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Abstract. In this paper, we extend the result of Romaguera [21] with the aid of best proximity
point theory on partial metric spaces by considering the approach of Haghi et al. [9], and so
celebrated Boyd-Wong fixed point theorem [7]. We first introduce two concepts called general-
ized proximal BW -contraction and generalized best BW -contraction. Then, we obtain some best
proximity point theorems for such mappings. To illustrate the effectiveness of our results, we
provide some nontrivial and interesting examples. Finally, unlike homotopy applications exist-
ing in the literature, we present for the first time an application of the best proximity result to the
homotopy theory.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that κ = η if and only if d(κ,η) = 0 for each points κ,η in
a metric space (Λ,d). However, motivated by the experience of computer science,
there was a tendency to relax this equivalence. In this context, Matthews [14] intro-
duced a new concept so called partial metric by weakening the mentioned condition
as follows:

Definition 1 ([14]). Let Λ be a nonempty set and γ : Λ×Λ → [0,∞) be a function.
Then, γ is said to be a partial metric on Λ if the following conditions hold:

p1) κ = η iff γ(κ,κ) = γ(κ,η) = γ(η,η),
p2) γ(κ,κ)≤ γ(κ,η),
p3) γ(κ,η) = γ(η,κ),
p4) γ(κ,υ)≤ γ(κ,η)+ γ(η,υ)− γ(η,η)

for all κ,η,υ ∈ Λ. In this case, the pair (Λ,γ) is called partial metric space.

It is clear that every metric space is a partial metric space but conversely may
not be true. Indeed, (R+ = [0,∞),γ) is a nonmetric partial metric space, where
γ(κ,η) = max{κ,η}. For the sake of completeness, we recall the necessary and
useful properties of partial metric spaces.
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Let (Λ,γ) be a partial metric space. Then, γ generates a T0-topology τγ on Λ which
has as a base the family of open balls {B(κ,ε) : κ ∈ Λ and ε > 0} where

B(κ,ε) = {η ∈ Λ : γ(κ,η)< γ(κ,κ)+ ε}.

Let {κn} be a sequence in Λ and κ ∈ Λ. It is easy to see that the sequence {κn}
converges to κ with respect to τγ if and only if

lim
n→∞

γ(κn,κ) = γ(κ,κ).

If limn,m→∞ γ(κn,κm) exists and is finite, then {κn} is said to be a Cauchy sequence.
If every Cauchy sequence {κn} converges to a point κ in Λ such that

lim
n,m→∞

γ(κn,κm) = γ(κ,κ)

then, (Λ,γ) is said to be a complete partial metric space.
If γ is a partial metric on Λ, then the mapping dγ : Λ×Λ → [0,∞) defined by

dγ(κ,η) = 2γ(κ,η)− γ(κ,κ)− γ(η,η)

for all κ,η ∈ Λ, is a metric on Λ.
The following lemma shows the relation between a partial metric γ and the induced

ordinary metric dγ.

Lemma 1. Let (Λ,γ) be a partial metric space,{κn} be a sequence in Λ and κ ∈Λ.
Then, the following ones hold:

(i) {κn} is a Cauchy sequence (Λ,γ) iff it is a Cauchy sequence (Λ,dγ).
(ii) (Λ,γ) is a complete partial metric space iff (Λ,dγ) is a complete metric space.

Further,

lim
n→∞

dγ(κn,κ) = 0 ⇐⇒ γ(κ,κ) = lim
n→∞

γ(κn,κ) = lim
n,m→∞

γ(κn,κm).

Because of the usefulness of partial metric spaces especially in computer science
many authors have studied fixed point theory on these spaces. In this sense, Aydi et al.
initiated study of fixed point theory for multivalued mappings on partial metric spaces
by introducing partial Hausdorff metric [4]. Considering a binary relation R on a
partial metric space Perveen et al. introduced a new contraction, and then obtained a
fixed point theorem for such mappings [19]. Bugajewski et al. also discussed the vital
role of bottom sets in fixed point theory on these spaces [8]. Recently, Romaguera
[21] obtained the following nice and interesting result on these settings which extends
the famous Boyd-Wong fixed point theorem [7].

Theorem 1. Let (Λ,γ) be a complete partial metric space and let T : Λ → Λ be a
mapping such that

γ(Tκ,T η)≤ ϕ(CT (κ,η))
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for all κ,η ∈ Λ, where

CT (κ,η) = max
{

γ(κ,η),γ(κ,Tκ),γ(η,T η),
1
2
[γ(κ,T η)+ γ(η,Tκ)]

}
and ϕ : [0,∞)→ [0,∞) is upper semicontinuous from the right such that ϕ(λ)< λ for
all λ > 0. Then T has a unique fixed point κ ∈ Λ. Moreover, γ(κ,κ) = 0.

We denote the family of all functions ϕ satisfying conditions in Theorem 1 by Φ.
On the other hand, very recently, fixed point theory has been improved different

aspect from the results existing in the literature by using best proximity point theory.
Let (Λ,d) be a metric space and ∅ ̸= P,Q ⊆ Λ. Then, the mapping T : P → Q cannot
have a fixed point in case of P∩Q = ∅. In this case, it is sensible to search the
existence a point κ ∈ P such that d(κ,Tκ) = d(P,Q) which is called best proximity
point of T . Note that, if P = Q = Λ, then a best proximity point becomes a fixed
point. Therefore, every fixed point results are special cases of the corresponding best
proximity point results. For this reason, this topic has been studied in various ways
[2, 3, 5, 6, 20, 22]. Now, we state the related fundamental concepts and notations of
best proximity point theory in realm of partial metric spaces.

