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Abstract. In this paper, we introduce a parametric type of Cauchy polynomials and study their
characteristic and combinatorial properties. In particular, we show some determinant expres-
sions.
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1. INTRODUCTION

By using the Taylor expansion of the two functions ept cosqt and ept sinqt in [15],
a parametric type of Bernoulli polynomials is introduced and their basic properties
are presented ([14]). Precisely, two kinds of bivariate Bernoulli polynomials are in-
troduced as

tept

et −1
cosqt =

∞

∑
n=0

B(c)
n (p,q)

tn

n!
(1.1)

and
tept

et −1
sinqt =

∞

∑
n=0

B(s)
n (p,q)

tn

n!
. (1.2)

In [13], by defining two specific exponential generating functions, a kind of Euler
polynomials is introduced and its basic properties are studied in detail. In [17], a
kind of parametric Fubini-type polynomials is defined and some fundamental prop-
erties of these parametric-kind Fubini-type polynomials are studied. In [18], a type
of generalized parametric Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials is introduced and systematically their basic properties are studied. Then,
in [19], it is shown that the real and imaginary parts of a general set of complex Ap-
pell polynomials can be represented in terms of the Chebyshev polynomials of the
first and second kind. In [7], some special polynomials related to Euler and Bernoulli
polynomials are studied and some identities are given. Recently, in [6], identities, re-
lations and combinatorial sums of several polynomials including trigonometric type
polynomials are given. In [5], generating functions of parametric Hermite-based
Milne–Thomson type polynomials are constructed.
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In 1935, D. H. Lehmer [12] introduced and investigated generalized Euler numbers
Wn, defined by the generating function

3
et + eωt + eω2t

=
∞

∑
n=0

Wn
tn

n!
,

where ω = −1+
√
−3

2 and ω2 = ω̄ = −1−
√
−3

2 are the primitive cube roots of unity.
Notice that Wn = 0 unless n ≡ 0 (mod 3). More general Lehmer’s type of Euler
numbers were considered in [1, 9]. Since

et + eωt + eω2t

3
=

∞

∑
n=0

t3n

(3n)!
,

the function on the left-hand side can be considered as 3 level generalization of the
level 2 function

cosh t =
∞

∑
n=0

t2n

(2n)!
.

Therefore, it may be natural to consider analogous bivariate Cauchy polynomials with
level 2 of (1.1) and (1.2) with level 2. Nevertheless, it is even possible to introduce a
slightly more general case. In fact, in [8], a parametric type of Bernoulli polynomials
with level 3 is introduced and their characteristic and combinatorial properties are
studied.

For real numbers p,q, define bivariate Cauchy polynomials c(3,i)n (p,q) with level
3 (i = 0,1,2) as

t f (3,i)q (t)
(1+ t)p log(1+ t)

=
∞

∑
n=0

c(3,i)n (p,q)
tn

n!
, (1.3)

where

f (3,i)q (t) =
∞

∑
n=0

(−1)n (qt)3n+i

(3n+ i)!
. (1.4)

Their complementary polynomials ĉ(3,i)n (p,q) (i = 0,1,2) are defined as

t f̂ (3,i)q (t)
(1+ t)p log(1+ t)

=
∞

∑
n=0

ĉ(3,i)n (p,q)
tn

n!
, (1.5)

where

f̂ (3,i)q (t) =
∞

∑
n=0

(qt)3n+i

(3n+ i)!
. (1.6)

When q = i = 0, cn(x) = c(3,0)n (x,0) = ĉ(3,0)n (x,0) is the Cauchy polynomial, defined
by

t
(1+ t)x log(1+ t)

=
∞

∑
n=0

cn(x)
tn

n!
(1.7)
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(see [3]). When x= 0, cn = cn(0) is the classical Cauchy number. In [11], convolution
identities for Cauchy numbers are studied.

Since for i = 0,1,2

f̂ (3,i)1 (t) =
et +ω2ieωt +ωieω2t

3
and

f (3,i)1 (t) = (−1)i e−t +ω2ie−ωt +ωie−ω2t

3
,

we see that

f (3,i)q (−t) = (−1)i f̂ (3,i)q (t) , (1.8)

f̂ (3,i)q (−t) = (−1)i f (3,i)q (t) . (1.9)

It is trivial to see the following.

