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Abstract. Let M be an R-module. If every essential submodule of M has a g-radical supplement
in M, then M is called an essential g-radical supplemented (or briefly eg-radical supplemen-
ted) module. In this work, some properties of these modules are investigated. It is proved that
every factor module and every homomorphic image of an eg-radical supplemented module are
eg-radical supplemented. Let M be an eg-radical supplemented module. Then every finitely
M-generated R-module is eg-radical supplemented.
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1. INTRODUCTION

Throughout this paper all rings are associative with identity and all modules are
unital left modules.

Let R be a ring and M be an R-module. We denote a submodule N of M by
N <M. A module M is said to be simple if M have no submodules with distinct
from 0 and M. The sum of all simple submodules of a module M is called the socle
of M and denoted by Soc(M). M is called a semisimple module, if M is a direct
sum of simple modules (it is equivalent to Soc(M) = M). Let M be an R-module and
N <M. If L = M for every submodule L of M such that M = N + L, then N is called
a small (or superfluous) submodule of M and denoted by N < M. A submodule
N of an R-module M is called an essential submodule, denoted by N < M, in case
K NN # 0 for every submodule K # 0, or equvalently, NN L = 0 for L < M implies
that L = 0. Let M be an R-module and K be a submodule of M. K is called a gen-
eralized small (briefly g-small) submodule of M if for every essential submodule T
of M with the property M = K + T implies that T = M, we denote this by K <, M
(in [13], it is called an e-small submodule of M and denoted by K <, M). Let M
be an R-module and U,V <M. If M = U +V and V is minimal with respect to
this property, or equivalently, M =U +V and UNV <KV, then V is called a sup-
plement of U in M. M is said to be supplemented if every submodule of M has a
supplement in M. M is said to be essential supplemented (briefly e-supplemented)
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if every essential submodule of M has a supplement in M. Let M be an R-module
and U,V <M. tEM=U+Vand M =U+T with T <V implies that T =V, or
equivalently, M = U +V and UNV <K, V, then V is called a g-supplement of U in
M. M is said to be g-supplemented if every submodule of M has a g-supplement in
M. M is said to be essential g-supplemented if every essential submodule of M has
a g-supplement in M. The intersection of all maximal submodules of an R-module
M is called the radical of M and denoted by Rad(M). If M have no maximal sub-
modules, then we denote Rad(M) = M. Let M be an R-module and U,V < M. If
M=U+V andUNV <Rad(V), then V is called a generalized (Radical) supplement
(briefly Rad-supplement) of U in M. M is said to be generalized (Radical) supple-
mented (briefly Rad-supplemented) if every submodule of M has a Rad-supplement
in M. The intersection of all essential maximal submodules of an R-module M is
called the generalized radical (briefly g-radical) of M and denoted by Rad M (in
[13] it is denoted by Rad.M). If M have no essential maximal submodules, then
we denote Rad,M = M. Let M be an R-module and U,V <M. If M = U +V and
UNV <RadgV, then V is called a g-radical supplement of U in M. M is said to be
g-radical supplemented if every submodule of M has a g-radical supplement in M.
Let M be an R-module and K <V <M. We say V lies above K in M if V /K < M /K.

More details about supplemented modules are in [2, | 1 ]. More details about essen-
tial supplemented modules are in [7,8]. More informations about g-small submodules
and g-supplemented modules are in [3,4]. The definition of essential g-supplemented
modules and some properties of them are in [5]. More details about generalized (Rad-
ical) supplemented modules are in [10, 12]. The definition of g-radical supplemented
modules and some properties of them are in [4].

Lemma 1 ([4, Lemma 3]). The following assertions are hold.
(1) If N <M, then RadgN < Rad M.
(2) IfK,L <M, then Rad,K +Rad,L <Rad, (K +L).
(3) If f: M — N is an R-module homomorphism, then f (Rad,M) < Rad,N.

2. ESSENTIAL G-RADICAL SUPPLEMENTED MODULES

Definition 1 ([6, Definition 1]). Let M be an R-module. If every essential sub-
module of M has a g-radical supplement in M, then M is called an essential g-radical
supplemented (or briefly eg-radical supplemented) module.

Clearly we can see that every essential g-supplemented module is eg-radical sup-
plemented. But the converse is not true in general (see Example 1 and Example 2).
Every g-radical supplemented module is eg-radical supplemented.

Proposition 1. Let M be an eg-radical supplemented R-module. If every nonzero
submodule of M is essential in M, then M is g-radical supplemented.

Proof. Clear from definitions. ]
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Lemma 2. Let M be an eg-radical supplemented module. Then M /Rad,M have
no proper essential submodules.