Let (Λ,γ) be a partial metric space and ∅ ̸= P,Q ⊆ Λ. We will consider the subsets
P0 and Q0 defined as

P0 = {κ ∈ P : γ(κ,η) = γ(P,Q) for some η ∈ Q}
and

Q0 = {η ∈ Q : γ(κ,η) = γ(P,Q) for some κ ∈ P} ,
where

γ(P,Q) = inf{γ(κ,η) : κ ∈ P and η ∈ Q}.
We will call Q is approximately compact with respect to P if and only if every se-
quence {ηn} in Q satisfying γ(κ,ηn)→ γ(κ,Q) for some κ ∈ P has a subsequence
{ηnk} such that dγ(ηnk ,η)→ 0 as k → ∞ for some η ∈ Q.

Definition 2. Let (Λ,γ) be a partial metric space and ∅ ̸= P,Q ⊆ Λ. Then, the pair
(P,Q) is said to have the P-Property if and only if it is satisfied

γ(κ1,η1) = γ(P,Q)
γ(κ2,η2) = γ(P,Q)

}
=⇒ γ(κ1,κ2) = γ(η1,η2)

for all κ1,κ2 ∈ P0 and η1,η2 ∈ Q0.

Remark 1. Recently, taking into account the metric dγ defined by dγ(κ,η) = 0
if κ = η and dγ(κ,η) = γ(κ,η) if κ ̸= η with the help of partial metric γ in [10],
Haghi et al. [9] showed that some fixed point results for the certain operators on
partial metric spaces can be obtained directly from their standard metric counterparts.
However, even if it can be shown that a mapping T has a fixed point κ by using this
approach, it cannot be obtained that γ(κ,κ) = 0 which is very useful for computer
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sciences ( for more details, see [12,13,15,16]). Moreover, the results obtained in this
article are even new in the settings of metric spaces.

In this paper, we first introduce two concepts called generalized proximal BW -
contraction and generalized best BW -contraction. Then, we obtain some best prox-
imity point theorems for such mappings on partial metric spaces. Hence, many results
in the literature are extended and improved. To illustrate the effectiveness of our res-
ults, we provide some nontrivial and interesting examples. Finally, unlike homotopy
applications existing in the literature, we present for the first time an application of
the best proximity result to the homotopy theory.

2. GENERALIZED PROXIMAL BW -CONTRACTIONS

In this section, we first introduce the following new concept, the so called general-
ized proximal BW -contraction and obtain some best proximity point results for such
mappings.

Definition 3. Let (Λ,γ) be a partial metric spaces, ∅ ̸= P,Q ⊆ Λ and T : P → Q
be a mapping. If there exists a ϕ ∈ Φ such that

γ(u1,Tκ1) = γ(P,Q)
γ(u2,Tκ2) = γ(P,Q)

}
=⇒ γ(u1,u2)≤ ϕ(RT (κ1,κ2)) (2.1)

for all u1,u2,κ1,κ2 ∈ P, where

RT (κ1,κ2) = max{γ(κ1,κ2),ST (κ1,κ2)− γ(P,Q)}

and

ST (κ1,κ2) = max
{

γ(κ1,Tκ1),γ(κ2,Tκ2),
γ(κ1,Tκ2)+ γ(κ2,Tκ1)

2

}
,

then T is called a generalized proximal BW -contraction mapping.

Before the main result of this section, we give the following lemma which is useful
in our results.

Lemma 2. Let (Λ,γ) be a partial metric space, ∅ ̸= P,Q ⊆ Λ and T : P → Q be a
mapping. Then,

RT (κ,η) = max{γ(κ,η),γ(η,T η)− γ(P,Q)}

for all κ,η ∈ P satisfying γ(η,Tκ) = γ(P,Q).

Proof. Let κ,η ∈ Λ satisfying γ(η,Tκ) = γ(P,Q). Then, we have

γ(κ,Tκ)≤ γ(κ,η)+ γ(η,Tκ),

and so,
γ(κ,Tκ)− γ(P,Q)≤ γ(κ,η). (2.2)
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Further, using triangle inequality and (2.4), we obtain

γ(κ,T η)+ γ(η,Tκ)
2

− γ(P,Q)≤ γ(κ,η)+ γ(η,T η)

2
+

γ(P,Q)

2
− γ(P,Q)

=
γ(κ,η)+ γ(η,T η)

2
− γ(P,Q)

2

=
γ(κ,η)

2
+

γ(η,T η)− γ(P,Q)

2
≤ max{γ(κ,η),γ(η,T η)− γ(P,Q)} . (2.3)

Thus, from (2.2) and (2.3), we get

RT (κ,η) = max{γ(κ,η),ST (κ,η)− γ(P,Q)}

= max
{

γ(κ,η),max
{

γ(κ,Tκ),γ(η,T η),
γ(κ,T η)+ γ(η,Tκ)

2

}
− γ(P,Q)

}
≤ max{γ(κ,η),γ(η,T η)− γ(P,Q)} ≤ RT (κ,η)

and so
RT (κ,η) = max{γ(κ,η),γ(η,T η)− γ(P,Q)} .

□

Theorem 2. Let (Λ,γ) be a partial metric space, ∅ ̸= P,Q ⊆ Λ with P0 ̸= ∅ and
T : P → Q be a generalized proximal BW-contraction mapping satisfying T (P0) ⊆
Q0. If (P0,γ) is complete, then the mapping T has a best proximity point κ∗ in P0.
Moreover, γ(κ∗,κ∗) = 0.

Proof. Let κ0 ∈ P0 be an arbitrary point. Since Tκ0 ∈ T (P0) ⊆ Q0, there exists
κ1 ∈ P0 such that

γ(κ1,Tκ0) = γ(P,Q).

Similarly, since Tκ1 ∈ T (P0)⊆ Q0, there exists κ2 ∈ P0 such that

γ(κ2,Tκ1) = γ(P,Q).

Hence, by the generalized proximal BW -contractivity of T , we have

γ(κ1,κ2)≤ ϕ(RT (κ0,κ1)).

