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Abstract. The aim of this paper is to establish several fractional integral inequalities related to
the weighted and the extended Chebyshev functional. We use generalized fractional integral
operators, new conformable fractional integral operators and Saigo fractional integral operators
to prove our results. This study states that our findings are more convenient and efficient than
other available results.
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1. INTRODUCTION AND PRELIMINARIES

The integral inequality theory is very important in applied sciences. For more
details, we refer the reader to [1,2] and the references therein. Moreover, the study of
the integral inequalities using fractional integration theory is also of great importance,
we refer to [8,9, 14, 15] for some applications. In this paper, we will be concerned
with the extended and the weighted Chebyshev functional [2, 9].

So, in this section, we introduce some definitions and some published results that
have motivated the present work; we begin by recalling the following definition.

Definition 1. If f and g are two integrable functions on [a,b] and p is a positive and
integrable function on [a,b], Chebyshev functional is given by the following quantity
b b b b
T(fgp)i= [ pds [ f@ep@ds— [ f@peids [ g@pdx
a a a a

Related to the above quantity, in [6], N. Elezovic et al. proved the following integ-
ral result:
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Theorem 1. [6, Theorem B.] The inequality

T(/:8.p) (/’/’ Y NTCIET
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y
< 71l ([ [ popoyin =1 vy

is valid provided that f' € L%([a,b]) and g' € LP([a,b]); a> 1, B> 1, y> 1,
o+ =LA =Ly Y =1L

o=
==

Then, by means of the following fractional integral definition:

Definition 2. Let f € L;[a,b]. The Riemannn-Liouville integral of order a > 0 is
defined by

JXf(x) = r(loc)/ux(x—t)“lf(t)dt, a<x<h.

The authors of the paper [5] established the following theorem:

Theorem 2. [5, Theorem 3.1]
23°p()I°pfe(t) —I°pf(1)I°pg(t)]
Hf” ”g'B// t=x)°" (1 =) x—y|p(x) p(y)dxdy,

where ' € L*([0,00]) and g’ € LB([0,00]); > 1, B> 1, a0 ' +B ' =1

Furthermore, by considering a second weighted function g (which is supposed to
be positive and integrable) on [a, b], we consider the extended Chebyshev’s functional

[3,9]:

T(f.8,p.9): /q dX/p dX+/p dX/q

—/p<vww/ 4(gx)dx— /qwﬂ)ﬂ/ ().

a a a a

Then, we recall the following two theorems [4].

Theorem 3. [4, Theorem 3.1] Let f and g be two differentiable functions on [0,)
and p be positive and integrable function on [0,0). If ' € L*([0,0)), g’ € LB([0,00)),
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o, B,y>1 withé—i—é:l, %+§:1and%+%:l, then for allt >0, 8 > 0, we
have the inequality

‘J5 (1)1 fg(t) —Ppg(t)Ppf (1)

1

113 e 1,1 Y
= <||rfz|s|a/0 /O (t—x)6l(t—y)aIP(X)p(y)!x—y!“B’dxdy>

l2'11§ B L
B// t—3)> " p(x)p(y)x—y|@ ¥ dxdy

< W'F'(y)g’“‘ (] t<z_x>8-‘<z—y>5-l|x—y|$'*ép<x>p<y>dxdy> -

Theorem 4. [4, Theorem 3.3] Let f and g be two differentiable functions on
[O ) and p,q be two positive and mtegrable funcnon on [0,00). If 1€ L*(]0,0)),
g ELB([ ,00)), o, B, v> 1 with a—i—u =1, ﬁ+ﬁ’ =1 andy—i— =1, then for all
t>0,0>0, we have:

Pq(0) pfe(t) +I°p(t)°af8(e) —Ipf (1) ag(t) = I (1) pe(r)
: O (1.2)
Hf” HgHB <// R R B’JD(XM(y)dxdy)

The main aim of this paper is to establish new fractional integral inequalities re-
lated to the weighted and the extended Chebyshev functional. We use the generalized
fractional integral operator to establish some of our main results. Then, by consider-
ing the conformable fractional integral approach, we establish other integral results.
Finally, by Saigo fractional integral operator, we present to the reader other results
on integral inequalities. Some published results related to integral inequalities in the
sense or Riemann-Liouville [4, 5] are deduced as some special cases.

