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Abstract. In this paper, we introduce a parametric type of Cauchy polynomials and study their
characteristic and combinatorial properties. In particular, we show some determinant expres-
sions.
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1. INTRODUCTION

By using the Taylor expansion of the two functions e” cosgt and e singt in [15],

a parametric type of Bernoulli polynomials is introduced and their basic properties

are presented ([14]). Precisely, two kinds of bivariate Bernoulli polynomials are in-
troduced as

teP!

el —

cosqt ZB (1.1)

and
tep’

smqt Z B (1.2)

In [13], by defining two spemﬁc exponentlal generating functions, a kind of Euler
polynomials is introduced and its basic properties are studied in detail. In [17], a
kind of parametric Fubini-type polynomials is defined and some fundamental prop-
erties of these parametric-kind Fubini-type polynomials are studied. In [18], a type
of generalized parametric Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials is introduced and systematically their basic properties are studied. Then,
in [19], it is shown that the real and imaginary parts of a general set of complex Ap-
pell polynomials can be represented in terms of the Chebyshev polynomials of the
first and second kind. In [7], some special polynomials related to Euler and Bernoulli
polynomials are studied and some identities are given. Recently, in [6], identities, re-
lations and combinatorial sums of several polynomials including trigonometric type
polynomials are given. In [5], generating functions of parametric Hermite-based
Milne-Thomson type polynomials are constructed.
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In 1935, D. H. Lehmer [ 1 2] introduced and investigated generalized Euler numbers
W,, defined by the generating function

3 o "

T -

et + ewr + e® t ) n!

where ® = 1+7v and @*> = @ = _l_v =3 are the primitive cube roots of unity.

Notice that Wn = 0 unless n =0 (mod 3) More general Lehmer’s type of Euler
numbers were considered in [1,9]. Since

et—i—em’—i—em’ 0 l‘3"

3 E=AEOIN

the function on the left-hand side can be considered as 3 level generalization of the

level 2 function
oo t2n

cosht = .
n;) (2n)!

Therefore, it may be natural to consider analogous bivariate Cauchy polynomials with
level 2 of (1.1) and (1.2) with level 2. Nevertheless, it is even possible to introduce a
slightly more general case. In fact, in [8], a parametric type of Bernoulli polynomials
with level 3 is introduced and their characteristic and combinatorial properties are
studied. _

For real numbers p, g, define bivariate Cauchy polynomials 05,3”) (p,q) with level
3(=0,1,2)as

tfg (1) (3.) t
= v (p,q)— 1.3
(1 +1)7log(1+1) ,;0"‘ (P.a)3s (1.3)
where _
Gy _ vy @)
t)= 1) 1.4
0= 0" (14)
Their complementary polynomials E,(f’i) (p,q) (i=0,1,2) are defined as
2(3,i)
t i
fo (1) 243 , (1.5)
(1+1)Plog(l+1) ‘= n'
where
0 3n+l
A(3 l)
1.6
2‘6 3n+l (1.6)

=

When g =i =0, ¢,(x) = 0 (x,0) = o (x,0) is the Cauchy polynomial, defined
by

oo

(l—i—t)xlog (1+1) ;

n

(1.7)
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(see [3]). When x =0, ¢, = ¢,,(0) is the classical Cauchy number. In [1 1], convolution
identities for Cauchy numbers are studied.
Since fori =0,1,2

: )
/\(371.) B et—i-OJZZemt—i—O)’em t
A (1) = 3
and 9 _ ,
371, le—[ —|—CO le—(Dl + O)le—()) t
A0 = (1) : 7
we see that
(=0 = (=00, (1.8)
(=) = (1) ). (1.9)

It is trivial to see the following.

Proposition 1. Forn>0andi,j=0,1,2,

i) (p,0q) = e (p,q),

3,i i i3,
& (p0lq) = 07e (p.q),
where ® is a complex root of @ = 1.

