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Abstract. In this paper, we consider the Diophantine equation P, —3“ =v and find all v having
at least two representations. In the proof of the main theorem, we use a version of the Baker-
Davenport reduction method.
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1. INTRODUCTION
Let us consider the Diophantine equation
a—b =v (1.1)

where a,b are given fixed positive integers, v > 1 and min{x,y} > 2. This equation
is also known as Pillai’s equation. The v = 1 case, known also as the Catalan’s
conjecture, was proved by Mihdilescu [24]. In 1936 and 1937 (see [25, 26]), Pillai
conjectured that only integers v with at least two representations of the form 2* — 3~
are as follows:

P_32=—_1=21-31 2_33—_5=723_31 28_35_13=2%_3l

This conjecture is a continuation of the work of Herschfeld [20, 21] in 1935 and
verified by Stroeker and Tijdeman in 1982 [28]. The problem that Pillai deals with
in the general case has recently begun to be studied in integer sequences thanks to
Baker’s theory. For example in [13], authors shows that the set of integers admitting
at least two representations of the form F, —2¢ is {—30,—11,—3,—1,0,1,5,85}.
Since then, many studies including integer sequences were handled by the authors
(see [3,0-12, 15=19]).

We consider Pell sequence which is defined by Pp = 0, P = 1 and
P, =2P,_| + P,_,. Some of the terms of the Pell sequence are given by

0,1,2,5,12,29,70,...

© 2021 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2021.3659

600 A. CAGMAN

Its characteristic polynomial is of the form x> — 2x — 1 = 0 whose roots are o = 1 ++/2
and B = 1 — /2. Binet’s formula enables us to rewrite the Pell sequence by using the
roots o and P as

o — Bn
 — , 1.2
W (1.2)
Also, it is known that
a2 <p, <ol (1.3)

More detailed information on Pell sequences can be found in [22].
In this article, we aimed to prove the following result.

Theorem 1. The only integers v having at least two representations of the form
P,—3=v (1.4)

are {—1,2}. Furthermore, all the representations of these integers as P, — 3% with
integers n > 0 and a > 0 are given by

p-3'=-1=p-3°
Ps—3*=2=p;-3.

2. PRELIMINARIES
2.1. Linear forms in logarithms.

Let us give the concept of logarithmic height of an algebraic number and its some
properties, which is a component of an important theorem that we will use for proof.

Definition 1. Let § be an algebraic number of degree d with minimal polynomial

d
apx +aix '+ 4ay :aO'H(x_E"")
i=1

where a;’s are relatively prime integers with ap > 0 and &;’s are conjugates of §. Then

1 d
Mazdo%%+2man%mu0
i=1
is called the logarithmic height of €. The following proposition gives some properties
of logarithmic height that can be found in [27].

Proposition 1. Let §,&1,8y,...,& be elements of an algebraic closure of Q and
m € Z. Then

(D) hEr--&) <Yi_ k(&)
() h(Gi+---+&) <logr+Yi h(&)
(3) h(&")=|m|h(E).
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We use a Baker-type lower bound (see in [2]) for a nonzero linear form in logar-
ithms of algebraic numbers several times to prove our main result Theorem 1. In the
literature, there are many such bounds but we will use the result of Matveev stated in
the following theorem (see [23] or Theorem 9.4 in [5]).

Theorem 2. Lety1,Y2,...,Ys be nonzero elements of a real algebraic number field
F of degree D, by,b;, ..., bs rational integers. Set

A=y -1
and
B :=max{|by|,...,|bs|}.
If A is nonzero, then
log|A| > —3-30™- (s 4+1)>°-D?*- (1 +logD) - (1 +log(sB)) - Ay - - A,
where
A; > max{D-h(y;),|logYi|,0.16}
forall1 <i<s. IfF =R, then

log|A| > —1.4-30°7 /%% . D?. (1 +-1ogD) - (1 +logB) - A; - - A,.
2.2. Baker-Davenport reduction lemma.

We use some of the results of the continued fractions theory to reduce the upper
bounds on variables, which are quite large, that we have obtained throughout the
calculations. The following lemma we specifically use, and taken from [4], is a
variation of the result due to [14] which is a generalization of a result of [1].