Continuing this process, we can construct a sequence {κn} in P0 such that

γ(κn+1,Tκn) = γ(P,Q) (2.4)

and
γ(κn,κn+1)≤ ϕ(RT (κn−1,κn)) (2.5)

for all n ≥ 1. If there exists n0 ≥ 1 such that γ(κn0 ,κn0+1) = 0, then κn0 is a best
proximity point of T. Moreover γ(κn0 ,κn0) = 0. Assume that γ(κn,κn+1) > 0 for
all n ≥ 1. Thus, from (2.4) and Lemma 2, we have

RT (κn−1,κn) = max{γ(κn−1,κn),γ(κn,Tκn)− γ(P,Q)}
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for all n ≥ 1. Now from (2.5), we get

γ(κn,κn+1)≤ ϕ(max{γ(κn−1,κn),γ(κn,Tκn)− γ(P,Q)}) (2.6)

for all n ≥ 1. If there exists n0 ≥ 1 such that

γ(κn0 ,Tκn0)− γ(P,Q)≥ γ(κn0−1,κn0)

then, from (2.4) and (2.6), we have

γ(κn0 ,κn0+1)≤ ϕ(γ(κn0 ,Tκn0)− γ(P,Q))

< γ(κn0 ,Tκn0)− γ(P,Q)

≤ γ(κn0 ,κn0+1)+ γ(κn0+1,Tκn0)− γ(P,Q)

= γ(κn0 ,κn0+1),

which is a contradiction. Therefore, we have

γ(κn,Tκn)− γ(P,Q)< γ(κn−1,κn)

for all n ≥ 1 and so, we get

γ(κn,κn+1)≤ ϕ(γ(κn−1,κn))< γ(κn−1,κn) (2.7)

for all n ≥ 1. Hence {γ(κn,κn+1)} is a decreasing sequences in [0,∞) and so it is
convergent. Then, there exists u ≥ 0 such that

lim
n→∞

γ(κn,κn+1) = u.

We claim that u = 0. Assume that u > 0. Then, using equation (2.7), we have

u = lim
n→∞

γ(κn,κn+1)≤ lim
n→∞

ϕ(γ(κn−1,κn)) = lim
n→∞

supϕ(γ(κn−1,κn))≤ ϕ(u)< u,

which is a contradiction. Therefore, limn→∞ γ(κn,κn+1) = 0. Now, we shall show
that limn,m→∞ γ(κn,κm) = 0. Assume the contrary. Then, there exist ε > 0 and two
sequences {κnk} and {κmk} of {κn} such that

γ(κnk ,κmk)≥ ε and γ(κnk ,κmk−1)< ε (2.8)

for all mk > nk ≥ k, where mk is the smallest natural number satisfying (2.8) corres-
ponding to nk. Then, we have

ε ≤ γ(κnk ,κmk)≤ γ(κnk ,κmk−1)+ γ(κmk−1,κmk)< ε+ γ(κmk−1,κmk). (2.9)

Letting k → ∞ in inequality (2.9), we get limk→∞ γ(κnk ,κmk) = ε. Also, we have

γ(κnk ,Tκmk)+ γ(κmk ,Tκnk)

2
− γ(P,Q)

≤ γ(κnk ,κmk)+ γ(κmk ,Tκmk)− γ(P,Q)

2
+

γ(κnk ,κmk)+ γ(κnk ,Tκnk)− γ(P,Q)

2

= γ(κnk ,κmk)+
γ(κnk ,Tκnk)− γ(P,Q)

2
+

γ(κmk ,Tκmk)− γ(P,Q)

2
(2.10)
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for all k ≥ 1. Then, taking into account inequalities (2.4) and (2.10), we obtain

γ(κnk ,κmk)≤ RT (κnk ,κmk)

= max{γ(κnk ,κmk),ST (κnk ,κmk)− γ(P,Q)}
≤ γ(κnk ,κmk)+ γ(κnk ,Tκnk)− γ(P,Q)+ γ(κmk ,Tκmk)− γ(P,Q)

≤ γ(κnk ,κmk)+ γ(κnk ,κnk+1)+ γ(κmk ,κmk+1)

which implies that
lim
k→∞

RT (κnk ,κmk) = ε.

Since RT (κnk ,κmk)≥ γ(κnk ,κmk)≥ ε for all k ≥ 1, we have

lim
k→∞

supϕ(RT (κnk ,κmk))≤ ϕ(ε).

On the other hand, for all k ≥ 1, we obtain

ε ≤ γ(κnk ,κmk)

≤ γ(κnk ,κnk+1)+ γ(κnk+1,κmk+1)+ γ(κmk ,κmk+1)

≤ γ(κnk ,κnk+1)+ϕ(RT (κnk ,κmk))+ γ(κmk ,κmk+1)

and so, taking limit supremum in last inequality, we have

ε ≤ ϕ(ε)< ε,

which is a contradiction. Hence, {κn} is a Cauchy sequence in P0. Since P0 is a
complete partial metric space, there exist κ∗ ∈ P0 such that

lim
n→∞

γ(κn,κ∗) = γ(κ∗,κ∗) = 0 = lim
n,m→∞

γ(κn,κm).

In this case, since Tκ∗ ∈ T (P0)⊆ Q0, there exists υ ∈ P0 such that

γ(υ,Tκ∗) = γ(P,Q). (2.11)

Now, we have

γ(κ∗,Tκ∗)− γ(P,Q)≤ RT (κn,κ∗)

≤ γ(κn,κ∗)+ [γ(κn,Tκn)− γ(P,Q)]+ [γ(κ∗,Tκ∗)− γ(P,Q)]

≤ γ(κn,κ∗)+ γ(κn,κn+1)+ [γ(κ∗,Tκ∗)− γ(P,Q)]

and so
lim
n→∞

RT (κn,κ∗) = γ(κ∗,Tκ∗)− γ(P,Q).