In the next section, we show several properties of bivariate Cauchy polynomials
with level 3. In particular, Theorem 1 entails fundamental recurrence formulas. By
using these formulas, we give determinant expressions of bivariate Cauchy polynomi-
als with level 3. In special cases, we can get determinant expressions of the classical
Cauchy polynomials and numbers. In a similar method, we also have determinant
expressions of bivariate Cauchy polynomials with level 2.

2. BASIC PROPERTIES

In this section, we show several properties of bivariate Cauchy polynomials with
level 3. We introduce the auxiliary polynomials G3Y (p,q) and GS’I)( p,q) as

(3,i) oo
Jq (1) (3.i) "
(i’ﬂ)p = an (P.a) 5 2.1)
A(37l) 0 n
g (1) A(3,0) r
(110 —E)Gn (P,q) - (2.2)

respectively. From the definition in (2.1), we have the following.
Proposition 2. Forn>0andi=0,1,2,
1%5]

(340) k n 3k+i
S pg)= Y (-1) ( .)(—p>n_ s 23)
,;;) 3k +i *
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65137i)(p7Q) = LiJ< " >( p)n 3k— 1q3k+l (24)
= \3k+i

where (x)g=x(x—1)---(x—{41) (£ > 1) denotes the falling factorial with (x)y = 1.

) (p,q) (respectively, e (p,q)) can be written in terms of G (p,q) (respect-
ively, G (p,q)).

Proposition 3. Forn > 0andi=0,1,2,

i = (n i
s (p.g) = Y (k> cniGO(pra), (2.5
k=0
i = (n ~(3,i
& (pa) =Y, <k) eriG ! (p.). (2.6)
k=0

On the contrary to Proposition 3, G )( p,q) (respectively, G )( p,q)) can be writ-

ten in terms of ¢\ )(p q) (respectively, o )(p q)).

Proposition 4. Forn>0andi=0,1,2,
n k n!

3,
Z = Hlk, e (p.q). 2.7)
k=0
n n kl/l' 3.
Z = kﬂk,* (p.g)- 28)
k=0

We have a summation formula for ¢\ )( p,q) (respectively, o )( P,9))-

Theorem 1. Forn >0andi=0,1,2,

Lo n+1\ 3. d
Z( k )CJE')(P,C])dp(P)nkH

k=0
_(_1\(n=0)/3 n oo — .
_J=(=1) (n+1)q 1fn_z. (mod 3); 2.9)
0 otherwise,
o (n+ 1 3) d
’;)( k ) ([9 Q)dp( )n k+1
:{—(n+1)q zfnzz- (mod 3); 2.10)
0 otherwise .
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When p = 0 in Theorem 1, by
d _
d*(l?)n—kﬂ = (=1)" " (n—k)!
p p:()
we have simpler recurrence relations.
Corollary 1. Forn>0andi=0,1,2,

n

5i 4 (pg) _t_UOHOB%T ifn=i (mod 3);
= ikt k! 0 " otherwise,
n )i k’\O ’)(p,q) _ 17 ifn=i (mod 3);
Z = n!
= (n—k + k! 0 otherwise .

Proof of Theorem 1. From the definition in (1.3) and the proof of Proposition 4,
we have

; log(1+4+1) v (3. "
00 = e PELED 3 20 )8

4 n=0

oo p o ] ( lk+1 ( i

mzz'o7 ) (1 0 k= 0( _k+1 k1% (p.a) >
B ) n (P) ) ( 1)[ k+l
=) Z(n—Z)!Z(z k+ )

[

:,2)(;)6’“7 k(l; llc l—k+1>
(
"

vy DS <”><, : (Pt \ 1"
_Z kg(') IZ;(Z—IH—I (n— l))

Since
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comparing the coefficients with