Proof. LetU /Rad,M <M /Rad,M. Then U < M and since M is eg-radical supple-
mented, U has a g-radical supplement V in M. Here M =U +V and UNV <Rad,V <
Rad,M. Then M /Rad,M = (U +V) /Rad;M = U /RadyM + (V +Rad,M) /Rad, M
and U/RadM N (V+Rad,M)/Rad,M = (UNV +Rad,M)/RadM =
Rad,M /Rad,M = 0. Hence M/Rad,M = U/Rad,M & (V +Rad,M) /Rad,M and
since U /Rad,M < M /Rad,M, U/Rad,M = M /Rad,M. Thus M/Rad,M have no
proper essential submodules. g

Corollary 1. Let M be an eg-radical supplemented module. Then M /Rad M is
semisimple.

Proof. Since M is eg-radical supplemented, by Lemma 2, M/Rad,M have no
proper essential submodules. Then by [1 1, Section 21.1], Soc (M /Rad,M) = M /Rad,M
and M /Rad,M is semisimple. O

Corollary 2. Let M be an essential g-supplemented module. Then M /Rad,M is
semisimple.

Proof. Clear from Corollary 1. 0

Lemma 3. Let M be an R-module, U I M and N < M. If U + N has a g-radical
supplement in M and N is eg-radical supplemented, then U has a g-radical supple-
ment in M.

Proof. Let X be a g-radical supplement of U +N in M. Since U <M, U +X <
M and (U+X)NN < N. Since N is eg-radical supplemented, (U +X) NN has a
g-radical supplement Y in N. Since X is a g-radical supplement of U + N in M,
M=U+N+X and (U+N)NX <Rad,X. Since Y is a g-radical supplement of
(U+X)NNinN,N=(U+X)NN+Y and (U+X)NY = (U+X)NNNY <Rad,Y.
Then M =U+N+X=U+U+X)NN+Y+X =U+X+Y and, by Lemma I,
UNX+Y)<(U+X)NY+(U+Y)NX <Rad,Y + (U +N)NX <Rad,Y +Rad,X
<Rady (X +7Y). Hence X +7 is a g-radical supplement of U in M. O

Lemma 4. Let M = M| + M,. If M| and M, are eg-radical supplemented, then M
is also eg-radical supplemented.

Proof. Let U < M. Then U+ M; < M and since U + M; + M, has a trivial
g-radical supplement 0 in M and M, is eg-radical supplemented, by Lemma 3, U + M,
has a g-radical supplement in M. Since M, is eg-radical supplemented and U < M,
by Lemma 3 again, U has a g-radical supplement in M. Hence M is eg-radical sup-
plemented. 0

Corollary 3. Let M =M +M> +---+M,. If M; is eg-radical supplemented for
everyi=1,2,...,n, then M is also eg-radical supplemented.
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Proof. Clear from Lemma 4. g

Lemma 5. Let f: M — N be an R-module epimorphism, U,V < M and Ker (f) <
U. IfV is a g-radical supplement of U in M, then f (V) is a g-radical supplement of
f(U)inN.

Proof. Since V is a g-radical supplement of U in M, M =U +V and UNV <
Rad,V. Then N = f(M) = f(U+V)=f(U)+ f(V). Letx € f(U)N f(V). Then
there existu € U and v € V withx = f (u) = f(v). Here f(v—u) = f(v)— f(u) =0
andv—u € Ker(f) <U.Thenv=v—u+u€c U andsinceveV,veUNV. Hence
x=f(v)e f(UNV)and f(U)Nf(V) < f(UNV). Here clearly we can see that
fUnv)<fU)Nf(V)yand f(U)Nf(V)=f(UNV). Since UNV < Rad,V, by
Lemma I, f(U)Nf(V) = f(UNV) < f(RadgV) < Rad,f (V). Hence f(V) is a
g-radical supplement of f(U) in N, as desired. O

Lemma 6. Every homomorphic image of an eg-radical supplemented module is
eg-radical supplemented.

Proof. Let M be an eg-radical supplemented R-module and f: M — N be an R-
module epimorphism. Let U < N. By [11, Section 17.3 (3)], f~! (U) < M and since
M is eg-radical supplemented, f~! (U) has a g-radical supplement V in M. Since
ker(f) < f~'(U), by Lemma 5, f (V) is a g-radical supplement of f (f~' (U)) =U
in N. Hence N is eg-radical supplemented, as desired. U

Corollary 4. Every factor module of an eg-radical supplemented module is eg-
radical supplemented.

Proof. Clear from Lemma 6. ]

Lemma 7. Let M be an eg-radical supplemented R-module. Then every finitely
M-generated R-module is eg-radical supplemented.

Proof. Let N be a finitely M-generated R-module. Then there exist a finite index
set A and an R-module epimorphism f: M) — N. Since M is eg-radical supple-
mented, by Corollary 3, MY is eg-radical supplemented. Then by Lemma 6, N is
eg-radical supplemented, as desired. U

Proposition 2. Let R be a ring. Then the R-module gR is eg-radical supplemented
if and only if every finitely generated R-module is eg-radical supplemented.