Then, from (2.4), (2.11) and the generalized proximal BW -contractivity of T , we get

γ(κ∗,υ) = lim
n→∞

γ(κn+1,υ)≤ lim
n→∞

ϕ(RT (κn,κ∗))9 ≤ ϕ(γ(κ∗,Tκ∗)− γ(P,Q)).

Now, assume γ(κ∗,Tκ∗)> γ(P,Q). In this case, from the last inequality, we have

γ(κ∗,υ)< γ(κ∗,Tκ∗)− γ(P,Q)≤ γ(κ∗,υ)+ γ(υ,Tκ∗)− γ(P,Q) = γ(κ∗,υ),



418 HAKAN SAHIN

which is a contradiction. Therefore, γ(κ∗,Tκ∗) = γ(P,Q), that is, κ∗ is a best prox-
imity point of T . □

Remark 2. Let (Λ,γ) be a complete partial metric space, ∅ ̸= P,Q ⊆ Λ where P is
closed and Q is approximately compact with respect to P. Then, (P0,γ) is complete.
Indeed, let {κn} be a Cauchy sequence in P0. Then, {κn} is a Cauchy sequence in Λ.
Since (Λ,γ) is complete, there exists κ∗ ∈ Λ such that

lim
n→∞

γ(κn,κ∗) = γ(κ∗,κ∗) = lim
n,m→∞

γ(κn,κm)

Because of Lemma 1, {κn} converges to κ∗ with respect to ordinary metric dγ, that
is,

lim
n→∞

dγ(κn,κ∗) = 0. (2.12)

Moreover, since κn ∈ P0 for all n ≥ 1, there exists a sequence {ηn} in Q0 such that

γ(κn,ηn) = γ(P,Q) (2.13)

for all n ≥ 1. On the other hand, since

γ(κ∗,Q)≤ γ(κ∗,ηn)

≤ γ(κ∗,κn)+ γ(κn,ηn)− γ(κn,κn)

= γ(κ∗,κn)− γ(κn,κn)+ γ(P,Q)

≤ γ(κ∗,κn)− γ(κn,κn)+ γ(κ∗,Q),

we have γ(κ∗,ηn) → γ(κ∗,Q) as n → ∞. Since Q is an approximately compact
with respect to P, we get that there exists a subsequence {ηnk} of {ηn} such that
limk→∞ dγ(ηnk ,η

∗) = 0 for some η∗ ∈ Q. Hence, from (2.12) and (2.13), we have
γ(κ∗,η∗) = γ(P,Q) and so, κ∗ ∈ P0.

Taking into account Remark 2, we can obtain the following corollary.

Corollary 1. Let (Λ,γ) be a complete partial metric space, ∅ ̸= P,Q ⊆ Λ where P
is closed and Q is approximately compact with respect to P. Assume that T : P → Q
is a generalized proximal BW-contraction with T (P0)⊆ Q0 and P0 ̸=∅. Then T has
a best proximity point κ∗ in Λ. Moreover, γ(κ∗,κ∗) = 0.

Now, we present an example to illustrate both the effectiveness of Theorem 2 and
the meaningfulness of Remark 2.

Example 1. Let Λ = ({0}∪ [1,∞))× [0,∞) endowed with the partial metric γ

defined by

γ(κ,η) =
{ κ1

2 , κ = η

κ1 +η1 + |κ2 −η2| , κ ̸= η

for all κ = (κ1,κ2),η = (η1,η2) ∈ Λ. Consider the subsets P and Q as

P = ({0}∪ [2,∞))× [0,∞)
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and
Q = [1,2)× [0,∞).

Then, γ(P,Q) = 1, P0 = {0}× [0,∞) and Q0 = {1}× [0,∞) Further, we have (P0,γ)
is complete. Now, we define mappings T : P → Q and ϕ : [0,∞)→ [0,∞) by

T (κ1,κ2) =

{
(1, κ2

1+κ2
) , κ1 = 0

(2− 1
κ1
,κ2) , otherwise

and

ϕ(λ) =

{ 1
2 , λ = 0
λ

1+λ
, λ ̸= 0

.

It can be seen that T (P0) ⊆ Q0 and T is a generalized proximal BW -contraction.
Then, all hypotheses of Theorem 2 are satisfied. Therefore, the mapping T has a best
proximity point κ∗ in P. Moreover γ(κ∗,κ∗) = 0.

Note that Q is not approximately compact with respect to P. Indeed, let us consider
the sequence ηn = (1+ 1

2n ,0) for all n ≥ 1. In this case, γ((0,0),ηn)→ γ((0,0),Q)
as n → ∞. However, the sequence {ηn} does not have a dγ-convergent subsequence
in Q. Therefore Corollary 1 can not be applied to this example.

3. GENERALIZED BEST BW -CONTRACTIONS

We start to this section by giving the definition of generalized best BW -contraction.

Definition 4. Let (Λ,γ) be a partial metric space, ∅ ̸= P,Q ⊆ Λ and T : P → Q be
a mapping. Then, T is called generalized best BW -contraction if there exists ϕ ∈ Φ

such that
γ(Tκ,T η)≤ ϕ(RT (κ,η)) (3.1)

for all κ,η ∈ P.

Theorem 3. Let (Λ,γ) be a complete partial metric space, P,Q be nonempty closed
subsets of Λ and T : P → Q be a generalized best BW-contraction. Assume that the
pair (P,Q) has the P-Property, P0 ̸=∅ and T (P0)⊆ Q0. Then, T has a best proximity
point κ∗ in P. Moreover, γ(κ∗,κ∗) = 0.