Gi) oy gy (@)
Ja (t)—r;)(—l) Gnt i)l

in (1.4), we get the identity (2.9). The identity (2.10) is similarly proved. ]
From Theorem 1, we have the recurrence relations
(. g) = —n! Z " (pa) d (P
k' dp(n—k+1)!
B (—1)("_’)/3q" ifn= i' (mod 3); 2.11)
0 otherwise,
123,
09 () = —n'nZl & (pa) d (P
oM ‘2 kK dp(n—k+1)!
" oifn=i :
_)q" ifn z. (mod 3); 2.12)
0  otherwise
with
( i) __(3)) 1 ifi=0;
(pg) =c5 " (pq) = {0 o1,
Using recurrence relations, we can obtain the exact values of s (p,q) and o) (p,q)
for small n. We list some initial values in Appendix.
Theorem 2. Forn>0andi=0,1,2,
3,
& (p+1,9) = (p.g) = —nc | (p+1,q), (2.13)
& p+1,9) -3 (p.g) = —nE) (p+1,9). (2.14)
Proof.
oo ¥ (3,l (371)
(3.) 1 [ (3.0) " tfg (1) B tfg (1)
n:OCn (p+ ’(/I)n! n;()cn (puq)n' (1+l)p+1 10g(1+f) (1+t)p10g(1+l)
S0
(1 +t)P+1log(1 +1)
o "
= —t Z cn p+ l,q) ]
n=0

oo n

3,i
S Z ncnfl)(p—l— l,q)—'.
= n!
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Comparing the coefficients on both sides, we get the identity (2.13). The identity

(2.14) is similarly proved. O
Theorem 3. Forn>0andi=0,1,2,
3,0 o () (3.
" (ptra) =Y () (p.a) (=i 2.15)
k=0
3,i = (n 3,
& p+ng) =Y . & (pog) (= r)ni- (2.16)
k=0
Proof.
(3,0)
(3.0) " tfq 7 ()
c +r,
,;) o (p q) (1 +1)Ptrlog(1+1)
SPEE )2 o (!
n=0 =0
] () :
= (pg) (=)
n— Ok 0 n!
Comparing the coefficients on both sides, we get the identity (2.15). The identity
(2.16) is similarly proved. U
Theorem 4. Forn>0andi=0,1,2,
3, '
z": pa) & (pt1.q) 2.17)
= k! n! ’ '
3, 3,i
f4 Ypa) _ & p+1,9) 2.18)
= k! n! ’ ’

Proof. By using Theorem 3 (2.15) with r =1 and r =0,

i i 1 l’l—l—l 71' n—
ciif(mhg)—cfif(nq):Z( k )CS)(p,q)-(—l) k1)1

k=0
n (3.i )( )
— 1 ' 1 n—k+1 ck pP.9q .
D Y
Together with Theorem 2 (2.13), we get the identity (2.17). The identity (2.18) is
similarly proved. U
Theorem 5. Forn > 1,
Jd (3 ] o )(P q)
— ket G P gy 2.19
apcﬂ (p q) kg‘b( ) (I’l k)k' (l )Ly )7 ( )
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(3.2)

0 (3. —nc, | (p, ifi=0;
8*0237)(17,61): (3,i—11)(p 2 f (2.20)
q ne, (p7q) lfl:1727
d _3,) (= k-1 55370 (p,q) .
—& " (p.q) = —1)" - =0,1,2), 221
d (3 nc>? (p, ifi=0;
9500 (p,q) = " P (2.22)
dq nc,”y (p,q) ifi=1,2.
Proof.
5 200 =0
op " ! (141)?
_ - o mfli s (3,9 ﬁ
= (n;( 1) m!> (n_ocn (p,q)n!)
oo n— 3,1 n
— Z 1(_1)n7k71c](c )(paq)L
o (n—k)k! n!’
yielding (2.19). Since
9 (30), _ v (=D"(@)"!
P AU M e vy
=1/ 0)
and
J i i— .
3l =1 (=1.2),
we get (2.20). The identities (2.21) and (2.22) are similarly proved. g

3. DETERMINANTS

Determinant is one of the most useful tools for analyzing numbers and polyno-
mials. Our result is motivated by Glaisher’s results in 1875 [4], where he gave de-
terminantal expressions of several numbers, including Bernoulli, Euler and Cauchy
numbers by solving the systems of equations. See [16] for a good collection of many
types of determinants with their backgrounds and techniques. Our method is mainly
from the recurrence relations and the inverse formula. Namely, we need the following
equivalent relations (see, e.g., [10]).