Proof. (=) Clear from Lemma 7.
(<=) Clear, since gR is finitely generated. O

Definition 2. Let M be an R-module and X < M. If X is a g-radical supplement of
an essential submodule of M, then X is called an eg-radical supplement submodule
in M.
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Let M be an R-module. It is defined the relation B* on the set of submodules
of an R-module M by XB*Y if and only if Y + K = M for every K < M such that
X+K=Mand X+T =M forevery T <M such that Y +T7 = M (see [1]). Itis
defined the relation ; on the set of submodules of an R-module M by Xf;Y if and
only if Y + K = M for every K < M such that X + K = M and X + 7T = M for every
T <M such that Y +T = M (see [9]).

Lemma 8. Let M be an R-module. If every essential submodule of M is 3; equi-
valent to an eg-radical supplement submodule in M, then M is eg-radical supplemen-
ted.

Proof. Let X < M. By hypothesis, there exists an eg-radical supplement submod-
ule V in M with X B; V. Let V be a g-radical supplement of an essential
submodule U in M. Then M =U +V and U NV < Rad,V. Since U < M, by hypo-
thesis, there exists an eg-radical supplement submodule Y in M with U B;Y. LetY bea
g-radical supplement of § in M and S < M. Then M = S+ 7Y and
SNY < Rad,Y. Since XB; V and M =U +V, M =X +U and since UB;Y and
X<IM,M=X+Y. Assume XNY ﬁ Rad,Y. Then there exists an essential maximal
submodule T of Y such that XNY +7T =Y. By using [2, Lemma 1.24], we can see that
M=S+Y =XNY+S+T =Y+XN(ES+T) =U+XnN(S+T)
=X+UNS+T)=V+UN(S+T)=UNV+S+T. Since T is an essential
maximal submodule of Y, by SJ% = Y}“fJTFT = Yﬂ(§+T) = sm)//ﬂ =LrandS+T IM,
S+T is an essential maximal submodule of M and hence U NV < Rad,V <S+T.
ThenM =UNV +S+T =S+T. This is a contradiction. Hence X NY < Rad,Y and
Y is a g-radical supplement of X in M. Thus M is eg-radical supplemented. t

Corollary 5. Let M be an R-module. If every essential submodule of M is B*
equivalent to an eg-radical supplement submodule in M, then M is eg-radical sup-
plemented.

Proof. Clear from Lemma 8. O

Corollary 6. Let M be an R-module. If every essential submodule of M lies above
an eg-radical supplement submodule in M, then M is eg-radical supplemented.

Proof. Clear from Corollary 5. 0

Corollary 7. Let M be an R-module. If every essential submodule of M is an
eg-radical supplement submodule in M, then M is eg-radical supplemented.

Proof. Clear from Corollary 6. ([l

Lemma 9. Let M be an R-module. If every submodule of M is B* equivalent to an
eg-radical supplement submodule in M, then M is g-radical supplemented.

Proof. Let X < M. By hypothesis, there exists an eg-radical supplement submod-
ule V in M with X3*V. Let V be a g-radical supplement of an essential submodule U
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inM. Then M =U +V and UNV < Rad,V. By hypothesis, there exists an eg-radical
supplement submodule Y in M with UB*Y. Let Y be a g-radical supplement of an es-
sential submodule S in M. Then M = S+Y and SNY < Rad,Y. Since XB* V and
M=U+V,M=X+U andsince UB*Y,M =X +7Y. Assume XNY f Rad,Y. Then
there exists an essential maximal submodule 7 of Y such that XNY +7 =Y. By us-
ing [2, Lemma 1.24], we can see that M =S+Y =XNY +S+T =Y +XN(S+T) =
U+XNS+T)=X+UNS+T)=V+UN(S+T)=UNV+S+T. Since T is
an essential maximal submodule of Y, by ¢/ =TT o m(g 7 = ST = ¥
and S+ T <M, S+ T is an essential maximal submodule of M and hence UNV <
Rad,V <S+T. Then M =UNV +S+T =S+ T. This is a contradiction. Hence
XNY <Rad,Y and Y is a g-radical supplement of X in M. Thus M is g-radical
supplemented. ([l

Corollary 8. Let M be an R-module. If every submodule of M lies above an eg-
radical supplement submodule in M, then M is g-radical supplemented.

Proof. Clear from Lemma 9. O

Corollary 9. Let M be an R-module. If every submodule of M is an eg-radical
supplement submodule in M, then M is g-radical supplemented.

Proof. Clear from Lemma 9. U

Example 1. Consider the Z-module Q. Since Rad,Q = Rad(Q) = Q, zQ is eg-
radical supplemented. But, since zQ is not supplemented and every nonzero sub-
module of 7zQ is essential in 7Q, zQ is not essential g-supplemented.

Example 2. Consider the Z-module Q& Z > for a prime p. It is easy to check that
Rad,Z, # Z,. By [4, Lemma 4], Rad, (Q® Z,2) = Rad,Q ®Rad,Z > # QB Z,..
Since Q and Z . are eg-radical supplemented, by Lemma 4, Q ®Z . is eg-radical
supplemented. But Q ©Z, is not essential g-supplemented.
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