Proof. Let κ0 ∈ P0 be an arbitrary point. Since Tκ0 ∈ T (P0) ⊆ Q0, there exists
κ1 ∈ P0 such that

γ(κ1,Tκ0) = γ(P,Q). (3.2)
Similarly, since Tκ1 ∈ T (P0)⊆ Q0 there exists κ2 ∈ P0 such that

γ(κ2,Tκ1) = γ(P,Q). (3.3)

Considering (3.2), (3.3) and P-Property, we have

γ(κ1,κ2) = γ(Tκ0,Tκ1).

Repeating this process, we construct a sequence {κn} such that

γ(κn+1,Tκn) = γ(P,Q) (3.4)
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and
γ(κn,κn+1) = γ(Tκn−1,Tκn) (3.5)

for all n ≥ 1. If there exists n0 ≥ 1 such that γ(κn0 ,κn0+1) = 0, then κn0 is a best
proximity point of T . Moreover, γ(κn0 ,κn0) = 0. Therefore, assume γ(κn,κn+1)> 0
for all n ≥ 1. In equation (3.1), taking κ = κn and η = κn+1, we have

γ(κn+1,κn+2) = γ(Tκn,Tκn+1)≤ ϕ(RT (κn,κn+1)). (3.6)

Thus, from (3.4) and Lemma 2, we get

γ(κn+1,κn+2)≤ ϕ(max{γ(κn,κn+1),γ(κn+1,Tκn+1)− γ(P,Q)}) (3.7)

for all n ≥ 1. Now, if there exists n0 ≥ 1 such that

γ(κn0 ,κn0+1)≤ γ(κn0+1,Tκn0+1)− γ(P,Q)

then, we have

γ(κn0+1,κn0+2)≤ ϕ(γ(κn0+1,Tκn0+1)− γ(P,Q))

< γ(κn0+1,Tκn0+1)− γ(P,Q)

≤ γ(κn0+1,κn0+2)+ γ(κn0+2,Tκn0+1)− γ(P,Q)

= γ(κn0+1,κn0+2)

which is a contradiction. Therefore, we obtain

γ(κn,κn+1)> γ(κn+1,Tκn+1)− γ(P,Q)

for all n ≥ 1 and so, from (3.7) we get

γ(κn+1,κn+2) = γ(Tκn,Tκn+1)≤ ϕ(γ(κn,κn+1))< γ(κn,κn+1) (3.8)

for all n ≥ 1. Hence {γ(κn,κn+1)} is a decreasing sequences in [0,∞) and so it is
convergent. Then, there exists u ≥ 0 such that

lim
n→∞

γ(κn,κn+1) = u.

We claim that u = 0. Assume that u > 0. Then, using equations (3.5) and (3.8), we
have

u = lim
n→∞

γ(κn,κn+1) = lim
n→∞

γ(Tκn−1,Tκn)≤ lim
n→∞

ϕ(γ(κn−1,κn))

= lim
n→∞

supϕ(γ(κn−1,κn))≤ ϕ(u)< u,

which is a contradiction. Therefore, limn→∞ γ(κn,κn+1) = 0. Now, we shall show
that limn,m→∞ γ(κn,κm) = 0. Assume the contrary, that is, there exist ε > 0 and two
sequences {κnk} and {κmk} of {κn} such that

γ(κnk ,κmk)≥ ε and γ(κnk ,κmk−1)< ε (3.9)
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for all mk > nk ≥ k where mk is the smallest natural number satisfying (3.9) corres-
ponding to nk. Then, we have

ε ≤ γ(κnk ,κmk)≤ γ(κnk ,κmk−1)+ γ(κmk−1,κmk)< ε+ γ(κmk−1,κmk) (3.10)

Letting k → ∞ in inequality (3.10), we get

lim
k→∞

γ(κnk ,κmk) = ε.

Then, we obtain

γ(κnk ,κmk)≤ RT (κnk ,κmk)

= max{γ(κnk ,κmk),ST (κnk ,κmk)− γ(P,Q)}

≤ γ(κnk ,κmk)+ γ(κnk ,κnk+1)+ γ(κmk ,κmk+1)+
γ(κnk ,κnk+1)

2
+

γ(κmk ,κmk+1)

2
which implies that

lim
k→∞

RT (κnk ,κmk) = ε

Since RT (κnk ,κmk)≥ ε for all k ≥ 1, we have

lim sup
k→∞

ϕ(RT (κnk ,κmk))≤ ϕ(ε).

On the other hand, for all k ≥ 1, we obtain

ε ≤ γ(κnk ,κmk)

≤ γ(κnk ,κnk+1)+ γ(κnk+1,κmk+1)+ γ(κmk ,κmk+1)

≤ γ(κnk ,κnk+1)+ϕ(RT (κnk ,κmk))+ γ(κmk ,κmk+1)

and taking limit supremum we have

ε ≤ ϕ(ε)< ε,

which is a contradiction. Hence, {κn} is a Cauchy sequence in P. From (3.5), we
have {Tκn} is a Cauchy sequence in Q. Since (Λ,γ) is complete partial metric space
and P,Q are closed subsets of Λ, there exist κ∗ ∈ P and η∗ ∈ Q such that

lim
n→∞

γ(κn,κ∗) = γ(κ∗,κ∗) = 0 = lim
n,m→∞

γ(κn,κm)

and
lim
n→∞

γ(Tκn,η
∗) = γ(η∗,η∗) = 0 = lim

n,m→∞
γ(Tκn,Tκm).

Letting n → ∞ in (3.4), we have

γ(κ∗,η∗) = γ(P,Q).

From (3.1), we have

γ(κ∗,Tκ∗)− γ(P,Q)≤ RT (κn,κ∗)

≤ γ(κn,κ∗)+max
{

γ(κn,Tκn),γ(κ∗,Tκ∗)

, γ(κ∗,Tκn)+γ(κn,Tκ∗)
2

}
− γ(P,Q)
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and so taking limit n → ∞ we have

γ(κ∗,Tκ∗)− γ(P,Q)≤ lim
n→∞

RT (κn,κ∗)≤ γ(κ∗,Tκ∗)− γ(P,Q).