Lemma 1.

n
Z(—l)”kan_kzk =0 with xp=z0=1
k=0
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21 1 X1 1
= x=2 — =2
Zn 0 222 Xn o0 X2 X
When i = 0, bivariate Cauchy polynomials CS’O) (p,q) with level 3 and their com-
. 230

plementary numbers ¢,(p) :=c¢n "’ (p,q) have determinant expressions.

Theorem 6. Forn > 1,

3.0
% (p,q) =n!

rp(n)  rp(n—1) rp(2) 1
ry(n+1)  ry(n) r(3) 1,(2)
and
rp(2) 1 0 0
gy nt| " “?) 1 o |
rp(n) rp(n—1) rp(2)
rp(n+1)  7p(n) rp(3) 7p(2)
where
_d (=) 1
o = o = ST e | |
with
. ql%l, ifn=1 (mod 3);
ri(n) = ry(n) —{ (=1 n
p(> p<) {0 1 otherwise (n=22)
and

CU'' 2 irp=1 (mod 3);

7p(n) :”p(n)+{ (=Dt (n>2).

0 otherwise

When g = i = 0, Cauchy polynomials ¢, (p) := 0 (p,0) =

in (1.7) have simpler determinant expressions.

& (p,0) = Gu(p)
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Corollary 2. Forn > 1,

rp(3) rp(2) 1

~

ca(p) = Cu(p) = n! : : o
rp(n) —rpn=1) - rp(2) 1
rpin+1)  rpn) o rp(3) 1p(2)

Remark 1. When p = 0 in Corollary 2, by
d (=1)""'(p)n

ro(n) = ————— =—
dp n! b0 N
we have a determinant expression of Cauchy numbers ¢, as follows [4, p. 50]:
1
5 1 0o --- 0
1 1 :
3 2 1
cp =n! : : 0
1 1 1
i 2 1
11 1
n+1 n 3 2

Proof of Theorem 6. From Theorem 1 with the recurrence relation in (2.11), we
have

(370) n—1 (3'0)
e (pg) k1 ¢ (p.q)
T_k;)(—n rpln— k4 1) E—

CfEURE ien=0 (mod 3);
0 otherwise.

By Lemma 1, this relation is equivalent to the determinant if it is expanded along the
(3,0) (p.a)

first row continually. More precisely, we see that ¢, (p,q) = 1 and ¢;"™" = r,(2).
And by induction, the first determinant in Theorem 6 is equal to
rp(3) 1 0 - 0
3,0 4 2 1 :
r (2) Cl(’l;l) (p,CI) _ rpF ) rpF ) .
AP
rp(n)  rp(n—2) p(2) 1
r;(n—i—l) r:‘,(n— 1) ri(3) r;;(Z)
3,0 3,0 3,0
D) ey (p.g) " (p.q)
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1
ry(n+1) ry(2)
<V p.q) oo

n! '

Another identity can be proved similarly.

By using Lemma 1 again, we have the inversion relation of Corollary 2.
Corollary 3. Forn > 1,

O
c1(p) 1 0 0
# a(p) 1
rp(” +1)= : : .. - 0
TR a1
SO e al)
We shall use Trudi’s formula to obtain different explicit expressions and inversion
relations for the numbers ¢\ (p,0).
Lemma 2. Forn > 1, we have
ai ap 0
a a
’ l = <t1++tﬂ) (_ao)nfﬂf"'*lnatllag...a:{l’
: - - 0 t1+2t+--+nty=n I stn
Aan—1 oo ar dao
An ap—-1 -+ ay a
oty (tieet)!
where (t‘[h'_ﬂtnt ) =

AT are the multinomial coefficients.
This relation is known as Trudi’s formula [
ag = 1 of this formula is known as Brioschi’s formula [2], [

, Vol.3, p.214], [20] and the case
By Corollary 2 and Corollary 3 with Lemma 2, we get different expressions of
ca(p) and rp(n).

