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1. INTRODUCTION

Let m be a positive integer and let N(Ip(m)) be the normalizer of Ip(m) in
PSL(2,R). The normalizer N({p(m)) was studied for the first time by Newman
in [8]. A complete description of the elements of N(Ip(m)) is given in [2]. Es-
pecially, a necessary and sufficient condition for N(Ip(m)) to act transitively on Q
= Q U {oo} was given in [1]. Moreover, the signatures and therefore the parabolic
class numbers of some subgroups of N(Ip(m)) were calculated in [1], [5], and [6] .
In this study, we introduce a subgroup of N(I(m)) and we calculate the parabolic
class number of this subgroup when m is a square free positive integer.

2. PRELIMINARIES

Let A be a discrete subgroup of PSL(2,R). When x € RU {o0o} is a fixed point
of a parabolic element of A, we say that x is a parabolic point of A. We also call a
parabolic point of A, a cusp of A.

The proof the following theorem is easy and can be found in [7] or [10].

Theorem 1. Let A be a discrete subgroup of PSL(2,R) and assume that A* is a
subgroup of finite index in A. Let P be the set of the parabolic points of A. Then P
is the set of the parabolic points of A* and the parabolic class number of A* is the
number of orbits of A* on P.
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By a Fuchsian group A we will mean a finitely generated discrete subgroup of
PSL(2,R) the group of conformal homeomorphisms of the upper-half plane. The
most general presentation for A is

Generators:

ai, by, ,ag,bg Hyperbolic
X1,X2,+-, X Elliptic

p1,p2.:+, ps Parabolic
with the relations

g r S
i =xy == a = la bl []x [ ox =1

i=1

We then say A has signature ( see [4] )

(g.my,ma,...... ,My;S).

s is the number of parabolic classes, i.e., of parabolic generators, and r is the number
of elliptic generators. The m; are the periods of A.

A complete description of the elements of N( I'p(m)) is given in [2]. If we rep-
resent the elements of N( Ip(m)) by the associated matrices, then the normalizer

consists exactly of the matrices
ae b/h
cm/h de

where e | (m/h?) such that (e,m/h%e) = 1 and h is the largest divisor of 24 for
which 4?2 | m with the understanding that the determinant of the matrix is e > 0. If
e|nand (e,n/e) = 1, we represent this as e || n and we say that e is exact divisor of
n. Thus we have

N(ro(m))=§( ot ”f/i/f ) det=1:1<qiq

The following theorem is given in [1] and [11].

%;a,b,c,d e”Z; .

Theorem 2. Let m have prime power decomposition 2413%2 p33 ... py" . Then
N(Io(m)) acts transitively on Q if and only if a1 < 7,05 <3,0; <1,i =3,4,...,1.

If m is a square free positive integer, then

N(ro(m))=§( C;’q}@q Zzl,/://_qq):det=1;15q;q||m;a,b,c,deZ .
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Let I be modular group. In [3], we calculated parabolic class number of the
subgroup I'y(n) N 'V such that

FNz{(i Z)eF:aszO(modN)orbzczO(modN)}

and
Fo(n):{(ccl z)eF:CEO(modn)},

where (N,n) = 1 and N is a power of a prime number. And it is shown that parabolic

class number of this group is
n
¥ To(())
dln

Let (m,n) = (m,N) = (n,N) =1 and let I';’(n) be defined by

Iyn) = { ( cn;l/\l/za\/q bé,il/\c_f_] ) € N(I'o(m)) : ¢ = 0(modn)

and let I"(m, N') be defined by
I'm,N)={Ae NIy(m)):a=d =0(modN)orb=c=0(modN)}.

Moreover, we define I')"(m,n,N) by I')(m,n,N) = I'(m,N) NI (n). It is clear
that Iy (m,n, 1) = I')(n). In this paper, we will show that the parabolic class number

of FO*(m,n,N) is
n
dem(p ((d’E))

when (m,n) = (im,N) = (n,N) =1 and N is a power of a prime number. In the
next section, we give five lemmas, which are necessary for our main theorem.

3. MAIN THEOREMS

From now on, otherwise stated, we will assume that m is a square free positive
integer and (m,n) = (m,N)=n,N)=1.

Lemma 1. |N (Ip(m)) : I (m,n, N)| = Lotm:Lomni)]

Proof. Let g|m. Since m is square free, (q,m/q) = 1. Thus it follows that
(gN?,(m/q)n) = 1. Therefore there exist two integers x; and y; such that
gN?x1—(mn/q)y, = 1. Let

ta= (i VL),

Then AA;1 € I'y(mnN) for any
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_( aNyqg b/yq «
A_(Cmn/ﬂ dNﬂ)eFO(m,n,N).