Therefore we have

lim
n→∞

RT (κn,κ∗) = γ(κ∗,Tκ∗)− γ(P,Q)

and then

γ(η∗,Tκ∗) = lim
n→∞

γ(Tκn,Tκ∗)

≤ lim
n→∞

supϕ(RT (κn,κ∗))

≤ ϕ(γ(κ∗,Tκ∗)− γ(P,Q)).

Now, assume γ(κ∗,Tκ∗)> γ(P,Q). In this case, from the last inequality, we have

γ(η∗,Tκ∗)< γ(κ∗,Tκ∗)− γ(P,Q).

Therefore we have

γ(κ∗,Tκ∗)− γ(P,Q)≤ γ(κ∗,η∗)+ γ(η∗,Tκ∗)− γ(P,Q)

= γ(η∗,Tκ∗)

< γ(κ∗,Tκ∗)− γ(P,Q),

which is a contradiction. Therefore, γ(κ∗,Tκ∗) = γ(P,Q), that is, κ∗ is a best prox-
imity point of T . □

We aim to show the importance of Theorem 3 with the nontrivial following ex-
ample.

Example 2. Let Λ = [0,∞)× [0,∞) and γ : Λ×Λ → [0,∞) be a function defined by

γ(κ,η) = max{κ1,η1}+ |κ2 −η2|
for all κ= (κ1,κ2),η= (η1,η2)∈Λ. Then, (Λ,γ) is a complete partial metric space.
Consider the closed subsets P,Q of Λ as follows:

P = [0,∞)×{0}
and

Q = [0,∞)×{1}.
Then, γ(P,Q) = 1, P0 = {(0,0)} and Q0 = {(0,1)}. Also, it can be seen that (P,Q)
has P-property. Define the mappings T : P → Q and ϕ : [0,∞)→ [0,∞) by

T (κ,0) =
{

(κ6 ,1) , κ ∈ [0,e2)
(arctanκ,1) , κ ∈ [e2,∞)

for all κ ∈ [0,∞) and

ϕ(λ) =

{ 2λ

e2 , λ ∈ [0,e2)
lnλ , λ ∈ [e2,∞)
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for all λ ∈ [0,∞). Then, we have T (P0) ⊆ Q0 and ϕ ∈ Φ. Finally, considering the
following cases, we shall show that T is a generalized best BW -contraction:
Case 1. Let κ = (κ1,0) and η = (η1,0) with κ1,η1 ∈ [0,e2). Then, we have

γ(Tκ,T η) = max{κ1

6
,
η1

6
} ≤ 2max{κ1,η1}

e2 = ϕ(γ(κ,η))≤ ϕ(RT (κ,η)).

Case 2. Let κ = (κ1,0) and η = (η1,0) with κ1 ∈ [0,e2) and η1 ∈ [e2,∞). Then, we
have

γ(Tκ,T η) = max{κ1

6
,arctanη1}= arctanη1

≤ lnη1 = ϕ(γ(κ,η)) = 9ϕ(RT (κ,η)).

Case 3: Let κ = (κ1,0) and η = (η1,0) with κ1,η1 ∈ [e2,∞). Then, we have

γ(Tκ,T η) = max{arctanκ1,arctanη1}= arctan(max{κ1,η1})
≤ ln(max{κ1,η1}) = ϕ(γ(κ,η)) = ϕ(RT (κ,η))

The related inequalities can be seen in Figure 1 and Figure 2. Therefore, all hypo-
theses of Theorem 3 are satisfied and so the mapping T has a best proximity point κ∗

in P. Moreover γ(κ∗,κ∗) = 0.

γ(Tζ,Tη)

φ(γ(Tζ,Tη))

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

2.5

3.0

FIGURE 1. γ(Tκ,T η) and
ϕ(γ(κ,η)) in Case 2.

φ(γ(Tζ,Tη))

γ(Tζ,Tη)

8 10 12 14 16 18 20
0

1

2

3

4

FIGURE 2. γ(Tκ,T η) and
ϕ(γ(κ,η)) in Case 3.

From Theorem 3, we get the following corollary.

Corollary 2. Let (Λ,γ) be a complete partial metric space, P,Q be nonempty
closed subsets of Λ and T : P → Q be a mapping satisfying

γ(Tκ,T η)≤ ϕ(γ(κ,η))

for all κ,η ∈ P, where ϕ ∈ Φ. Assume that the pair (P,Q) has the P-Property, P0 ̸=∅
and T (P0)⊆Q0. Then T has a best proximity point κ∗ in P. Moreover, γ(κ∗,κ∗) = 0.

Taking P = Q = Λ in both Theorem 2 and Theorem 3, we obtain Theorem 1 which
is the main result of [21]. Moreover, in a similar way, from Corollary 2 we deduce
the following fixed point result.



424 HAKAN SAHIN

Corollary 3. Let (Λ,γ) be a complete partial metric space and T : Λ → Λ be a
mapping. Assume that the mapping T satisfies

γ(Tκ,T η)≤ ϕ(γ(κ,η))

for all κ,η ∈ Λ, where ϕ ∈ Φ. Then, T has a fixed point κ∗ in Λ. Moreover,
γ(κ∗,κ∗) = 0.

4. HOMOTOPY RESULT

Homotopy theory is one of the important parts of algebraic topology. Recently,
the relationship of this topic with other branches of mathematics has revealed and
has attracted the attention of many authors. Although there are many applications of
fixed point results to homotopy theory, until now there is no any application of best
proximity point results to homotopy theory [1, 11, 18]. In this section, we present
an application of our new best proximity point result to homotopy theory. So, we
investigate that if a mapping T satisfies all hypotheses of Corollary 2, then we show
that all mappings which are homotopic to T also have a best proximity point. We
begin this section by recalling the definition of homotopy.