1

Y (1.1)

2. MAIN RESULTS

Let’s first recall the generalized fractional integral operators definition we used in
the proof of Theorem 5 and Theorem 6.

In [10], Raina introduced a generalized class of Mittag-Leffler functions defined
formally by

G _ 16(0),6(1),... . = ﬂ ]
20 = Fp5 () _,C;)F(pmx)’d( (PA>0; x| <R),  (2.1)

where the coefficients o(k), (k € N=NU{0}) is a bounded sequence of positive
real numbers and R is the set of real numbers. With the help of (2.1), Raina [10] and
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Agarwal et al. [1] defined the following left-sided and right-sided fractional integral
operators respectively, as follows:

(Br0®) @ = [ G- TS = Plod (x>a)  @2)

(9520-00) 0= | S e (x<b),  23)

where A, p > 0, w € R and @(¢) is such that the integral on the right side exits.
In recently some integral inequalities this operator involving have appeared in the
literature (see, e.g., [13—17]).

Itis easy to verify that 77, | 4+, @(2) and Joap—w@(t) are bounded integral operat-
ors on L(a,b), if

M= F Wb —a)’] <eo.

In fact, for ¢ € L(a,b), we have
A
1985 @)1 < M(b—a) |0l

and

1953,— @l < M5 —a)*lo]]1,

lollyi= ([ lotorax) g

Here, many useful fractional integral operators can be obtained by specializing the
coefficient 6(k). For instance the classical Riemann—Liouville fractional integrals
JZ, and J of order o follow easily by setting A = o, 6(0) = 1 and w = 0 in (2.2)
and (2.3).

We begin our main results by proving the following theorem.

where

Theorem 5. Let f and g be two differentiable functions on [0,0) and p be pos-
itive and integrable function on [0,00). If f' € L,[a,b], g’ € Ly[a,b], r, s, Yy > 1 with
%—i—% =1, %—i—i =1 and%—#—% =1, then forallt >0, o, p, w > 0, we have;

st

2 ’ j§k7a+;wp(t) ][Sx’a+,wpfg(t) - jgk’a+,wpg(t) j[:}\‘a«f»,wpf(t)

< [wa [ [ =0 =) g et~ 9715 vl — )P

1
Y

X x—y!“sl'p(X)p(y)dxdy] (2.4)
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x [Hg’Hf/;/at(t—xﬁ1<t—y>”1 (e = P18, (e~ )

%
x e =37+ p( )p(y)dxdy]
<P [ =2 0 g vt = 0710 b))

1,1
X |x—y|7 ¥ p(x) p(y)dxdy.

Proof. We consider the function H defined by:

H(x,y) = (f(x) = f(0)(g(x) —g(»)));  xy€(0,2),t>0.

Some easy techniques allow us to write

/t (t—x)*! p(,sk[w(t —x)P]p(x)H (x,y)dx = Jg;L arwP18(t)

a

=80 InarwP S O) = F (V) I3 a0P8(E) + F (V&) T s (1)-

By the same arguments as above, it yields that

[ = =0 2wl =) F e = Plp ) p ) H )y

=2 [Jp ratwP ) Ign arwPF8() = In 4w P8() Iy a P (1) | -

/ / f'(w)g' (w)dudw.

By using Holder inequality, we have

Also, we can see that

1
-

F®) = FO) < x—=yl7 | [ 1f (w)]du

%

and

L
7

lg(x) =g < b —=yls

/ g’ (w ‘dW‘
y
/ f ()" du

Therefore,

[H (x, )] < [x—y[7

‘/ g’ (w Ydu
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Hence,

2 ‘ ];X a+‘wp(t) ][?7» a+'wpfg(t) - jg?»,a+;wpg(t) jpf?»,a+;wpf(t) ’

// M e—y)t 1?"[ (£ = )P F8, wlt — y)Plp(x) p(y)

I v
y

Again, by using Holder’s inequality, we obtain

X =yt

! w)sdw’ S dxdy.