Proposition 1. For n ≥ 0 and i, j = 0,1,2,

c(3,i)n (p,ω jq) = ω
i jc(3,i)n (p,q) ,

ĉ(3,i)n (p,ω jq) = ω
i jĉ(3,i)n (p,q) ,

where ω is a complex root of ω3 = 1.

In the next section, we show several properties of bivariate Cauchy polynomials
with level 3. In particular, Theorem 1 entails fundamental recurrence formulas. By
using these formulas, we give determinant expressions of bivariate Cauchy polynomi-
als with level 3. In special cases, we can get determinant expressions of the classical
Cauchy polynomials and numbers. In a similar method, we also have determinant
expressions of bivariate Cauchy polynomials with level 2.

2. BASIC PROPERTIES

In this section, we show several properties of bivariate Cauchy polynomials with
level 3. We introduce the auxiliary polynomials G(3,i)

n (p,q) and Ĝ(3,i)
n (p,q) as

f (3,i)q (t)
(1+ t)p =

∞

∑
n=0

G(3,i)
n (p,q)

tn

n!
, (2.1)

f̂ (3,i)q (t)
(1+ t)p =

∞

∑
n=0

Ĝ(3,i)
n (p,q)

tn

n!
. (2.2)

respectively. From the definition in (2.1), we have the following.

Proposition 2. For n ≥ 0 and i = 0,1,2,

G(3,i)
n (p,q) =

⌊ n−i
3 ⌋

∑
k=0

(−1)k
(

n
3k+ i

)
(−p)n−3k−iq3k+i , (2.3)
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Ĝ(3,i)
n (p,q) =

⌊ n−i
3 ⌋

∑
k=0

(
n

3k+ i

)
(−p)n−3k−iq3k+i , (2.4)

where (x)ℓ = x(x−1) · · ·(x−ℓ+1) (ℓ≥ 1) denotes the falling factorial with (x)0 = 1.

c(3,i)n (p,q) (respectively, ĉ(3,i)n (p,q)) can be written in terms of G(3,i)
n (p,q) (respect-

ively, Ĝ(3,i)
n (p,q)).

Proposition 3. For n ≥ 0 and i = 0,1,2,

c(3,i)n (p,q) =
n

∑
k=0

(
n
k

)
cn−kG(3,i)

k (p,q) , (2.5)

ĉ(3,i)n (p,q) =
n

∑
k=0

(
n
k

)
cn−kĜ(3,i)

k (p,q) . (2.6)

On the contrary to Proposition 3, G(3,i)
n (p,q) (respectively, Ĝ(3,i)

n (p,q)) can be writ-
ten in terms of c(3,i)n (p,q) (respectively, ĉ(3,i)n (p,q)).

Proposition 4. For n ≥ 0 and i = 0,1,2,

G(3,i)
n (p,q) =

n

∑
k=0

(−1)n−kn!
(n− k+1)k!

c(3,i)k (p,q) , (2.7)

Ĝ(3,i)
n (p,q) =

n

∑
k=0

(−1)n−kn!
(n− k+1)k!

ĉ(3,i)k (p,q) . (2.8)

We have a summation formula for c(3,i)n (p,q) (respectively, ĉ(3,i)n (p,q)).

Theorem 1. For n ≥ 0 and i = 0,1,2,
n

∑
k=0

(
n+1

k

)
c(3,i)k (p,q)

d
d p

(p)n−k+1

=

{
−(−1)(n−i)/3(n+1)qn if n ≡ i (mod 3);
0 otherwise ,

(2.9)

n

∑
k=0

(
n+1

k

)
ĉ(3,i)k (p,q)

d
d p

(p)n−k+1

=

{
−(n+1)qn if n ≡ i (mod 3);
0 otherwise .

(2.10)
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When p = 0 in Theorem 1, by

d
d p

(p)n−k+1

∣∣∣∣
p=0

= (−1)n−k(n− k)!

we have simpler recurrence relations.

Corollary 1. For n ≥ 0 and i = 0,1,2,

n

∑
k=0

(−1)n−kc(3,i)k (p,q)
(n− k+1)k!

=

−(−1)(n−i)/3 qn

n!
if n ≡ i (mod 3);

0 otherwise ,

n

∑
k=0

(−1)n−kĉ(3,i)k (p,q)
(n− k+1)k!