Lemma 1. Let A, B, u be some real numbers with A > 0 and B > 1 and let ¥
be an irrational number and M be a positive integer. Take p/q as a convergent of
the continued fraction of Y such that ¢ > 6M. Set € := ||uq|| — M ||yg|| > O where
I-|I denotes the distance from the nearest integer. Then there is no solution to the
inequality

0<|uy—v+ul <AB™"

in positive integers u, v and w with

usM and w>

3. PROOF OF THEOREM 1

Let us assume that there exist nonnegative integers n,a,nj,a; such that

(n,a) # (n1,a;) and
P,—39=P, —39. 3.1)
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If we take a = a; then we obtain P, = P,, and so (n,a) = (n;,a;) which contadicts
our assumption. Thus, without loss of the generality, we can assume that a > a;. By
rewriting the equation (3.1) as

P,— P, =3¢—3

we get n > nj from the positivity of left hand side of the equality. Using the equality
above and the inequality (1.3), we obtain

"t <P,y <P, —P, =339 <34 (3.2)
o' >P,>P,— P, =3-3% >3 (3.3)
These two inequalities yield immediately that
log3 log3
(22 ) a1 <n< & )ata (3.4)
logal logal

If n <200 then we have a < 158 from the above inequality. When we examine the
solutions of the equation (1.4) in the Mathematica program for these bounds, we see
that there is no other solution than the solutions stated in the Theorem 1. Therefore,
we assume that n > 200 from now on and from (3.4) we have that a > 158. So, to
solve the equation (1.4), it suffices to find an upper bound for 7.

3.1. Upper bound for n

If we substitute the formula (1.2) in equation (3.1), we get

n ny _ Rng 1 nj
B o B S <0c +\f2> + 3 < 3max{a™,3"}.

‘ o + —34
2V/2 2v2 2V2 2\V2

Multiplying both sides by 37¢, using the relation (3.2) and the fact that o0 < 3, we
obtain

—1 ny
(2\6) oc"3“—1‘<3max{°3°a,3al“};max{a"1"+6,3“1“+1}. (3.5)

a

—1
Let us apply the Theorem 2 to the above inequality. Set A; := (2\/5) a3 4 —1.

A is not zero. If it were zero, it would be a¥* € Z, which is impossible. Let us take
5= 3, (V1,7 78) = (2ﬂ,a,3) and (b1, b2, b3) i= (—1,n,—a). We have D := 2

since each v; belongs to Q (ﬁ) and we can choose A{,A>, A3 and B as follows:

Ap:=2.1>2.079~2-log (2[2) =2-h(n)

Az:=0.9>0.8813 ~logat =2/ (y,)

A3:=22>21972~2-log3 =2-h(y3)
B:=2n
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since max {1,n,a} < 2n. Then from Theorem 2, we get
log|A;|> —1.4-30%-3*%.2% . (1 4+10g2) - (1+1log(2n))-2.1-0.9-2.2.
By comparing with (3.5), we obtain
min {(n—n; —6)loga, (a —a; — 1)log3} < 4.04-10'%- (1 41log(2n))
which gives
min {(n —n;)loga, (@ —a;)log3} < 4.1-10'%- (1+41log (2n)).
Now, let us consider the above result as two cases.

Case 1. min{(n—n;)loga, (a —aj)log3} = (n—ny)loga.
In this case, we rewrite the equation (3.1) as

<oc;\'/§—l> o —3¢) = B"Z?/gn.

which implies
ot — 1
() o3 Ta _ 1‘ < 3a17a+1.
242

Set Ay = (%) o374 — 1. If Ay = 0, then we get

— 34 < 1439 < 31

ot — ot =2v/2-3%.
Conjugating this equation in Q (\@) yields that

Bn o Bnl — _2\/5 34

603

(3.6)

3.7)

(3.9)

From the triangle inequality, absolute value of the left hand side of the equation (3.8)
is less than 2, but that of the right hand side is greater than 2 for a > 158. This is a
contradiciton and hence A, # 0. So, we can apply Theorem 2 to the equation (3.7)

with the parameters
ot —1

s=3, (Y1,72,73) = (2\@

Since the minimal polynomial of y; divides
8% =8Py px— ((=1)"™" + 1= Q)

where {Q,}, is the Pell-Lucas sequence, we get

1 oM 41 1
h < — | log8+1 _— —1 4+/ 20/
(yl)_2<og+og< W >><20g<foc )

1
< E(n—nl +2)logor < 4.2- 10" - (1 +log2n).

So, we can choose Aj,A;, A3 and B as follows:
Ay :=8.4-10". (1+1log2n) > 2-h(y))

,OC,3) and (bl,bz,b3) = (l,nl,—a).
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A:=09>2-h()
A3:=22>2-h(y)
B:=2n
since max {1,n,a} < 2n. Thus, we obtain that
log|Ay|> —C-8.4- 10" . (1 +1log2n)-0.9-2.2
where
C:=1.4-30%-3*3.22. (1 +1og2) - (1 +log(2n))
and this inequality implies that
log|Ay| > —1.61-10%*- (1 +1log2n)?.
Comparing the last inequality with the inequality (3.7), we get that
(a—aji)log3 < 1.62-10%* - (1 +log2n)*.

