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Abstract. The aim of this paper is to establish several fractional integral inequalities related to
the weighted and the extended Chebyshev functional. We use generalized fractional integral
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to prove our results. This study states that our findings are more convenient and efficient than
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1. INTRODUCTION AND PRELIMINARIES

The integral inequality theory is very important in applied sciences. For more
details, we refer the reader to [1,2] and the references therein. Moreover, the study of
the integral inequalities using fractional integration theory is also of great importance,
we refer to [8, 9, 14, 15] for some applications. In this paper, we will be concerned
with the extended and the weighted Chebyshev functional [2, 9].

So, in this section, we introduce some definitions and some published results that
have motivated the present work; we begin by recalling the following definition.

Definition 1. If f and g are two integrable functions on [a,b] and p is a positive and
integrable function on [a,b], Chebyshev functional is given by the following quantity

T( f ,g, p) :=
∫ b

a
p(x)dx

∫ b

a
f (x)g(x)p(x)dx−

∫ b

a
f (x)p(x)dx

∫ b

a
g(x)p(x)dx.

Related to the above quantity, in [6], N. Elezovic et al. proved the following integ-
ral result:
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Theorem 1. [6, Theorem B.] The inequality

|T( f ,g, p)| ≤ 1
2

(∫ b

a

∫ b

a
p(x)p(y)|x− y|

1
α′+

1
β′

∣∣∣∣∫ x

y
| f ′(t)|αdt

∣∣∣∣
γ

α

dxdy

) 1
γ

×

∫ b

a

∫ b

a
p(x)p(y)|x− y|

1
α′+

1
β′

∣∣∣∣∫ x

y
|g′(t)|βdt

∣∣∣∣
γ′
β

dxdy

 1
γ′

≤ 1
2
|| f ′||α||g′||β

(∫ b

a

∫ b

a
p(x)p(y)|x− y|

1
α′+

1
β′ dxdy

)
is valid provided that f ′ ∈ Lα([a,b]) and g′ ∈ Lβ([a,b]); α > 1, β > 1, γ > 1,
α−1 +α′−1

= 1, β−1 +β′−1
= 1, γ−1 + γ′

−1
= 1.

Then, by means of the following fractional integral definition:

Definition 2. Let f ∈ L1[a,b]. The Riemannn-Liouville integral of order a ≥ 0 is
defined by

Jα
a f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, a ≤ x ≤ b.

The authors of the paper [5] established the following theorem:

Theorem 2. [5, Theorem 3.1]

2|Jσ p(t)Jσ p f g(t)− Jσ p f (t)Jσ pg(t)|

≤
|| f ′||α||g′||β

Γ2(σ)

∫ t

0

∫ t

0
(t − x)σ−1(t − y)σ−1|x− y|p(x)p(y)dxdy,

where f ′ ∈ Lα([0,∞]) and g′ ∈ Lβ([0,∞]); α > 1, β > 1, α−1 +β−1 = 1.

Furthermore, by considering a second weighted function q (which is supposed to
be positive and integrable) on [a,b], we consider the extended Chebyshev’s functional
[3, 9]:

T̃( f ,g, p,q) : =
∫ b

a
q(x)dx

∫ b

a
p(x) f (x)g(x)dx+

∫ b

a
p(x)dx

∫ b

a
q(x) f (x)g(x)dx

−
∫ b

a
p(x) f (x)dx

∫ b

a
q(x)g(x)dx−

∫ b

a
q(x) f (x)dx

∫ b

a
p(x)g(x)dx.

Then, we recall the following two theorems [4].

Theorem 3. [4, Theorem 3.1] Let f and g be two differentiable functions on [0,∞)
and p be positive and integrable function on [0,∞). If f ′ ∈ Lα([0,∞)), g′ ∈ Lβ([0,∞)),
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α,β,γ > 1 with 1
α
+ 1

α′ = 1, 1
β
+ 1

β′ = 1 and 1
γ
+ 1

γ′ = 1, then for all t > 0, δ > 0, we
have the inequality

2
∣∣∣Jδ p(t)Jδ p f g(t)− Jδ pg(t)Jδ p f (t)

∣∣∣
≤
(
|| f ′||γα
Γ(δ)

∫ t

0

∫ t

0
(t − x)δ−1(t − y)δ−1 p(x)p(y)|x− y|

1
α′+

1
β′ dxdy

) 1
γ

×

 ||g′||γ
′

β

Γ(α)

∫ t

0

∫ t

0
(t − x)δ−1(t − y)δ−1 p(x)p(y)|x− y|

1
α′+

1
β′ dxdy

 1
γ′

≤
|| f ′||α||g′||β

Γ(δ)2

(∫ t

0

∫ t

0
(t − x)δ−1(t − y)δ−1|x− y|

1
α′+

1
β′ p(x)p(y)dxdy

)
.

(1.1)

Theorem 4. [4, Theorem 3.3] Let f and g be two differentiable functions on
[0,∞) and p,q be two positive and integrable function on [0,∞). If f ′ ∈ Lα([0,∞)),
g′ ∈ Lβ([0,∞)), α, β, γ > 1 with 1

α
+ 1

α′ = 1, 1
β
+ 1

β′ = 1 and 1
γ
+ 1

γ′ = 1, then for all
t > 0, δ > 0, we have:∣∣∣Jδq(t)Jδ p f g(t)+ Jδ p(t)Jδq f g(t)− Jδ p f (t)Jδqg(t)− Jδq f (t)Jδ pg(t)

∣∣∣
≤

|| f ′||α||g′||β
Γ(δ)2

(∫ t

0

∫ t

0
(t − x)δ−1(t − y)δ−1|x− y|

1
α′+

1
β′ p(x)q(y)dxdy

)
.

(1.2)

The main aim of this paper is to establish new fractional integral inequalities re-
lated to the weighted and the extended Chebyshev functional. We use the generalized
fractional integral operator to establish some of our main results. Then, by consider-
ing the conformable fractional integral approach, we establish other integral results.
Finally, by Saigo fractional integral operator, we present to the reader other results
on integral inequalities. Some published results related to integral inequalities in the
sense or Riemann-Liouville [4, 5] are deduced as some special cases.

2. MAIN RESULTS

Let’s first recall the generalized fractional integral operators definition we used in
the proof of Theorem 5 and Theorem 6.

In [10], Raina introduced a generalized class of Mittag-Leffler functions defined
formally by

F σ

ρ,λ(x) = F σ(0),σ(1),...
ρ,λ (x) =

∞

∑
k=0

σ(k)
Γ(ρk+λ)

xk (ρ,λ > 0; |x|< R), (2.1)

where the coefficients σ(k), (k ∈ N = N∪{0}) is a bounded sequence of positive
real numbers and R is the set of real numbers. With the help of (2.1), Raina [10] and
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Agarwal et al. [1] defined the following left-sided and right-sided fractional integral
operators respectively, as follows:(

J σ

ρ,λ,a+;wϕ

)
(x) =

∫ x

a
(x− t)λ−1F σ

ρ,λ[w(x− t)ρ]ϕ(t)dt (x > a), (2.2)(
J σ

ρ,λ,b−;wϕ

)
(x) =

∫ b

x
(t − x)λ−1F σ

ρ,λ[w(t − x)ρ]ϕ(t)dt (x < b), (2.3)

where λ, ρ > 0, w ∈ R and ϕ(t) is such that the integral on the right side exits.
In recently some integral inequalities this operator involving have appeared in the
literature (see, e.g., [13–17]).

It is easy to verify that J σ

ρ,λ,a+;wϕ(t) and J σ

ρ,λ,b−;wϕ(t) are bounded integral operat-
ors on L(a,b), if

M := F σ

ρ,λ+1[w(b−a)ρ]< ∞.

In fact, for ϕ ∈ L(a,b), we have

||J σ

ρ,λ,a+;wϕ(x)||1 ≤M(b−a)λ||ϕ||1
and

||J σ

ρ,λ,b−;wϕ(x)||1 ≤M(b−a)λ||ϕ||1,

where

||ϕ||p :=
(∫ b

a
|ϕ(x)|pdx

) 1
p

.

Here, many useful fractional integral operators can be obtained by specializing the
coefficient σ(k). For instance the classical Riemann–Liouville fractional integrals
Jα

a+ and Jα

b− of order α follow easily by setting λ = α, σ(0) = 1 and w = 0 in (2.2)
and (2.3).