=

−qn

n!
if n ≡ i (mod 3);

0 otherwise .

Proof of Theorem 1. From the definition in (1.3) and the proof of Proposition 4,
we have

f (3,i)q (t) = (1+ t)p · log(1+ t)
t

∞

∑
n=0

c(3,i)n (p,q)
tn

n!

=

(
∞

∑
m=0

(p)m

m!
tm

)(
∞

∑
l=0

l

∑
k=0

(−1)l−k+1

(l − k+1)k!
c(3,i)k (p,q)t l

)

=
∞

∑
n=0

(
n

∑
l=0

(p)n−l

(n− l)!

l

∑
k=0

(−1)l−k+1n!
(l − k+1)k!

c(3,i)k (p,q)

)
tn

n!

=
∞

∑
n=0

(
n

∑
k=0

c(3,i)k (p,q)
n

∑
l=k

(
n
l

)(
l
k

)
(−p)n−l

(l − k+1)

)
tn

n!

=
∞

∑
n=0

(
n

∑
k=0

(−1)k−1c(3,i)k (p,q)
k!

n

∑
l=k

(−1)ln!(p)n−l

(l − k+1)(n− l)!

)
tn

n!

=
∞

∑
n=0

(
n

∑
k=0

(−1)k−1c(3,i)k (p,q)
k!

(−1)nn!
n−k

∑
j=0

(−1) j(p) j

(n− k− j+1) j!

)
tn

n!
.

Since
n−k

∑
j=0

(−1) j(p) j

(n− k− j+1) j!
=

1
(n− k+1)!

n−k

∑
l=0

(−1)l(l +1)
[

n− k+1
l +1

]
pl

=
1

(n− k+1)!
d

d p
(−1)n−k(p)n−k+1 ,
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comparing the coefficients with

f (3,i)q (t) =
∞

∑
n=0

(−1)n (qt)3n+i

(3n+ i)!

in (1.4), we get the identity (2.9). The identity (2.10) is similarly proved. □

From Theorem 1, we have the recurrence relations

c(3,i)n (p,q) =−n!
n−1

∑
k=0

c(3,i)k (p,q)
k!

d
d p

(p)n−k+1

(n− k+1)!

−

{
(−1)(n−i)/3qn if n ≡ i (mod 3);
0 otherwise ,

(2.11)

ĉ(3,i)n (p,q) =−n!
n−1

∑
k=0

ĉ(3,i)k (p,q)
k!

d
d p

(p)n−k+1

(n− k+1)!

−

{
qn if n ≡ i (mod 3);
0 otherwise

(2.12)

with

c(3,i)0 (p,q) = ĉ(3,i)0 (p,q) =

{
1 if i = 0;
0 if i = 1,2 .

Using recurrence relations, we can obtain the exact values of c(3,i)n (p,q) and ĉ(3,i)n (p,q)
for small n. We list some initial values in Appendix.

Theorem 2. For n ≥ 0 and i = 0,1,2,

c(3,i)n (p+1,q)− c(3,i)n (p,q) =−nc(3,i)n−1(p+1,q) , (2.13)

ĉ(3,i)n (p+1,q)− ĉ(3,i)n (p,q) =−nF̂(3,i)
n−1 (p+1,q) . (2.14)

Proof.
∞

∑
n=0

c(3,i)n (p+1,q)
tn

n!
−

∞

∑
n=0

c(3,i)n (p,q)
tn

n!
=

t f (3,i)q (t)
(1+ t)p+1 log(1+ t)

− t f (3,i)q (t)
(1+ t)p log(1+ t)

=− t2 f (3,i)q (t)
(1+ t)p+1 log(1+ t)

=−t
∞

∑
n=0

c(3,i)n (p+1,q)
tn

n!

=−
∞

∑
n=0

nc(3,i)n−1(p+1,q)
tn

n!
.
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Comparing the coefficients on both sides, we get the identity (2.13). The identity
(2.14) is similarly proved. □

Theorem 3. For n ≥ 0 and i = 0,1,2,

c(3,i)n (p+ r,q) =
n

∑
k=0

(
n
k

)
c(3,i)k (p,q)(−r)n−k , (2.15)

ĉ(3,i)n (p+ r,q) =
n

∑
k=0

(
n
k

)
ĉ(3,i)k (p,q)(−r)n−k . (2.16)

Proof.
∞

∑
n=0

c(3,i)n (p+ r,q)
tn

n!
=

t f (3,i)q (t)
(1+ t)p+r log(1+ t)

=

(
∞

∑
n=0

c(3,i)n (p,q)
tn

n!