Thus A € I'y(mnN)Ay. On the other hand, since (g.n(m/q)N?) = 1, there exist
two integers x» and y, such that gx, —n(m/q)N?y, = 1. Let

B, = )Qﬁ J’2N/ﬂ
q mnN/./q Vq :
Then we see that BB, 1 e I'y(mnN) for any
a/q bN/./q "
B_(cmnN/ﬂ d./q e€ly(m,n,N).

Thus it follows that B € I'gy(mnN)By. It can be seen that Ih(mnN)Ag,
# Io(mnN)Ag, and I'o(mnN) By, # I'o(mnN)By, for g1 # g>. Moreover,

To(mnN)Ag, # I'o(mnN)By,

for g1|m and gz|m. Thus it follows that |I')*(m,n,N) : [h(mnN)| < oo and it can
be shown that |I';"(m,n,N) : [y(mnN)| =2* *1 where ¢ is the number of the prime
divisor of m. Also we have

N (To(m)) : To(mnN)|
[Ty (m,n,N): Ioy(mnN)|
_ INUo(m)) : To(m)||To(m) : To(mnN)|
- 2t+1

Since |N(Ip(m)) : Iy(m)| = 2', the proof follows. O

IN(To(m)) : Ig" (m,n,N)| =

In view of the above lemma, it is seen that I')(m,n, N) is finitely generated and
therefore it is a Fuchsian group.

Lemma 2. Let N = p” where p is a prime number and let k /s € Q with pls.
Then there exist some T € I'y'(m,n, N) such that T'(k/s) = ki/s1 with (s;y,N) = 1.

Proof. Since (m,N) = (n,N) = 1, we see that (mn, N?) = 1 and therefore there
exist two integers x and y such that N2x —mny = 1. Let

_( XN vy
T_(mn N)'

Then T € I (m.n,N) and T(k/s) = SNEXS =k /sy with 51 = mnk + sN. It

can be seen easily that (s1,N) = 1. |

Lemma 3. Let (k,s) = (s,N) = 1. Then there exist some T € I'y'(m,n,N) such
that T'(k/s) = k1/s1 with s1|n.
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Proof. Let s; = (s,n) and ¢ = (s,m). Then s1 = (s,kn) = (s,knN). Moreover
(s,m/q) = 1, since m is square free. Therefore (s,knN %) = 51 and thus there exist
two integers ¢y and d such that sd —}—kn%Ncl =s1.Since (dy,(knm/s1q)N) =1,
there exist some integer k¢ such that

k
(dy— M Nko, (m/q)nN?) = 1.
514
Let L
d=d — " Nke
s14
and

S
¢ =c1+ —ko.
S1

Then kn(m/q)Nc +sd = s1. On the other hand, (dq,cN?(m/q)n) = 1since (d,c) =
(d,(m/q)nN?) = 1.1t can be seen easily that (¢, c) = 1. Therefore (dq,c(m/q)nN?)
= 1. Thus there exist two integers x and y such that xdg —c(m/q)nN?y = 1. Let

T—(méﬁia)ﬁbf)-

Then T € Iy (m,n, N) and
T(k/s) = gxk+sNy qxk +sNy _ xk+N(s/q@y ﬁ
~ cknmN +dsq  q(ckn(m/q)N +ds)  (ckn(m/q)N +ds) si

O

Lemma 4. Let (a1,d1) = (az2,d1) = 1 and dy|n. Then ay/dy is conjugate to
as/dy under I'j(m,n,N) if and only if a; = az(mod Nt) where t = (d1,n/dy).

Proof. Suppose that a1 /d is conjugate to az/dy under I') (m,n, N). Then there
exist some T € I')'(m,n, N) such that T(a1/d) = az/d;. Assume that

T—(aﬁﬁi@lﬁﬁf)’

where ¢|m. Then we have

aaiq+bNd, as

cnmNay +ddqg d_1

and
adq —ben(m/q)N? = 1.

Since
cmnN

a(cmnNay +ddiq) — (aa1q +bd1N) = d,

dg(aaiq+bdiN)—bN(cmnNay, +ddiq) = aiq,
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and (d1,a19) = 1, we see that (aa1q +bdiN,cmnNaj + ddyq) = 1. Therefore
there exist some ¥ = +1 such that
uay = aarq +bNd;
and
udy =cmnNay +ddyq.
Since g(cn(m/q)Na, +ddy) = udy and (¢,d;) = 1, it follows that ¢ = 1. Thus
uap =aa; +bNdy,
udy =cmnNa; +ddi,
and
ad —benmN? =1
From the above equations, we see that ua, = aay(modtN), u = d(modtN), and

ad = 1(modtN). Therefore a; = u?a»(mod¢N ), which implies that a; = a»(mod
tN). Now assume that

T — aN . /g b//q
cmn/\/qg dN./q )’
where ad N?q —bcn(m/q) = 1. Then we obtain
aaqu+bd1 . an
cnmay +ddigN ~— di’

Similarly, it is seen that (cnma; +ddi1gN,aa1 Ng +bdy) = 1. Thus there exist some
u = %1 such that

uay =aa1Ng+bd;
and
ud, =cmnaj +ddigN.
Since ud; = q(en(m/q)ar +ddyN) and (¢,d1) = 1, it follows that ¢ = 1. Thus
ua, = aa1N +bd;,
udy =cmnay +ddi N,

and
adN?—benm = 1.

From the above equations, we get
ua, = bdi(mod N),
ud; =cmnay(mod N),

and
becmn = 1(mod N).
This implies that a; = a;(mod N). In the same way we see that

udas = aayN(modt),
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u=dN(modt),

and
adN? = 1(mod?).

Thus we have a; = a>(mod¢?). Since(¢, N) = 1, it follows that a; = a>(mod N ).

Now suppose that a; = a(mod¢N), where t = (dy,n/dy). Letn; =n/d;. Then
t =(di,n1) and (a1az,dy) = 1. Therefore t = (ajazny,dy). This shows that tN =
(d1N,a1azni N). Since tN|az —aq, there exist two integers x and y such that
niaraaNx+diNy =ar—a;. Thus weobtaina; (njaaNx+1)+di Ny = ap. If we
takeb =y anda =nijaaNx+ 1, wehaveaa; +diNb =as. Letc =nidix =nx
andd = 1— Nnjaix. Then cNa; +ddy = dy. On the other hand, we see that

ad —bcN? =a(1—Nnyayx)—bnidixN?
=a—(aa1+diNb)Nnix =a—njaaNx = 1.

Let LN
az +
T(iz)=—"7"——.
@) cmNz+d
Then n|c and therefore T € I'y(m,n, N). Moreover, we get
aay +bdiN
T d))=——"""—"—=ay/d;.
(@1/d1) c¢Nay+dd, az/dy

The proof of the following lemma is easy and will be omitted.

Lemma 5. Let (a1,d1) = (az,d1) = 1, d1|n, dz|n, where dy and d are positive
integers. If ay/dy is conjugate to az/dy under I''(m,n,N), then dy = d>.

In the following, we give a lemma without proof, which we use later. The lemma
appears in [9], page 73, as problem.

Lemma 6. Let m and k be positive integers. Then the number of the positive
integers < mk that are prime to m is k(m).

Theorem 3. Let p be a prime number and N = p”. Then the parabolic class

number of I'y'(m,n,N) is
VS (o)
din

Proof. Tt suffices to calculate the number of orbits of I)*(m,n, N) on Q. By
Lemma 4 and Lemma 6, there exist No((d, n/d)) different orbits for each d | n.
Then from Lemma 2 to Lemma 5, it follows that the number of orbits of I 0* (m,n,N)

0n® is
S ((0.5) =¥ Zo((03)
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O
Corollary 1. Let p be a prime number. Then the parabolic class number of
I'(m, p¥) is pk.

Corollary 2. The parabolic class number of I'y (n) is

>e((e7):
d|n
Let r be a natural number and let

b
1“0+(r):{(cérl/\/ja d/\\//_j):adq—bcr/q:l;lfq;q |ria,b,c,d eZ; .

Then T 0+ (r) is a subgroup of the normalizer of Iy(r). Moreover, any element of
I 0+ (r) is an Atkin-Lehner involution of I'y(r). Recall that an Atkin-Lehner involution
wq of T'o(r) is an element of determinant 1 of the form

wo=(erlla 4)

for some exact divisor q of r. If h = 1, then F0+ (r) is equal to N( I'o(r)), where h

is the largest divisor of 24 such that h?|r. The following lemmas are well known and
their proofs can be found in [1]].

Lemma 7. F0+ (r) acts transitively on the set Q=QuU {oo} if and only if r is a
square-free positive integer.

Lemma 8. Let r = m/h?. Then N (I'o(m)) acts transitively on the set Q if and
only if T, 0+ (r) acts transitively on the set Q.

Let r = m/h?. Then, it is well-known and easy to see that
-1
1/vVh 0 n 1/vVh 0
N(I7 = I .
ooy = (VS G o (M 5
Assume that N (I'g(m)) acts transitively on the set Q. Taking r = m/h? and

vo (10,

it is immediate that XHX 1 is equal to FO* (m,n, N), provided that H = FO* (r,m,N).
Therefore, we can give the following corollary easily.

Corollary 3. Suppose that N (I'o(m)) acts transitively on the set Qand N = pk
for some prime p. Then parabolic class number of I'y'(m,n,N) is

vEo((s.)
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