Definition 5. Let (Λ1,τ1) and (Λ2,τ2) be topological spaces, T,F : Λ1 → Λ2 be
continuous mappings. If there exists continuous function H : Λ1 × [0,1]→ Λ2 such
that H(κ,0) = Tκ and H(κ,1) = Fκ for all κ ∈ Λ1, then it is said to be that T and
F are homotopic mappings. Also, the mapping H is called homotopy.

In the rest of the paper, we denote the family of all functions in Φ satisfying the
following implication by ΦH as in [17]:

lim
n→∞

{sn −ϕ(sn)}= 0 ⇒ lim
n→∞

sn = 0 (4.1)

for all sequence in {sn} ⊆ [0,∞). The following example is important to show that
the family ΦH is nonempty set. Let’s consider the sequence (sn) =

(1
n

)
n≥1 and the

mapping ϕ : [0,∞)→ [0,∞) defined by

ϕ(λ) =

{
0 , λ < 1
1

2λ
, λ ≥ 1 .

Then, it can be easily seen that ϕ ∈ Φ and the implication (4.1) is satisfied. Hence,
we have ϕ ∈ ΦH .

Now, we can present the main result of this section.

Theorem 4. Let (Λ,γ) be a complete partial metric space, P,Q be nonempty closed
subsets of Λ and ∅ ̸= U ⊆ P. Assume that the pair (P,Q) has P-Property and H :
P× [0,1]→ Q is a mapping satisfying

(i) γ(κ,H(κ,λ))> γ(P,Q) for all κ ∈ P\U and λ ∈ [0,1],
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(ii) there exists ϕ ∈ ΦH such that

γ(H(κ,λ),H(η,λ))≤ ϕ(γ(κ,η)) (4.2)

for all κ,η ∈ P and λ ∈ [0,1],
(iii) there exists a continuous function η : [0,1]→ [0,∞) such that

γ(H(κ,λ),H(κ,s))≤ |η(λ)−η(s)|

for all κ ∈ P and λ,s ∈ [0,1],
(iv) for all λ ∈ [0,1] satisfying γ(κ,H(κ,λ)) = γ(P,Q) for some κ ∈ U, there

exists ελ > 0 such that H(P0,λ
∗)⊆ Q0 for all λ∗ ∈ (λ− ελ,λ+ ελ).

If H(·,0) has a best proximity point in P, then H(·,1) has a best proximity point in P.

Proof. Define a set

K = {λ ∈ [0,1] : γ(κ,H(κ,λ)) = γ(P,Q) for some κ ∈U} .

Since H(·,0) has a best proximity point in P and (i) holds, then 0 ∈ K. Hence, K is
a nonempty set. We shall show that K is both open and closed in [0,1] and hence by
connectedness of [0,1], we have that K = [0,1]. We first show that K is closed. For
this, let {λn} be a sequence in K with λn → λ∗ ∈ [0,1] as n → ∞. Using definition of
K, there exists κn ∈U such that

γ(κn,H(κn,λn)) = γ(P,Q) (4.3)

for all n ≥ 1. Then, from P-Property and (ii) , we have

γ(κn,κm) = γ(H(κn,λn),H(κm,λm))

≤ γ(H(κn,λn),H(κn,λm))+ γ(H(κn,λm),H(κm,λm))

≤ |η(λn)−η(λm)|+ϕ(γ(κn,κm))

for all n,m≥ 1. Since η is a continuous function and the sequence {λn} is convergent,
we have

lim
n,m→∞

{γ(κn,κm)−ϕ(γ(κn,κm))}= 0 as n,m → ∞.

From (4.1), we have limn,m→∞ γ(κn,κm) = 0. Therefore, {κn} is a Cauchy sequence.
Since (Λ,γ) is complete and P is a closed subset of Λ, there exists κ∗ ∈ P such that

lim
n,m→∞

γ(κn,κm) = lim
n→∞

γ(κn,κ∗) = γ(κ∗,κ∗) = 0.

Now, we have to consider the following two cases:
(a) Assume that there exists n0 ≥ 1 such that κn = κ∗ for all n ≥ n0. In this case,
from (4.3), we have

γ(κ∗,H(κ∗,λn)) = γ(P,Q) (4.4)

for all n ≥ n0. Also, from (iii), we obtain

γ(H(κ∗,λn),H(κ∗,λ∗))≤ |η(λn)−η(λ∗)|
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for all n ≥ n0. Then, we have limn→∞ γ(H(κ∗,λn),H(κ∗,λ∗)) = 0 and so, from (4.4),
we get

γ(κ∗,H(κ∗,λ∗) = lim
n→∞

γ(κ∗,H(κ∗,λn)) = γ(P,Q).

(b) Now, assume the contrary to (a), that is, there exists a subsequence {κnk} of {κn}
such that κnk ̸= κ∗ for all k ≥ 1. Then, from (4.3), we have

γ(P,Q)≤ γ(κnk ,H(κ∗,λ∗))

≤ γ(κnk ,H(κnk ,λnk))+ γ(H(κnk ,λnk),H(κnk ,λ
∗))+ γ(H(κnk ,λ

∗),H(κ∗,λ∗))

≤ γ(P,Q)+ |η(λnk)−η(λ∗)|+ϕ(γ(κnk ,κ
∗))

< γ(P,Q)+ |η(λnk)−η(λ∗)|+ γ(κnk ,κ
∗)

and so

γ(κ∗,H(κ∗,λ∗)) = lim
k→∞

γ(κnk ,H(κ∗,λ∗)) = γ(P,Q).