2 ‘ j[f}qa%»,wp(t) j[i}ha{»’wpfg(t) - j[f}ha{»,wpg(t) jgx’a+,wpf(t) ‘

[// (0= ) G e = 3P 7 b~ )

[ 17w "px >p<y>dxdy] 0s5)

L
X [x—y|7 s

[ [ [ == g el — 0P S (e~

Y

/ g/ () dw]|

)7
<P | [ oran] <l
X

then (2.5) can be written as follows:

1
1 Y

14
7y

X |x =yl

p(X)p(y)dxdy]

Since, we know that

"(u)|"du

2’]pka+wp< )]pla-l-wpfg( ) pka-l—wpg( )]:,k,a-i-;wpf(t)’

< [Hf'w [ [P = =201 72 bt =)

1

Y

x [x—y[7*7p ()p(y)dxdy]

x [ug'm! [ [ =Pt = 201 52 bt~ )P

%
X Jx—y|7 " p ()p(y)dxdy]
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Therefore,

2 ’ TorataP ) I arwPf&8(1) = I5s arwP8() I as P L (t)

<I7111gs // O (1= ) G e =3P F e~ )

x [x =177 p(x) p(y)dxdy.
This completes the proof. g

Remark 1. If we choose A = o, 6(0) = 1 and w = 0 in Theorem 5, then the in-
equality (2.4) reduces to the inequality (1.1).

We prove also the following result.

Theorem 6. Let f and g be two differentiable functions on [0,00) and p, q be
posmve and mtegmblefunctlon on [0,00). If f' € L,[a,b], g’ € Li[a,b), r, s, > 1 with
;—i—r 1, }Y ; = land\l(—ky =1, then forallt >0, o, p, w > 0, we have;

]:k,a-&-;wq(t)jfgk,a-&-;wpfg(t) + j;x,a+;wp(t) ]gx,a+;WQfg(t)

jpxa.i_wpf() p)wH_wqg() ]pxa+WQf() pka-&-wpg() (2.6)

<IN [ [ =2 =0 8 o= 2P 52, bt — )P

x e =37 p(x)q(y)dady.

Proof. We use the same arguments as in the proof of Theorem 5. The proof of this
theorem is thus omitted. ([l

Remark 2. If we take A = o, 6(0) = 1 and w = 0 in Theorem 6, then the inequality
(2.6) reduces to the inequality (1.2).

For the conformable integral approach, we recall the following definition.

Definition 3. [7, Definition 2.1 & Definition 2.2] The left and right-fractional
conformable integrals of order B € C, Re(p) > 0, are defined by

w1 x—a)*—(t—a)*\P' f(t)ar
e = [ ()

o 1 (b—x)*—(b—0)*\*"" f(r)ar
s = [(P)

Notice that, if (Qf)(t) = f(a+b—1), then we have (BIO‘Qf) (x) = 0PI £)(x).
Based on this definition, we present to the reader the following two results.
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Theorem 7. Let f and g be two differentiable functlons on [0,e) and p be pos-
itive and integrable function on [ ). If f' € L,[a,b], g’ € Ly|a, b] r, s, Yy > 1 with
14l=114 ;—land; Y =1, then for allt > 0, B € C and Re(B) > 0 we
have;

p()B1%pfe(t)— b1 Pg()BI“pf(t)’

< ["rf;g’;// <<f—a>“;<x—a>“>ﬁ—l ((t—a)“(—x(Y—a)OL)B_l

% (x_il)l—a (y_clz)l gl =yl 7 p(x )P(y)dxdy]
I (== =\ et -
g [F(B) /a /a ( o ) < o ) Q2.7)
1 1 7
G (y—a)- gl =l 7t ()P(Y)dxdy]

||f/|| ||8||s// ( (t—a)*— a)“>ﬁl<(t—a)°‘;(y_a)oc)ﬁl

% (x—a) (y—a) ‘x_y‘%ﬂl/l?() (v)dxdy.

Proof. Let us reconsider the function
H(x,y) == (f(x) = f(»)(g(x) —g(¥))):  xy€(0,2),1>0. (2.8)

) (o \ B 1
Multiplying (2.8) by ﬁ (%) m p(x) and integrating the result-
ing identity with respect to x from a to ¢, we can write

1 (t—a)®— (x—a)*\P! o -
F(B)/a < o ) (x_a)lf(xp( )H( ay)d
= B1%pfe(t) — (RIS (1) — F () E1%Ps(1) + F ()8 (V) B 1%P(0).