Case 2. min{(n—n;)loga, (a —a;)log3} = (a —a;)log3.
In this case, we rewrite the equation (3.1) as

OCn _ 3a1 (Safal _ 1) — Bn+(xnl - Bnl aﬂ] +2 ni
22 222 22
which implies
a -1 B o'
‘(2\6(3 alfl)) o3 all‘ =30 3a
" 3.9
< 3(X’ < 3an17n+4 < an17n+6.

3(1
from (3.2). Let

Ayi= (2v2 (37 - 1))71 W3 1,

Clearly, Az # 0. If the opposite were true, that is, if A3 = 0, then 02" € 7, which is a
contradiction. In this aplication of Theorem 2, we take

s=3, (Y1,72,73) := (2\@(3“‘“1 —1) ,oc,3>
and (by,ba,b3) = (—1,n,—ay).
Since the minimal polynomial of y; is x> — 8 (34791 — 1)2 we get,
h(11) = log (2[2 (39 — 1)) <(a—aj+1)logd <4.2-102.(1+log(2n))
from (3.6). So, we can take

A :=8.4-10" . (1+1log2n) A3:=22
Ar:=0.9 B:=2n
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since max {1,n,a;} < 2n. Then, we obtain
log|Az| > —C-8.4-10"- (1 4+1og(2n))-0.9-2.2,
where
C:=1.4-30°-3*3.22. (1+10g2) - (1 +log(2n)).
Hence,
log|As| > —1.61-10% - (14log (2n))*.
Comparing the above result with the inequality (3.9), we get
(n—ny)logo < 1.7-10% - (14log (2n))*.
So, from Case 1 and Case 2, we have
min {(n —ny)loga, (@ —a;)log3} < 4.1-10'- (1 +1log(2n)),
max {(n—n;)logo., (a —ajy)log3} < 1.7-10% - (14log (2n))*.
Finally, we rewrite the equation (3.1) as

(%) o — (39 —39) B"Z?/l;m

Dividing the leftmost and rightmost sides by (3¢ —3%') in the above inequality, we
! < 3 <30 " <t (3.11)

get
(xl’l—}’ll _ 1
— "3 —1 —_—
<2\/§(3“—“1 —1) ) (3¢ —3a) 3a
from (3.2). Now, we can apply Theorem 2 to the above inequality with

(3.10)

<|p"M| < 1.

< ‘

ot —1
S = 3, s 12y = —7(X'a3
(Y1, 72,73) (2\/5(351—01 —1) )
and (b],b27b3) = (l,nl,—al).

Let us compute £ (7y;) for Aj.

B h< oM ) h<0mn1_l) h(3a al 1)
= B S RS + g -
" 22 (30 — 1) 22
1
<5 (n—n +2)loga+(a—a1)logd <2.1- 10% - (1+1log (2n))*.

So, we can take

Ay :=4.2-10% - (1+1log(2n))? A3:=22

Ay :=0.9 B:=2n
since max {1,n1,a;} < 2n. If we take

al’l—nl _l

Ay o3 —1
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one can easily see that A4 # 0 as in the previous ones. So, from the Theorem 2, we
obtain
log|Ag| > —C-4.2-10% - (1+1og(2n))*-0.9-2.2
where C :=1.4-30%-3%3.22. (1 +10g2) - (1 +log(2n)). This bound and (3.11) gives
n—6<8.06-10%-4.2.10% - (14log(2n))’

which can be simplified as
n<852-10%. (3.12)

Now, let us try to reduce the bound on n.
3.2. Reducing the bound on n

We want to improve the bound on n we find in (3.12) until it is small enough. We
will use Lemma 1 several times for this. Let us go back to the inequality (3.5). Set

I' := nloga — alog3 — log (2\/§> .

Assume that min{n —n;,a —a; } > 20. If we consider A;,A; and A3 again then since
we assume that min {n —n;,a —a; } > 20 we obtain

1
e =1 =A< 4

which implies

1
I'<-.
T<;

Since the inequality || < 2

o 1‘ holds for all & € (—1,1), we get
T < 2max { o %6 3a1-a+11 < max {om =7 et

Let us assume that I"' > 0. Then we have

ny—n+7 3% —a+2
log3 log3 ’ }

< max {oc
_ o’ 9
max
(log3) - o™ (log3) - 3¢~
Now, we apply Lemma 1 with

_toga {1/ (2v2))

pi=

} < max {436 Lo () 9. 3*<Hl>} .

, (A,B):=(436,0) or (A,B):=(9,3).

" log3’ log3

We can choose M := 8.52- 10" > n from the inequality (3.12). Computing 86th
convergent of Y with the help of the Mathematica gives

q :=525422721605994540683823357818903486740995467
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where g > 6M. For this value of g, it can be seen that € > 0.35. So, we have either
n—ny <125 or a—a; <97. 3.13)

In case of I < 0, variables change as

log3 log (2\5)

" logo’ - logal
So, we get € > 0.42 but this does not affect the result stated in (3.13).
Let us consider separately the results obtained in the inequality (3.13).
Firstly, let n —n; < 125. Assumed that a — a; > 20 and consider the inequality (3.7).
Set

, (A,B):=(543,a0) or (A,B):=(11,3).

I'i :=nyl —alog3 +1 7’1_”1 !
= n1logd — alo (0] .
1 1108 g g( 2\/§ >

Then, we get
6
’Fl, < 3a—a1
from the inequality (3.7). Let us assume that I'; > 0. In this case, we have
log(x log ((a‘ninl - 1)/ (2\/§)) 6 6
0< — | = < <
" <log3 ) @t log3 (log3) - 30—a1 ~ 3a=ai
Let we again apply the Lemma 1 with the parameters
logot log <(0°"_"] -1/ (2\5))
g o L (AB)=(63)

for n —n; € {1,2,---124}. All values of € are greater than 0.00046 for the 88th
convergent of Y which also satisfies the condition g > 6M. So, we get

log (6¢/0.00046
a—a; < og (64/ )<106.
log3

Thus, n —n; < 125 implies that a —a; < 106 . In case I'; < 0, the same results are
obtained.
Secondly, now, let us assumed that a —a; < 97. Set

T, == nlogot — a;log3 + log (1/ (2\6 (30— — 1)))
from the inequality (3.9) for A3 and assume that n —n; > 20. Hence, we get

30
o :

’FZ‘ <
Assume that I'; > 0. Then, we obtain

0<n<10g°°> —a1+10g (1/ (2\@(3a—a1 _1))> » ”

log3 log3 < log3 - o'~ S
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If we again apply Lemma 1 with the parameters
_tpalee(1/(2v267 )
" log3’ H= log3

fora—a; € {1,2,---,96} we get € > 0.005 and

, (A,B) :=(541,0)

n—ny < 134.

The same result is obtained for I'; < 0. Hence, if n —n; < 125, then a — a; < 106,
and if a —a; < 97, then n —n; < 134. Consequently, the results n —n; < 134 and
a—aj; <105 are always valid.

Finally, set

n—ni _ |
I'3 := njloga — a;log3 + log (0()

2v/2(39-a1 — 1)
using the inequality (3.11). Since n > 200, inequality (3.11) implies that
3 3af
= s = o

Assume that I'; > 0. Then, we have

logow N log ((0‘"7”1 1)/ (2\@(30%1 - 1))) _ 30 - 541
—— | —a —
"\ log3 : log3 log3- o

O<n

If we again apply Lemma 1 to the above inequality for n —n; € {1,---,134} and
a—aj €{l,---,105} except for (n—ny,a—ay) = (4,1)we get € > 6.70754 x 1076
and

n < 146. (3.14)
A similar result is obtained for I'; < 0. Now, let (n —nj,a—a;) = (4,1). Since
at—1
=0
42

we have
I'3:= (n; +2)logo — a;log3.
Hence, we get
al 541
42 np+2)an
Since n > 200, o > 2 x 541 x (9 x 10%) > 2 x 541 x (n; +2)which implies that

right hand side of above inequality is at most 2/ (n; +2)%. Let [so,51,52, -] =
[0,1,4,---] be the continued fraction expression of the above v and let p,/q, be its
rth convergent. By Legendre’s criterion, we obtain that a;/(n; +2) = p;/q; for

‘Y ‘<<
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some ¢ € {1,2,---,85}. Here we use that n; +2 < 9 x 10" < ggs. Then putting
s(M):=max{s;:i=1,---,85} = 181 we get
‘ Pr 1 1

y-= = :
gl (s(M)+2)q? 1834}

>

Therefore, we obtain
1 541

1832 ~ g
which implies that
o <541 x 183 x9 x 10%.
So, we get
n < 128. (3.15)

Bounds for n in (3.14) and (3.15) are all contradicts our assumption that n > 200.
This completes the proof of Theorem 1.
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