We begin our main results by proving the following theorem.

Theorem 5. Let f and g be two differentiable functions on [0,∞) and p be pos-
itive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with
1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, α, ρ, w ≥ 0, we have;

2
∣∣∣J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
∣∣∣

≤

[
|| f ′||γr

∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ

(2.4)
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×

[
||g′||γ′s

∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ′

≤ || f ′||r||g′||s
∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy.

Proof. We consider the function H defined by:

H(x,y) := ( f (x)− f (y)(g(x)−g(y))); x,y ∈ (0, t), t > 0.

Some easy techniques allow us to write∫ t

a
(t − x)λ−1F σ

ρ,λ[w(t − x)ρ]p(x)H(x,y)dx = J σ

ρ,λ,a+;w p f g(t)

−g(y)J σ

ρ,λ,a+;w p f (t)− f (y)J σ

ρ,λ,a+;w pg(t)+ f (y)g(y)J σ

ρ,λ,a+;w p(t).

By the same arguments as above, it yields that∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]p(x)p(y)H(x,y)dxdy

= 2
[

J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
]
.

Also, we can see that

H(x,y) :=
∫ x

y

∫ x

y
f ′(u)g′(w)dudw.

By using Hölder inequality, we have

| f (x)− f (y)| ≤ |x− y|
1
r′

∣∣∣∣∫ x

y
| f ′(u)|rdu

∣∣∣∣ 1
r

and

|g(x)−g(y)| ≤ |x− y|
1
s′

∣∣∣∣∫ x

y
|g′(w)|sdw

∣∣∣∣ 1
s

.

Therefore,

|H(x,y)| ≤ |x− y|
1
r′+

1
s′

∣∣∣∣∫ x

y
| f ′(u)|rdu

∣∣∣∣ 1
r
∣∣∣∣∫ x

y
|g′(w)|sdu

∣∣∣∣ 1
s

.
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Hence,

2
∣∣∣J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
∣∣∣

≤
∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]p(x)p(y)

×|x− y|
1
r′+

1
s′

∣∣∣∣∫ x

y
| f ′(u)|rdu

∣∣∣∣ 1
r
∣∣∣∣∫ x

y
|g′(w)|sdw

∣∣∣∣ 1
s

dxdy.

Again, by using Hölder’s inequality, we obtain

2
∣∣∣J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
∣∣∣

≤

[∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′

∣∣∣∣∫ x

y
| f ′(u)|rdu

∣∣∣∣
γ

r

p(x)p(y)dxdy

] 1
γ

×

[∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′

∣∣∣∣∫ x

y
|g′(w)|sdw

∣∣∣∣
γ′
s

p(x)p(y)dxdy

] 1
γ′

.

(2.5)

Since, we know that∣∣∣∣∫ y

x
| f ′(u)|rdu

∣∣∣∣≤ || f ′||rr ,
∣∣∣∣∫ y

x
|g′(w)|sdw

∣∣∣∣≤ ||g′||ss ,

then (2.5) can be written as follows:

2
∣∣∣J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
∣∣∣

≤

[
|| f ′||γr

∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ

×

[
||g′||γ′s

∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ′

.
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Therefore,

2
∣∣∣J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;w p f g(t)− J σ

ρ,λ,a+;w pg(t)J σ

ρ,λ,a+;w p f (t)
∣∣∣

≤ || f ′||r||g′||s
∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy.

This completes the proof. □

Remark 1. If we choose λ = α, σ(0) = 1 and w = 0 in Theorem 5, then the in-
equality (2.4) reduces to the inequality (1.1).

We prove also the following result.

Theorem 6. Let f and g be two differentiable functions on [0,∞) and p, q be
positive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with
1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, α, ρ, w ≥ 0, we have;∣∣∣∣∣J σ

ρ,λ,a+;wq(t)J σ

ρ,λ,a+;w p f g(t)+ J σ

ρ,λ,a+;w p(t)J σ

ρ,λ,a+;wq f g(t)

− J σ

ρ,λ,a+;w p f (t)J σ

ρ,λ,a+;wqg(t)− J σ

ρ,λ,a+;wq f (t)J σ

ρ,λ,a+;w pg(t)

∣∣∣∣∣
≤ || f ′||r||g′||s

∫ t

a

∫ t

a
(t − x)λ−1(t − y)λ−1F σ

ρ,λ[w(t − x)ρ]F σ

ρ,λ[w(t − y)ρ]

×|x− y|
1
r′+

1
s′ p(x)q(y)dxdy.

(2.6)

Proof. We use the same arguments as in the proof of Theorem 5. The proof of this
theorem is thus omitted. □

Remark 2. If we take λ=α, σ(0) = 1 and w= 0 in Theorem 6, then the inequality
(2.6) reduces to the inequality (1.2).

For the conformable integral approach, we recall the following definition.

Definition 3. [7, Definition 2.1 & Definition 2.2] The left and right-fractional
conformable integrals of order β ∈ C, Re(β)> 0, are defined by

β
aI α f (x) =

1
Γ(β)

∫ x

a

(
(x−a)α − (t −a)α

α

)β−1 f (t)dt
(t −a)1−α

,

βI α

b f (x) =
1

Γ(β)

∫ b

x

(
(b− x)α − (b− t)α

α

)β−1 f (t)dt
(b− t)1−α

.

Notice that, if (Q f )(t) = f (a+b− t), then we have (
β
aI αQ f )(x) = Q(βI α

b f )(x).
Based on this definition, we present to the reader the following two results.
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Theorem 7. Let f and g be two differentiable functions on [0,∞) and p be pos-
itive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with
1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, β ∈ C and Re(β) > 0 we
have;

2
∣∣∣β

aI α p(t)β
aI α p f g(t)− β

aI α pg(t)β
aI α p f (t)

∣∣∣
≤

[
|| f ′||γr
Γ(β)

∫ t

a

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1((t −a)α − (y−a)α

α

)β−1

× 1
(x−a)1−α

1
(y−a)1−α

|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ

×

[
||g′||γ

′
s

Γ(β)

∫ t

a

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1((t −a)α − (y−a)α

α

)β−1

× 1
(x−a)1−α

1
(y−a)1−α

|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ′

≤ || f ′||r||g′||s
Γ2(β)

∫ t

a

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1((t −a)α − (y−a)α

α

)β−1

× 1
(x−a)α

1
(y−a)α

|x− y|
1
r′+

1
s′ p(x)p(y)dxdy.

(2.7)

Proof. Let us reconsider the function

H(x,y) := ( f (x)− f (y)(g(x)−g(y))); x,y ∈ (0, t), t > 0. (2.8)

Multiplying (2.8) by 1
Γ(β)

(
(t−a)α−(x−a)α

α

)β−1
1

(x−a)1−α p(x) and integrating the result-
ing identity with respect to x from a to t, we can write

1
Γ(β)

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1

× 1
(x−a)1−α

p(x)H(x,y)dx

= β
aI α p f g(t)−g(y)β

aI α p f (t)− f (y)β
aI α pg(t)+ f (y)g(y)β

aI α p(t).

In the same manner, we get:

1
Γ2(β)

∫ t

a

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1((t −a)α − (y−a)α

α

)β−1

× 1
(x−a)1−α

1
(y−a)1−α

p(x)p(y)H(x,y)dxdy

= 2
[

β
aI α p(t)β

aI α p f g(t)− β
aI α pg(t)β

aI α p f (t)
]
.
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To achieve the proof, we use the same arguments as in the proof of Theorem 5. □

Remark 3. If we choose a = 0 and α = 1 in Theorem 7, then the inequality (2.7)
reduces to the inequality (1.1).

Theorem 8. Let f and g be two differentiable functions on [0,∞) and p, q be
positive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with
1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, β ∈ C and Re(β) > 0, we
have∣∣∣β

aI αq(t)β
aI α p f g(t)+ β

aI α p(t)β
aI αq f g(t)

−β
aI α p f (t)β

aI αqg(t)− β
aI αq f (t)β

aI α pg(t)
∣∣∣

≤ || f ′||r||g′||s
Γ2(β)

∫ t

a

∫ t

a

(
(t −a)α − (x−a)α

α

)β−1((t −a)α − (y−a)α

α

)β−1

× 1
(x−a)α

1
(y−a)α

|x− y|
1
r′+

1
s′ p(x)q(y)dxdy.

(2.9)

Proof. The proof is evident and hence it is omitted. □

Remark 4. If we choose a = 0 and α = 1 in Theorem 8, then the inequality (2.9)
reduces to the inequality (1.2).

Let us now recall the Saigo integral definition [8, 11, 12]:

Definition 4. Let α > 0, β, η ∈R, then the Saigo fractional integral Jα,β,η
0,t of order

α for real-valued continuous function f (t) is defined by

Iα,β,η
0,t { f (t)}= t−α−β

Γ(α)

∫ t

0
(t − x)α−1

2F1

(
α+β,−η;α;1− x

t

)
f (x)dx, (2.10)

here, the function 2F1(−) in the right-hand side of (2.10) is the Gaussian hypergeo-
metric function defined by

2F1(a,b;c; t) =
∞

∑
n=0

(a)n(b)n

(c)n

tn

n!
,

and (a)n is the Pochhammer symbol

(a)0 = 1, (a)n = a(a+1) . . .(a+n−1).

Using this definition and with some arguments used in Theorem 5, we can establish
the following two results.

Theorem 9. Let f and g be two differentiable functions on [0,∞) and p be pos-
itive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with



566 EMRULLAH AYKAN ALAN, BARIŞ ÇELİK, ERHAN SET, AND ZOUBIR DAHMANI

1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, α > 0 and β, η ∈ R with
α+β ≥ 0 and η ≤ 0 we have

2
∣∣∣ Iα,β,η

0,t p(t) Iα,β,η
0,t p f g(t)− Iα,β,η

0,t pg(t) Iα,β,η
0,t p f (t)

∣∣∣
≤

[
|| f ′||γr

t−α−β

Γ(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2F1

(
α+β,−η;α;1− x

t

)

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ

×

[
||g′||γ′s

t−α−β

Γ(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2F1

(
α+β,−η;α;1− y

t

)

×|x− y|
1
r′+

1
s′ p(x)p(y)dxdy

] 1
γ′

≤ || f ′||r||g′||s
t−2α−2β

Γ2(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2F1

(
α+β,−η;α;1− x

t

)
×2 F1

(
α+β,−η;α;1− y

t

)
|x− y|

1
r′+

1
s′ p(x)p(y)dxdy.

Proof. Let us define

H(x,y) := ( f (x)− f (y)(g(x)−g(y))); x,y ∈ (0, t), t > 0. (2.11)

Multiplying (2.11) by t−α−β

Γ(β) (t−x)α−1
2 F1

(
α+β,−η;α;1− x

t

)
p(x) and integrating the

resulting identity with respect to x from 0 to t, we can write

t−α−β

Γ(β)

∫ t

0
(t − x)α−1

2 F1

(
α+β,−η;α;1− x

t

)
p(x)H(x,y)dx

= Iα,β,η
0,t p f g(t)−g(y) Iα,β,η

0,t p f (t)− f (y) Iα,β,η
0,t pg(t)+ f (y)g(y) Iα,β,η

0,t p(t). (2.12)

Again, multiplying (2.12) by t−α−β

Γ(β) (t − y)α−1
2 F1

(
α+β,−η;α;1− y

t

)
p(y) and integ-

rating the resulting identity with respect to y from 0 to t, we can write

t−2α−2β

Γ2(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2 F1

(
α+β,−η;α;1− x

t

)
×2 F1

(
α+β,−η;α;1− y

t

)
p(x)p(y)H(x,y)dxdy

= 2
[

Iα,β,η
0,t p(t) Iα,β,η

0,t p f g(t)− Iα,β,η
0,t pg(t) Iα,β,η

0,t p f (t)
]
.

Using the same arguments as in the proof of Theorem 5, we obtain the desired result.
□



ON NEW CHEBYSHEV INEQUALITIES VIA FRACTIONAL INTEGRAL OPERATORS 567

We end this paper by presenting to the reader the following result.

Theorem 10. Let f and g be two differentiable functions on [0,∞) and p, q be
positive and integrable function on [0,∞). If f ′ ∈ Lr[a,b], g′ ∈ Ls[a,b], r, s, γ > 1 with
1
r +

1
r′ = 1, 1

s +
1
s′ = 1 and 1

γ
+ 1

γ′ = 1, then for all t > 0, α > 0 and β, η ∈ R with
α+β ≥ 0 and η ≤ 0 we have∣∣∣∣∣ Iα,β,η

0,t q(t)Iα,β,η
0,t p f g(t)+ Iα,β,η

0,t Iα,β,η
0,t q f g(t)

− Iα,β,η
0,t p f (t) Iα,β,η

0,t qg(t)− Iα,β,η
0,t q f (t) Iα,β,η

0,t pg(t)

∣∣∣∣∣
≤ || f ′||r||g′||s

t−2α−2β

Γ2(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2F1

(
α+β,−η;α;1− x

t

)
×2 F1

(
α+β,−η;α;1− y

t

)
|x− y|

1
r′+

1
s′ p(x)q(y)dxdy.

Proof. Multiplying (2.12) by t−α−β

Γ(β) (t −y)α−1
2F1
(
α+β,−η;α;1− y

t

)
q(y) and in-

tegrating the resulting identity with respect to y from a to t, we can write∣∣∣∣∣ Iα,β,η
0,t q(t)Iα,β,η

0,t p f g(t)+ Iα,β,η
0,t p(t) Iα,β,η

0,t q f g(t)

− Iα,β,η
0,t p f (t) Iα,β,η

0,t qg(t)− Iα,β,η
0,t q f (t) Iα,β,η

0,t pg(t)

∣∣∣∣∣
≤ t−2α−2β

Γ2(β)

∫ t

0

∫ t

0
(t − x)α−1(t − y)α−1

2F1

(
α+β,−η;α;1− x

t

)
2F1

(
α+β,−η;α;1− y

t

)
×|x− y|

1
r′+

1
s′

∣∣∣∣∫ x

y
| f ′(u)|rdu

∣∣∣∣ 1
r
∣∣∣∣∫ x

y
|g′(w)|sdw

∣∣∣∣ 1
s

p(x)q(y)dxdy.

Some easy calculations allow us to achieve the proof of this theorem. □

3. CONCLUSION

In this paper, we presented several fractional integral inequalities related to the
weighted and the extended Chebyshev functional using generalized fractional integral
operators, new conformable fractional integral operators and Saigo fractional integral
operator, respectively. The results exhibited in Section 2 generalized the work earlier
done by Dahmani [4] for Riemann–Liouville fractional integral operator.



568 EMRULLAH AYKAN ALAN, BARIŞ ÇELİK, ERHAN SET, AND ZOUBIR DAHMANI

REFERENCES

[1] R. P. Agarwal, M.-J. Luo, and R. K. Raina, “On Ostrowski type inequalities,” Fasciculi Mathem-
atici, vol. 56, no. 1, pp. 5–27, jun 2016, doi: 10.1515/fascmath-2016-0001.

[2] P. L. Chebyshev, “Sur les expressions approximatives des integrales definies par les autres
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[7] F. Jarad, E. Uğurlu, T. Abdeljawad, and D. Baleanu, “On a new class of fractional operators,”
Advances in Difference Equations, vol. 2017, no. 1, aug 2017, doi: 10.1186/s13662-017-1306-z.

[8] V. Kiryakova, Generalized Fractional Calculus and Applications, vol. 301 of Pitman Research
Notes in Mathematics Series. Longman Scientific & Technical, Harlow, UK, 1994.

[9] D. S. Mitrinovic, Analytic inequalities. Springer Verlag, Berlin, 1970.
[10] R. K. Raina, “On generalized Wright’s hypergeometric functions and fractional calculus operat-

ors,” East Asian Math. J., vol. 21, no. 2, pp. 191–203, 2005.
[11] R. K. Raina, “Solution of Abel-type integral equation involving the Appell hypergeometric func-

tion,” Integral Transforms and Special Functions, vol. 21, no. 7, pp. 515–522, jul 2010, doi:
10.1080/10652460903403547.

[12] M. Saigo, “A remark on integral operators involving the Gauss hypergeometric functions,” Math.
Rep. Kyushu Univ., vol. 11, pp. 135–143, 1978.
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[14] E. Set and B. Çelik, “Generalized fractional Hermite–Hadamard type inequalities for m-convex
and (α, m)-convex functions,” Communications Faculty Of Science University of Ankara Series
A1Mathematics and Statistics, vol. 67, no. 1, pp. 333–344, 2018.
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