, Vol.3, pp.208-209].
Corollary 4. Forn > 1,

t 42t +---+nty=n

v E ()

...l

X (= 1) (1 (2))" (p(3)) - (rp(n 1)),



766 T. KOMATSU

4ot
i T (0

t+2t++nty=n

X (=1 e (p) (”2({”)” 5 <cn<p>>fn |

n!

(3,1)

3.1. Determinant expressions for ¢’

(p.q) and ¢ (p,q)

When i = 1, bivariate Cauchy polynomials B (p,q) with level 3 and their com-

A(

plementary polynomials cn3’1) (p,q) have also determinant expressions.

Theorem 7. Forn > 2,

¢V (p,g) =nlq

r;(n) ri(n—1) rh(3) r;(z)
and
rp(2) 1 0 0
p(3) p(2) 1
& (p.g) =nlq : : L
rp(n—1) rp(n—2) rp(2) 1
) Th(n—1) 7(3) 7(2)
where
s q;;,l ifn=1 (mod 3);
rp(n) = roln) - 0 . otherwise (n=2)
and

[ Y - .
Fm)=rp(m) 4 g m - Fn=1(mod 3k o g
0 otherwise

Proof. When i = 1, by c(()3’1)(p,q) =0and c?"”(p,q) = g, from Theorem 1 with

the recurrence relation in (2.11), we have for n > 2
C(3¢1) n—l (37])

n(pg) _ Y (1)K (k1) k(!p,q}

n! =
+{<“>("”/3q" ifn=1 (mod 3);

n!
0 otherwise.
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Putting ¢} = c,(f’l)(p,q)/q, we get forn > 2

t n—1 + (71)(}171)/3(17171 . . .
Cy —k+1 Cr I — ifn=1 (mod 3),
== —1)" rp(n—k+1)—= — n

n! kgf] (=1 g ) k! {0 otherwise

with cI = 1. Then, the first identity is proved similarly to Theorem 6 because the

first determinant is equal to ¢} /n!. The proof of the second identity is similar and

omitted. O
When i = 2, bivariate Cauchy polynomials 3 (p,q) with level 3 and their com-
plementary polynomials 52372) (p,q) have also determinant expressions.

Theorem 8. Forn > 3,

rp(2) 1 0 0
152 p(3) p(2) 1 :
e (p.q) = % : S
rp(n—=2) ry(n—3) rp(2)
r(n—1) ry(n—2) r[*,(3) r;(2)
and
rp(2) 1 0 0
3) rp(2) 1
_(32) B nlg? rp( p
rp(n—2) rp(n—3) p(2) 1
ry(n—1) 7y(n—2) r5(3) 7,(2)
where
20t ,
%mzww—{ﬁm!#ﬁ_lomd% (n>2)
0 otherwise
and

(_1)112 n—1 . . .
%m%wum+{wﬁz#"=l<mw3x

(n>2).
0 otherwise

Proof. When i = 2, by c(()3’1)(p,q) = c(13’1)(p,q) =0 and c?’l)(p,q) = ¢*, from

Theorem 1 with the recurrence relation in (2.11), we have forn > 3
n—l (372)

C£,3’2)(p’q) _ Z(_l)n—k—i-]r (n—k+1)ck (p7Q)
n! = b k!

n!

CETRE fn=2 (mod 3);
0 otherwise.
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Putting ¢} = 257 (p,q)/q*, we get forn >3

_ * (71) n 2/32qn72 . _ .
Z )kt (n — k+1) {n, ifn=2 (mod 3);

:‘3*

k! 0 otherwise

with ¢4 /2! = 1. Then, the first identity is proved similarly to Theorem 6 because the
first determinant is equal to cj;/n!. The proof of the second identity is similar and
omitted. O

4. BIVARIATE CAUCHY POLYNOMIALS WITH LEVEL 2
Using the functions
cosqr = f370(1), singt = £y,
A(ZO)( 1), sinhgt = /12 1),

we can define bivariate Cauchy polynomials CE, )( p,q) with level 2 (i =0, 1) as

& e,
(1+z)plog(1+t)_,§;f" P @D

coshgt =

where _
(2.) oy (@)
1) = —1)' . 4.2
0= 0" g 42)
Their complementary polynomials E,(lz’i) (p,q) (i=0,1) are defined as
/\(271') o n
e (1) A2 1
= " q) 7 4.3
(1+1)Plog(1+1) H;)C (P.a)5s *3)
where
; i t 2n+i
e =y W (4.4)

= (2n+i)!