In the same manner, we get:

() ()

1

8 (x—a)! =% (y— a)lfap(x)P(y)H(X,y)dxdy

=2 [B1%p() B 1%ps(t) - B1°pe(n) B1°p s (o))
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To achieve the proof, we use the same arguments as in the proof of Theorem 5. [J

Remark 3. If we choose a = 0 and o = 1 in Theorem 7, then the inequality (2.7)
reduces to the inequality (1.1).

Theorem 8. Let f and g be two differentiable functions on [0,00) and p, q be
posmve and lntegrablefunctlon on [0,00). If f € Ly[a,b], g € Li[a,b], r, s, y> 1 with
;—i—r, 1, % ;—landy Y =1, then for allt > 0, B € C and Re(B) > 0, we
have

Prog(n)B1%pfe(t) + B1%p(r)B 1% fg(1)

—Brpr(n)Br%s(r) - BI“qf(t)EI“pg(f)(

< Il Hglls// < (r—a a)a>ﬁl<(l‘a)°‘a(ya)°‘>ﬁl (2.9)

X(x_a) (y_a) x =317 plx)g(y)dxdy.

Proof. The proof is evident and hence it is omitted. g

Remark 4. If we choose a = 0 and oo = 1 in Theorem 8, then the inequality (2.9)
reduces to the inequality (1.2).

Let us now recall the Saigo integral definition [8, 11, 12]:

ﬁn

Definition 4. Let o > 0, B, 1 € R, then the Saigo fractional integral J,"" of order

o for real-valued continuous function f(¢) is defined by

1B

PN r ()} = @) /(t— x)*15F, <a+B o 1——>f(x)dx, (2.10)

here, the function ,F;(—) in the right-hand side of (2.10) is the Gaussian hypergeo-
metric function defined by

2F1abct Z n

and (a), is the Pochhammer symbol
(a)o=1, (@)p=ala+1)...(a+n—1).

Using this definition and with some arguments used in Theorem 5, we can establish
the following two results.

Theorem 9. Let f and g be two differentiable functions on [0,00) and p be pos-
itive and integrable function on [0,%). If f' € L.[a,b), g’ € Lg[a,b], r, s, > 1 with
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T+ =1, %—l—sl,:land%—i—%:l, then for all t > 0, oo > 0 and B, N € R with
o+ B> 0andm <0 we have

P () 16PN p fa(r) — 10PN pg () 1P pr (e )‘

S[I\f’llta [ [0t a=yom (s p-mos1 =)

X [x—y[7*7 p ()p(y)dxdy]

—20c2 x
I gy [0 R (ot Bt =)

X, Fy (oc+ B, —n;o1— ;) k=377 p(x)p(y)dxdy.
Proof. Let us define
H(x,y) = (f(x) = f(»)(g(x) —g(y)));  xy€(0,),t>0. (2.11)

Multiplying (2.11) by %(I —x)%'F (4B, —n;a; 1 — %) p(x) and integrating the
resulting identity with respect to x from O to 7, we can write

2

X [x—y| 7 p ()p(y)dxdy]

t— V4t —y)* 1, (0&—1—6,—1];0(;1—%)

1
Y

0B

5B /(:- 0F Iy (04 B, 5061 =) p(o)H (x,y)dx
= 152 pfg(t) — g ISP s (1) — FO) IS pg(t) + F ()8 () 1P p(r).  (2.12)

Again, multiplying (2.12) by % (t—y)5 'Fi (a+B,—m;a:1—2) p(v) and integ-
rating the resulting identity with respect to y from O to ¢, we can write

20— 2B X
// r—x al Y)§_1F1<0€+[3,—11;06;1—;)

X2 F (06+ B,—mio1— X) p(x)p(y)H (x,y)dxdy

=2 [P0 157 pfs(0) ~ 15 e 5 (1)

Using the same arguments as in the proof of Theorem 5, we obtain the desired result.
O
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We end this paper by presenting to the reader the following result.

Theorem 10. Let f and g be two differentiable functions on [0,0) and p, q be
posmve and integrable functzon on[ ). If f' € