk+ithk+1 C
eventually. Thus it follows from (2.13) and (2.14) that

CPonk-+k+i+2
[ Ty

D2nk+k-+i+2 = Max { 1

Xopk+2k-+i+2 = Max { 1 } = X2nk+2k+i+2

eventually.
Using arguments similar to ones developed in (1), also we can show that
X2(nt 1)k+i+2r 18 constant sequence eventually for any r € N. Thus one has

X2 (nt Dktit2k = X2(n42)k+i = 1
eventually, which leads to a contradiction. The other case is treated similarly, so we
omit the detail. The proof is complete. O

Proposition 3. IfBD =AC = 1 and A # C, then { (X, Yn, Pn,qn) },="; is eventually
periodic with period 2k.

Proof. Without loss of generality we assume A > C. There are the following three
cases to consider.

Case 1. Ay; > 1 for some i € Z(0,k—1) and Ayj41 > 1 for some j € Z(0,k—1)
or By; > 1 for some i € Z(0,k—1) and Byj1 > 1 for some j € Z(0,k—1) or Ay > 1
for some i € Z(0,k — 1) and B,; > 1 for some j € Z(0,k — 1) or A1 > 1 for some
i € Z(0,k—1) and Byj41 > 1 for some j € Z(0,k—1). By Lemma 2 we see easily
that {(Xn,Yn, Pnqn) }, =", is eventually periodic with period 2k.

Case 2. Ay; > 1 for some i € Z(O,k— 1) and A2j+1 = sz = sz+1 =1 for any
J€7Z(0,k—1) or By > 1 for some i € Z(0,k— 1) and Ayj;1 = Ayj = Boj1 = 1 for
any j € Z(0,k—1) or Ayi 1 > 1 for some i € Z(0,k—1) and Ay; =Brj =Byj1 =1
forany j € Z(0,k—1) or Byi11 > 1 forsomei € Z(0,k—1)and Ayj =Byj =Azjy1 =1
forany j € Z(0,k—1).

Without loss of generality we assume A; > 1 for some i € Z(0,k—1) and Ayj 41 =
Byj = Byj.1 =1 for any j € Z(0,k—1). Then by Lemma 2 we see that Xouor
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and poqx—k+2r are eventually constant sequences for any r € N, and gpug—g+2r01 =
Xonk+2r+1 = Yonk+r = 1 eventually for any r € Ny. Thus it follows from (2.1) that

_ Axpprroryt | _ A
Panktk+2r+1 = max g Lz m =ee o = max | 1, e — o,

(2.15)
_ Ayonk+2r+2 _ { A
=maxq |, o2kt22 L —max< 1, ———
G2nk-+k+2r+2 ) C? pokyka2rs ? C? ponketkr2r+1
eventually, from which it follows that
> A
DP2onk+k+2r+192nk+k+2r = c2» (2 16)
A .
Q2nk+k+2r+2P2nk+k+2r+1 = &2
eventually. By (2.15) and (2.16) one has
A
1 < —max< 1 D2nk+k+2r—1
= Ponk+k+2r+1 a ? C2Qonk-tkt2r P2nk+k42r—1
< max { L, ponkvkr2r—1 ¢ = P2nk+k+2r—15
g (2.17)
1 < — max 1 2nk-+k+2r }
= Q2nk-+k+2r+2 > C? Ponk k421 D2k 2r
< max { 1742nk+k+2r} = Qonk+k+2r
eventually. On the other hand, it follows from (2.15) and (2.17) that
Ponkikoret =max{ I, 23—t >max< 1, o—A—— b = pouiiiori
P C*qonkrkrar | T ? C*Qonk+k+2r—2 n ’
A
pr— . > . pr—
Qonktictar+2 = max g 1, C2 ponkkt2r+1 } = maxq 1, C? ponkkt2r—1 Q2nke+-k+2r
(2.18)

eventually. po,r—r2, is eventually constant sequence for any r € N and goux—k42r+1 =
1 eventually for any r € Ny and (2.17) and (2.18) imply that p, and g, are eventually
periodic with period 2k.

Case 3. Ay; = Ayiy1 = Byj = Bpi) = 1 forany i € Z(0,k— 1). Then by Lemma 2
we see that x, =y, = 1 eventually. Thus it follows from (2.1) that

A
pn=max< 1, =— ¢,
! (Can (2.19)
gn = max< 1, oy
and p,qn—1 > % and g, pp—1 > % eventually, from which we have
_ Apn— _
1 < pp = max 1’?11’1—2 < max 1apn—2} = Pn-2, (2.20)
A n— ’
1 < gn = max 1,% < max laanZ} = qn—2
eventually. On the other hand, it follows from (2.19) and (2.20) that
_ A A _
Pn= max{l, CZZ"" > max 1 1, 023"73 = Pn-2, 221)
qn:max{l,m Zmax l,m =(qn—2
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eventually. By (2.20) and (2.21) we see that p, and g, are eventually periodic with
period 2. The proof is complete. O

Proposition 4. If BD > AC = | and {(xn,Yn, pn,qn)}, =", is a solution of (2.1),
then x, and p, are eventually periodic with period 2 and y, and q, are eventually
periodic with period 2k.

Proof. If BD > AC = 1, then from Lemma (2.3) we see that there exists N € N
such that for any n > N 4+ 2, we have

— C
X, = max l,m},

D Yn—2rk
=maxq 1
In ? ABXp—1 Xn—1 Pn—k—1Xn—2k—1Pn—3k—1"""Xn—2(r— 1)k—1 Pn—(2r—1)k—1 }

A (2.22)
Pn = max { 1, by [
— B qn—2rk
qn=maxq 1, CDpp—1? Pn—1Xn—k—1Pn—2k—1PXn—3k—1"""Pn—2(r—1)k—1%n—(2r—1)k—1 }
Now we show that p, and x, are eventually periodic with period 2.
If papr = 1 for some M > N + 2, then from (2.22) it follows that
B
qm+1 = D
and
1< {17*‘ }< {1A} 1
=maxq 1, <maxq1l,—p=1.
> Pm+2 CDqy 1 B
By mathematical induction, we can obtain sy, = 1 for any r > 0,
If pppaor = m > 1 for some M > N +2 and any r > 0, then from (2.1) and
(2.22) and Lemma 1 we see
B Bym+1+2r—k
max<{ ——,q1,q2, -, > :max{l,i}
{ CcD q1,92 Qk} Z qM+2r+1 CDpuar
_ Byp142r—k B
=max{ l, —————qmi2r-1 ¢ = TYM+1+2rkGM+2r—1
A A
S B
el A qM+2r—1,
which implies A = B (since B > A leads to lim,__,. gps42,+1 = o0) and
AM+2r+1 = qM+2r—1- (2.23)
By (2.22) we see that for any i € Z(1,k),
q i+1 = max {1 L
M+2rk+2i+1 ) CDPM+2rk+2i )
qM+2i+1 }
PMA2rk+2iXM+(2r—1)k+2i PM+(2r—2)k+2i PXM+(2r—3)k+2i * * - PM+2k~+2iXM+k+2i

= max {‘1M+2rk+2i71 )
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qM+2i+1 }
PMA+2rk+2iXM+(2r—1)k-+2i PM+(2r—2)k+2i PXM+(2r—3)k+2i * * * PM+-2k+2iXM+k+2i

By (2.23) and (2.2) one has that u(i,r) = gy2rk+2i—1 18 increasing and

. qM+2i+1
Ai,r) =
PMA2rk+2iX M+ (2r—1)k+2i PM+(2r—2)k-+2i PXM+(2r—3)k+2i * * - PM+2k+2iXM+k+2i

is decreasing for any i € Z(1,k).

If for some i € Z(1,k), gy+2rk+2i+1 = AMi,r) > u(i,r) for any r € N, then by (2.23)
we see that gyr42,-+1 1S an eventually constant sequence.

If for any i € Z(1,k), gu+2rk+2i+1 = u(i,7) = qu+2rk+2i—1 > A(i, r) eventually, then
we have gy i2442i+1 = qm+2rk+2i—1 eventually for any i € Z(1, k).

From the above we see that p,, is eventually periodic with period 2. In a similar
way we can show that x, is eventually periodic with period 2. Let L > N + 1 such
that p, = pp2 and x,, = x,,45 for any n > L. By (2.3) we see that for any i € Z(1,k),

B

1 b b
CDpp ok
qr+2i+1

PLA2rk+2iXLA-(2r— 1) kA2 PLA-(2r—2)kA-2i PXLA-(2r—3)k-+2i * * * PLA2k+2iXL+k+2i }

qL+2rk+2i+1 = max{

If prioxxrk = 1, then for any i € Z(1,k),
B

qL+2rk+2i+1 = Max { l,
CDpr oo

s qL+2i+1 } .

If pryorxrr > 1, then

. qL+2i+1
lim
I==%° PLA2rk+2iXL4-(2r—1)k-+2i PL+(2r=2)k+2i PXL+(2r—3)k+2i * * " PLA2k+2iXL+k+2i

=0.

Thus gr2rk+2i+1 = max { 1, M} eventually.
From the above we see that ¢, is eventually periodic with period 2k. In a similar

way we can show that y, is eventually periodic with period 2k. The proof is complete.
O

Proposition 5. If AC > 1, then {(xn,Yn, Pn,qn) },=, is eventually periodic with
period 1. Furthermore, the following statements hold:

(1) x, =1 eventually and y, = max {1, /%} eventually or y, = 1 eventually and
X, = max { 1, f%} eventually.
(2) pn =1 eventually and q,, = max { 1, %} eventually or q,, = 1 eventually and

Pn = max { 1, c%} eventually.
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Proof. If AC > 1, then from (2.3) it follows that there exists N € N such that for
any n > N +2, we have

_ c
X, =maxq 1, By [
_ D
Yn = max 1, ABx,_1 [ (2 24)
— 1 A ’
Pn=MaX\ L €D, |
— 1 B
qn =maxq 1, z5—

\

We claim that x,, =1 for any n > N+2 or p, = 1 for any n > N 4+ 2. Indeed, if
A

xn:ﬁ > 1 forsomen2N+2andpm:m > | for some m > N + 2, then
ﬁ = f%c% > 1 since y,—1 > 1 and ¢,,—1 > 1, which leads to a contradiction. In

a similar way, also we can obtain that y, = 1 for any n > N +2 or g, = 1 for any
n>N+2.

If x, = 1 eventually, then y, = max {1 D

uﬁ} eventually. If y, = 1 eventually, then

X, = max { 1, &} eventually. If p, = 1 eventually, then g, = max { 1, c%} eventually.

If g, = 1 eventually, then p, = max { 1, CA—D} eventually. The proof is complete. [J

From Proposition 1, Proposition 2, Proposition 3, Proposition 4 and Proposition 5,
we get Theorem 1 immediately.
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