)(
∞

∑
l=0

(−r)lt l

l!

)

=
∞

∑
n=0

n

∑
k=0

(
n
k

)
c(3,i)k (p,q)(−r)n−k

tn

n!
.

Comparing the coefficients on both sides, we get the identity (2.15). The identity
(2.16) is similarly proved. □

Theorem 4. For n ≥ 0 and i = 0,1,2,
n

∑
k=0

c(3,i)k (p,q)
k!

=−c(3,i)n (p+1,q)
n!

, (2.17)

n

∑
k=0

ĉ(3,i)k (p,q)
k!

=− ĉ(3,i)n (p+1,q)
n!

. (2.18)

Proof. By using Theorem 3 (2.15) with r = 1 and r = 0,

c(3,i)n+1(p+1,q)− c(3,i)n+1(p,q) =
n

∑
k=0

(
n+1

k

)
c(3,i)k (p,q) · (−1)n−k+1(n− k+1)!

= (n+1)!
n

∑
k=0

(−1)n−k+1 c(3,i)k (p,q)
k!

.

Together with Theorem 2 (2.13), we get the identity (2.17). The identity (2.18) is
similarly proved. □

Theorem 5. For n ≥ 1,

∂

∂p
c(3,i)n (p,q) =

n−1

∑
k=0

(−1)n−k−1 c(3,i)k (p,q)
(n− k)k!

(i = 0,1,2) , (2.19)
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∂

∂q
c(3,i)n (p,q) =

{
−nc(3,2)n−1 (p,q) if i = 0;

nc(3,i−1)
n−1 (p,q) if i = 1,2 ,

(2.20)

∂

∂p
ĉ(3,i)n (p,q) =

n−1

∑
k=0

(−1)n−k−1 ĉ(3,i)k (p,q)
(n− k)k!

(i = 0,1,2) , (2.21)

∂

∂q
ĉ(3,i)n (p,q) =

{
nĉ(3,2)n−1 (p,q) if i = 0;

nĉ(3,i−1)
n−1 (p,q) if i = 1,2 .

(2.22)

Proof.
∞

∑
n=1

∂

∂p
c(3,i)n (p,q)

tn

n!
=− t f (3,i)q (t)

(1+ t)p

=

(
∞

∑
m=1

(−1)m−1 tm

m!

)(
∞

∑
n=0

c(3,i)n (p,q)
tn

n!

)

=
∞

∑
n=0

n−1

∑
k=0

(−1)n−k−1 c(3,i)k (p,q)
(n− k)k!

tn

n!
,

yielding (2.19). Since

∂

∂q
f (3,0)q (t) = t

∞

∑
n=1

(−1)n(qt)3n−1

(3n−1)!

=−t f (3,2)q (t)

and
∂

∂q
f (3,i)q (t) = t f (3,i−1)

q (t) (i = 1,2) ,

we get (2.20). The identities (2.21) and (2.22) are similarly proved. □

3. DETERMINANTS

Determinant is one of the most useful tools for analyzing numbers and polyno-
mials. Our result is motivated by Glaisher’s results in 1875 [4], where he gave de-
terminantal expressions of several numbers, including Bernoulli, Euler and Cauchy
numbers by solving the systems of equations. See [16] for a good collection of many
types of determinants with their backgrounds and techniques. Our method is mainly
from the recurrence relations and the inverse formula. Namely, we need the following
equivalent relations (see, e.g., [10]).

Lemma 1.
n

∑
k=0

(−1)n−kxn−kzk = 0 with x0 = z0 = 1



A PARAMETRIC TYPE OF CAUCHY POLYNOMIALS 763

⇐⇒ xn =

∣∣∣∣∣∣∣∣∣
z1 1

z2
. . . . . .

...
. . . . . . 1

zn · · · z2 z1

∣∣∣∣∣∣∣∣∣ ⇐⇒ zn =

∣∣∣∣∣∣∣∣∣
x1 1

x2
. . . . . .

...
. . . . . . 1

xn · · · x2 x1

∣∣∣∣∣∣∣∣∣ .

When i = 0, bivariate Cauchy polynomials c(3,0)n (p,q) with level 3 and their com-
plementary numbers ĉn(p) := ĉ(3,0)n (p,q) have determinant expressions.

Theorem 6. For n ≥ 1,

c(3,0)n (p,q) = n!

∣∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n) rp(n−1) · · · rp(2) 1

r∗p(n+1) r∗p(n) · · · r∗p(3) r∗p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
and

ĉ(3,0)n (p,q) = n!

∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n) rp(n−1) · · · rp(2) 1

r̂p(n+1) r̂p(n) · · · r̂p(3) r̂p(2)

∣∣∣∣∣∣∣∣∣∣∣
,

where

rp(n) =
d

d p
(−1)n−1(p)n

n!
=

1
n!

n−1

∑
ℓ=0

(−1)ℓ(ℓ+1)
[

n
ℓ+1

]
pℓ

with

r∗p(n) = rp(n)−

{
qn−1

(n−1)! if n ≡ 1 (mod 3);

0 otherwise
(n ≥ 2)

and

r̂p(n) = rp(n)+

{
(−1)nqn−1

(n−1)! if n ≡ 1 (mod 3);

0 otherwise
(n ≥ 2) .

When q = i = 0, Cauchy polynomials cn(p) := c(3,0)n (p,0) = ĉ(3,0)n (p,0) = ĉn(p)
in (1.7) have simpler determinant expressions.
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Corollary 2. For n ≥ 1,

cn(p) = ĉn(p) = n!

∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n) rp(n−1) · · · rp(2) 1

rp(n+1) rp(n) · · · rp(3) rp(2)

∣∣∣∣∣∣∣∣∣∣∣
.

Remark 1. When p = 0 in Corollary 2, by

r0(n) =
d

d p
(−1)n−1(p)n

n!

∣∣∣∣
p=0

=
1
n
,

we have a determinant expression of Cauchy numbers cn as follows [4, p. 50]:

cn = n!

∣∣∣∣∣∣∣∣∣∣∣∣

1
2 1 0 · · · 0
1
3

1
2 1

...
...

...
. . . . . . 0

1
n

1
n−1 · · · 1

2 1
1

n+1
1
n · · · 1

3
1
2

∣∣∣∣∣∣∣∣∣∣∣∣
.

Proof of Theorem 6. From Theorem 1 with the recurrence relation in (2.11), we
have

c(3,0)n (p,q)
n!

=
n−1

∑
k=0

(−1)n−k+1rp(n− k+1)
c(3,0)k (p,q)

k!

−

{
(−1)n/3qn

n! if n ≡ 0 (mod 3);
0 otherwise .

By Lemma 1, this relation is equivalent to the determinant if it is expanded along the
first row continually. More precisely, we see that c(3,0)0 (p,q) = 1 and c(p,q)

1 = rp(2).
And by induction, the first determinant in Theorem 6 is equal to

rp(2)
c(3,0)n−1 (p,q)
(n−1)!

−

∣∣∣∣∣∣∣∣∣∣∣∣

rp(3) 1 0 · · · 0

rp(4) rp(2) 1
...

...
...

. . . . . . 0
rp(n) rp(n−2) · · · rp(2) 1

r∗p(n+1) r∗p(n−1) · · · r∗p(3) r∗p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
= rp(2)

c(3,0)n−1 (p,q)
(n−1)!

− rp(3)
c(3,0)n−2 (p,q)
(n−2)!

+ · · ·+(−1)n−1rp(n−1)
c(3,0)2 (p,q)

2!
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+(−1)n
∣∣∣∣ rp(n) 1

r∗p(n+1) r∗p(2)

∣∣∣∣
= rp(2)

c(3,0)n−1 (p,q)
(n−1)!

− rp(3)
c(3,0)n−2 (p,q)
(n−2)!

+ · · ·+(−1)n−1rp(n−1)
c(3,0)2 (p,q)

2!

+(−1)nrp(n)c
(3,0)
1 (p,q)+(−1)n+1r∗p(n+1)c(3,0)0 (p,q)

=
c(3,0)n (p,q)

n!
.

Another identity can be proved similarly. □

By using Lemma 1 again, we have the inversion relation of Corollary 2.

Corollary 3. For n ≥ 1,

rp(n+1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

c1(p) 1 0 · · · 0
c2(p)

2! c1(p) 1
...

...
...

. . . . . . 0
cn−1(p)
(n−1)!

cn−2(p)
(n−2)! · · · c1(p) 1

cn(p)
n!

cn−1(p)
(n−1)! · · · c2(p)

2! c1(p)

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

We shall use Trudi’s formula to obtain different explicit expressions and inversion
relations for the numbers c(3,i)n (p,0).

Lemma 2. For n ≥ 1, we have∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0 · · ·

a2 a1
. . .

...
...

...
. . .

. . . 0
an−1 · · · a1 a0
an an−1 · · · a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣
= ∑

t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)
(−a0)

n−t1−···−tnat1
1 at2

2 · · ·atn
n ,

where
(t1+···+tn

t1,...,tn

)
= (t1+···+tn)!

t1!···tn! are the multinomial coefficients.

This relation is known as Trudi’s formula [16, Vol.3, p.214], [20] and the case
a0 = 1 of this formula is known as Brioschi’s formula [2], [16, Vol.3, pp.208–209].

By Corollary 2 and Corollary 3 with Lemma 2, we get different expressions of
cn(p) and rp(n).

Corollary 4. For n ≥ 1,

cn(p) = ∑
t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)
× (−1)n−t1−···−tn

(
rp(2)

)t1(rp(3)
)t2 · · ·

(
rp(n+1)

)tn ,
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rp(n+1) = ∑
t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)
× (−1)n−t1−···−tn

(
c1(p)

)t1
(

c2(p)
2!

)t2
· · ·
(

cn(p)
n!

)tn
.

3.1. Determinant expressions for c(3,1)n (p,q) and c(3,2)n (p,q)

When i = 1, bivariate Cauchy polynomials c(3,1)n (p,q) with level 3 and their com-
plementary polynomials ĉ(3,1)n (p,q) have also determinant expressions.

Theorem 7. For n ≥ 2,

c(3,1)n (p,q) = n!q

∣∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n−1) rp(n−2) · · · rp(2) 1

r†
p(n) r†

p(n−1) · · · r†
p(3) r†

p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
and

ĉ(3,1)n (p,q) = n!q

∣∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n−1) rp(n−2) · · · rp(2) 1

r̂†
p(n) r̂†

p(n−1) · · · r̂†
p(3) r̂†

p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
,

where

r†
p(n) = rp(n)−

{
qn−1

n! if n ≡ 1 (mod 3);
0 otherwise

(n ≥ 2)

and

r̂†
p(n) = rp(n)+

{
(−1)nqn−1

n! if n ≡ 1 (mod 3);
0 otherwise

(n ≥ 2) .

Proof. When i = 1, by c(3,1)0 (p,q) = 0 and c(3,1)1 (p,q) = q, from Theorem 1 with
the recurrence relation in (2.11), we have for n ≥ 2

c(3,1)n (p,q)
n!

=
n−1

∑
k=1

(−1)n−k+1rp(n− k+1)
c(3,1)k (p,q)

k!

+

{
(−1)(n−1)/3qn

n! if n ≡ 1 (mod 3);
0 otherwise .
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Putting c†
n = c(3,1)n (p,q)/q, we get for n ≥ 2

c†
n

n!
=

n−1

∑
k=1

(−1)n−k+1rp(n− k+1)
c†

k
k!

−

{
(−1)(n−1)/3qn−1

n! if n ≡ 1 (mod 3);
0 otherwise

with c†
1 = 1. Then, the first identity is proved similarly to Theorem 6 because the

first determinant is equal to c†
n/n!. The proof of the second identity is similar and

omitted. □

When i = 2, bivariate Cauchy polynomials c(3,2)n (p,q) with level 3 and their com-
plementary polynomials ĉ(3,2)n (p,q) have also determinant expressions.

Theorem 8. For n ≥ 3,

c(3,2)n (p,q) =
n!q2

2

∣∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n−2) rp(n−3) · · · rp(2) 1
r⋆p(n−1) r⋆p(n−2) · · · r⋆p(3) r⋆p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
and

ĉ(3,2)n (p,q) =
n!q2

2

∣∣∣∣∣∣∣∣∣∣∣∣

rp(2) 1 0 · · · 0

rp(3) rp(2) 1
...

...
...

. . . . . . 0
rp(n−2) rp(n−3) · · · rp(2) 1
r̂⋆p(n−1) r̂⋆p(n−2) · · · r̂⋆p(3) r̂⋆p(2)

∣∣∣∣∣∣∣∣∣∣∣∣
,

where

r⋆p(n) = rp(n)−

{
2qn−1

(n+1)! if n ≡ 1 (mod 3);

0 otherwise
(n ≥ 2)

and

r̂⋆p(n) = rp(n)+

{
(−1)n2qn−1

(n+1)! if n ≡ 1 (mod 3);

0 otherwise
(n ≥ 2) .

Proof. When i = 2, by c(3,1)0 (p,q) = c(3,1)1 (p,q) = 0 and c(3,1)2 (p,q) = q2, from
Theorem 1 with the recurrence relation in (2.11), we have for n ≥ 3

c(3,2)n (p,q)
n!

=
n−1

∑
k=2

(−1)n−k+1rp(n− k+1)
c(3,2)k (p,q)

k!

−

{
(−1)(n−2)/3qn

n! if n ≡ 2 (mod 3);
0 otherwise .
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Putting c⋆n = 2c(3,2)n (p,q)/q2, we get for n ≥ 3

c⋆n
n!

=
n−1

∑
k=1

(−1)n−k+1rp(n− k+1)
c⋆k
k!

−

{
(−1)(n−2)/32qn−2

n! if n ≡ 2 (mod 3);
0 otherwise

with c⋆2/2! = 1. Then, the first identity is proved similarly to Theorem 6 because the
first determinant is equal to c⋆n/n!. The proof of the second identity is similar and
omitted. □

4. BIVARIATE CAUCHY POLYNOMIALS WITH LEVEL 2

Using the functions

cosqt = f (2,0)q (t), sinqt = f (2,1)q ,

coshqt = f̂ (2,0)q (t), sinhqt = f̂ (2,1)q ,

we can define bivariate Cauchy polynomials c(2,i)n (p,q) with level 2 (i = 0,1) as

t f (2,i)q (t)
(1+ t)p log(1+ t)

=
∞

∑
n=0

c(2,i)n (p,q)
tn

n!
, (4.1)

where

f (2,i)q (t) =
∞

∑
n=0

(−1)n (qt)2n+i

(2n+ i)!
. (4.2)

Their complementary polynomials ĉ(2,i)n (p,q) (i = 0,1) are defined as

t f̂ (2,i)q (t)
(1+ t)p log(1+ t)

=
∞

∑
n=0

ĉ(2,i)n (p,q)
tn

n!
, (4.3)

where

f̂ (2,i)q (t) =
∞

∑
n=0

(qt)2n+i

(2n+ i)!
. (4.4)

When q = 0, cn(x) = c(2,i)n (x,0) = ĉ(2,i)n (x,0).
Similarly to those with level 3, there are characteristic properties for bivariate

Cauchy polynomials with level 2. We have the main recurrence relations for c(2,i)n (p,q)
(respectively, ĉ(2,i)n (p,q)).

Theorem 9. For n ≥ 0 and i = 0,1,2,

n

∑
k=0

(
n+1

k

)
c(2,i)k (p,q)

d
d p

(p)n−k+1 =

{
−(−1)(n−i)/2(n+1)qn if n ≡ i (mod 2);
0 otherwise ,

(4.5)
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n

∑
k=0

(
n+1

k

)
ĉ(2,i)k (p,q)

d
d p

(p)n−k+1 =

{
−(n+1)qn if n ≡ i (mod 2);
0 otherwise .

(4.6)

When p = 0 in Theorem 9, we have simpler recurrence relations.

Corollary 5. For n ≥ 0 and i = 0,1,2,

n

∑
k=0

(−1)n−kc(2,i)k (p,q)
(n− k+1)k!

=

−(−1)(n−i)/3 qn

n!
if n ≡ i (mod 2);

0 otherwise ,

n

∑
k=0

(−1)n−kĉ(2,i)k (p,q)
(n− k+1)k!

=

−qn

n!
if n ≡ i (mod 2);

0 otherwise .

It is analogous to obtain determinant expressions of c(2,i)n (p,q) and ĉ(2,i)n (p,q),
defined in (4.1) and (4.3), respectively. The details are similar to Theorem 6 and
Theorem 7, respectively, and are omitted.
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APPENDIX

c(3,0)0 (p,q) = 1 ,

c(3,0)1 (p,q) =−p+
1
2
,

c(3,0)2 (p,q) = p2 − 1
6
,

c(3,0)3 (p,q) =−p3 − 3p2

2
−q3 +

1
4
,

c(3,0)4 (p,q) = p4 +4p3 +4p2 +4q3 p−2q3 − 19
30

,

c(3,0)5 (p,q) =−p5 − 15p4

2
− 55p3

3
−5(2q3 +3)p2 +

5q3

3
+

9
4
,

c(3,0)6 (p,q) = p6 +12p5 +
105p4

2
+20(q3 +5)p3 +6(5q3 +12)p2 +q6 −5q3 − 863

84
.

c(3,1)0 (p,q) = 0 ,
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c(3,1)1 (p,q) = q ,

c(3,1)2 (p,q) =−2qp+q ,

c(3,1)3 (p,q) = 3qp2 − q
2
,

c(3,1)4 (p,q) =−4qp3 +6qp2 −q4 +q ,

c(3,1)5 (p,q) = 5qp4 +20qp3 +20qp2 +5q4 p− 5q4

2
− 19q

6
,

c(3,1)6 (p,q) =−6qp5 −45qp4 −110qp3 −15q(q3 +6)p2 +
5q4

2
+

27q
2

.

c(3,2)0 (p,q) = 0 ,

c(3,2)1 (p,q) = 0 ,

c(3,2)2 (p,q) = q2 ,

c(3,2)3 (p,q) =−3q2 p+
3q2

2
,

c(3,2)4 (p,q) = 6q2 p2 −q2 ,

c(3,2)5 (p,q) =−10q2 p3 −15q2 p2 −q5 +
5q2

2
,

c(3,2)6 (p,q) = 15q2 p4 +60q2 p3 +60q2 p2 +6q5 p−3q5 − 19q2

2
.

ĉ(3,0)0 (p,q) = 1 ,

ĉ(3,0)1 (p,q) =−p+
1
2
,

ĉ(3,0)2 (p,q) = p2 − 1
6
,

ĉ(3,0)3 (p,q) =−p3 − 3p2

2
+q3 +

1
4
,

ĉ(3,0)4 (p,q) = p4 +4p3 +4p2 −4q3 p+2q3 − 19
30

,

ĉ(3,0)5 (p,q) =−p5 − 15p4

2
− 55p3

3
+5(2q3 −3)p2 − 5q3

3
+

9
4
,

ĉ(3,0)6 (p,q) = p6 +12p5 +
105p4

2
−20(q3 −5)p3 −6(5q3 −12)p2 +q6 +5q3 − 863

84
.
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ĉ(3,1)0 (p,q) = 0 ,

ĉ(3,1)1 (p,q) = q ,

ĉ(3,1)2 (p,q) =−2qp+q ,

ĉ(3,1)3 (p,q) = 3qp2 − q
2
,

ĉ(3,1)4 (p,q) =−4qp3 +6qp2 +q4 +q ,

ĉ(3,1)5 (p,q) = 5qp4 +20qp3 +20qp2 −5q4 p+
5q4

2
− 19q

6
,

ĉ(3,1)6 (p,q) =−6qp5 −45qp4 −110qp3 +15q(q3 −6)p2 − 5q4

2
+

27q
2

.

ĉ(3,2)0 (p,q) = 0 ,

ĉ(3,2)1 (p,q) = 0 ,

ĉ(3,2)3 (p,q) =−3q2 p+
3q2

2
,

ĉ(3,2)4 (p,q) = 6q2 p2 −q2 ,

ĉ(3,2)5 (p,q) =−10q2 p3 −15q2 p2 +q5 +
5q2

2
,

ĉ(3,2)6 (p,q) = 15q2 p4 +60q2 p3 +60q2 p2 −6q5 p+3q5 − 19q2

2
.
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