When g =0, ¢, (x) = ci*? (x,0) = &2 (x,0).
Similarly to those with level 3, there are characteristic properties for bivariate

Cauchy polynomials with level 2. We have the main recurrence relations for cS, )( P,q)

(respectively, o (p,q))-

Theorem 9. Forn>0andi=0,1,2,

i(n—i—l) (2,0) d {—(—1)("i)/2(n—|—1)q" ifn=i (mod 2);

C 9 - n— = .
L g ) (P:q) dp(p) 1= othervise.

4.5)
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1 1 ; d — 1g" ifn=i d 2);
Z (n+ )&\5{27)(p7q)dp(p)n—k+] :{0 (n+ )q ¥ l. (mo ) (4.6)

k otherwise .

When p = 0 in Theorem 9, we have simpler recurrence relations.

Corollary 5. Forn >0andi=0,1,2,

n

< (_l)n_kcz((w (p,q) —(—1)("_0/32 ifn=i (mod 2);
= n!
= (n—k+ DK 0 otherwise,
Zn: )"~ kA(Zl)(PaCI) _ —% ifn=i (mod 2);
= (n—k+ D! 0 otherwise .

It is analogous to obtain determinant expressions of cff'” (p,q) and o2 (p,q),

defined in (4.1) and (4.3), respectively. The details are similar to Theorem 6 and
Theorem 7, respectively, and are omitted.
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APPENDIX
o (p.g) =1,
ot )(p,q)Z—er%,
S p.q) = p*— % ,
$p,q) = —p* — 32pz -+ i,
$p.q) = p*+4p° +4p* +4¢°p —24° —%
§%(p.q) = p5—15;4—553f73—5(2q3+3)p2+§+27

105p*
B (p.q) = pS+12p° + Tp +20(q* +5)p° +6(5¢° +12)p* +¢° - 5¢° — —-.

3,1
SV (p,q) =0,
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Cl (paq) :q7

3,

SV (pq) = —2qp+4,

3,1 q
c§ )(p,q)=3qp2—5,

&V (p.g) = —4ap* +6qp* — ¢* +4,

3,1 5 4 19
Cg )(I%Q):551P4+20qp3+20qp2+5q4p*%*?qa

5% 27
02371)(17751) = —6qp° —45qp* — 110gp® — 15¢(4°> +6)p* + % + Tq
3,2
(() >(P, ):07

32
Cg )(p7 :07

32
Cg >( ) :q27

32 342
c§ )(P7Q)=—3q2p+%,

32
P (p.q) = 64°0 — ¢,

32 5q2
% (p,q) = —10¢%p* - 1540~ + -

3.2 19q2
) (p,g) = 154 p* + 604> p> +60g°p* +64°p — 3¢ — 2
e (p,q) =1,

3,0 1

3,0 1
& (p,q) = p 5

3.0 3p? 1
Eg)(PaQ):—lﬁ—%-FCf—i—Z,

19
& pog) = pt+ap> +ap* —4gPp+24° — 0
4 3 3
~(3,0) s 15p 55p 3 , 3¢ 9
=—p - - 4 502¢ — 2
s (pg)=—p"—— oS24 =3 5+
05p* 863

~20(q° =5)p° —6(5¢* = 12)p* +¢°+5¢° — -

3,0 1
&2 (p.q) = p°+12p°+ o
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= —4qp’ +6gp* +4¢" +4,

3,1 544 19
Eg )(P,CI):561p4+20qp3+20qp2—5q4p+%—?q,

Sq4

3,1
eV (p,q) = —6qp° —45qp* — 110qp° + 15q(g°> — 6)p* — 22— +

2

2
32 5q
& (p,q) = —104*p* — 154 P> +¢° + -
194?

32
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