Thus, in both cases, we obtain λ∗ ∈ K and so K is closed in [0,1].
Now, we shall show that K is open. Let λ0 ∈ K. Then, there exists κ0 ∈ U such

that γ(κ0,H(κ0,λ0)) = γ(P,Q). From (iv), for λ0 ∈ [0,1], there exists ελ0 > 0 such
that H(P0,λ

∗) ⊆ Q0 for all λ∗ ∈ (λ0 − ελ0 ,λ0 + ελ0). If we consider the mappings
H(·,λ∗) : P→Q for all λ∗ ∈ (λ0−ελ0 ,λ0+ελ0), then, from (ii), the mappings H(·,λ∗)
are BW -contraction. Therefore, all hypotheses of Corollary 2 are satisfied. Hence, for
all λ∗ ∈ (λ0 − ελ0 ,λ0 + ελ0), H(·,λ∗) has a best proximity point κ∗

λ∗ in P. Moreover,
γ(κ∗

λ∗ ,κ∗
λ∗) = 0. From (i), κ∗

λ∗ ∈U for all λ∗ ∈ (λ0 − ελ0 ,λ0 + ελ0). Hence, we have
(λ0 − ελ0 ,λ0 + ελ0)⊆ K, that is, K is open in [0,1]. □

Taking Q = Λ in Theorem 4, we obtain the following corollary.

Theorem 5. Let (Λ,γ) be a complete partial metric space, P be a nonempty closed
subset of Λ and ∅ ̸=U ⊆ P. Assume that H : P× [0,1]→ Λ is a mapping satisfying

(i) γ(κ,H(κ,λ))> 0 for all κ ∈ P\U and λ ∈ [0,1],
(ii) there exists a ϕ ∈ ΦH such that

γ(H(κ,λ),H(η,λ))≤ ϕ(γ(κ,η))

for all κ,η ∈ P and λ ∈ [0,1],
(iii) there exists a continuous function η : [0,1]→ [0,∞) such that

γ(H(κ,λ),H(κ,s))≤ |η(λ)−η(s)|

for all κ ∈ P and λ,s ∈ [0,1],
(iv) for all λ ∈ [0,1] satisfying κ = H(κ,λ) for some κ ∈U, there exists ελ > 0

such that H(P,λ∗)⊆ P for all λ∗ ∈ (λ− ελ,λ+ ελ).

If H(·,0) has a fixed point in P, then H(·,1) has a fixed point P.
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Proof. Assume that H(·,0) has a fixed point κ in P. In this case, since
κ = H(κ,0), we have

γ(κ,κ)≤ γ(H(κ,0),H(κ,0)) = 0.

Hence, γ(κ,κ) = 0 and so γ(P,Λ) = 0. Hence the conditions (i), (ii) and (iii) of
Theorem 4 are hold. Further, we have P0 =Q0 =P whenever Q=Λ, and so condition
(iv) is also hold. Therefore, there exists κ∗ ∈ P such that

γ(κ∗,H(κ∗,1)) = γ(P,Λ) = 0.

This shows that κ∗ is a fixed point of H(·,1). □

ACKNOWLEDGEMENTS

The author is thankful to the referee for making valuable suggestions leading to a
better presentation of the paper.

REFERENCES

[1] M. Abbas, H. Iqbal, and A. Petrusel, “Fixed points for multivalued Suzuki type (θ,R)-contraction
mapping with applications,” J. Funct. Spaces, vol. 2019, p. 13, 2019, id/No 9565804, doi:
10.1155/2019/9565804.

[2] I. Altun, M. Aslantas, and H. Sahin, “Best proximity point results for p-proximal contractions,”
Acta Mathematica Hungarica, vol. 162, pp. 393–402, 2020, doi: 10.1007/s10474-020-01036-3.

[3] M. Aslantas, H. Sahin, and I. Altun, “Best proximity point theorems for cyclic p-contractions with
some consequences and applications,” Nonlinear Analysis: Modelling and Control, vol. 26, no. 1,
pp. 113–129, 2021, doi: 10.15388/namc.2021.26.21415.

[4] H. Aydi, M. Abbas, and C. Vetro, “Partial Hausdorff metric and Nadler’s fixed point the-
orem on partial metric spaces,” Topology Appl., vol. 159, no. 14, pp. 3234–3242, 2012, doi:
10.1016/j.topol.2012.06.012.

[5] S. S. Basha and P. Veeramani, “Best proximity pairs and best approximations,” Acta Sci. Math.,
vol. 63, no. 1-2, pp. 289–300, 1997.

[6] S. S. Basha, “Extensions of Banach’s contraction principle,” Numer. Funct. Anal. Optim., vol. 31,
no. 5, pp. 569–576, 2010, doi: 10.1080/01630563.2010.485713.

[7] D. W. Boyd and J. S. W. Wong, “On nonlinear contractions,” Proc. Am. Math. Soc., vol. 20, pp.
458–464, 1969, doi: 10.2307/2035677.

[8] D. Bugajewski, P. Mackowiak, and R. Wang, “On compactness and fixed point theorems in
partial metric spaces,” Fixed Point Theory, vol. 23, no. 1, pp. 163–178, 2022. [Online]. Available:
www.math.ubbcluj.ro/∼nodeacj/download.php?f=221-bug-mac-wan-3269-R.pdf

[9] R. H. Haghi, S. Rezapour, and N. Shahzad, “Be careful on partial metric fixed point results,”
Topology Appl., vol. 160, no. 3, pp. 450–454, 2013, doi: 10.1016/j.topol.2012.11.004.

[10] P. Hitzler and A. Seda, Mathematical aspects of logic programming semantics. Boca Raton, FL:
CRC Press, 2011. doi: 10.1201/b10397.

[11] Humaira, M. Sarwar, and P. Kumam, “Common fixed point results for fuzzy mappings on
complex-valued metric spaces with homotopy results,” Symmetry, vol. 11, no. 1, p. 17, 2019,
id/No 61, doi: 10.3390/sym11010061.
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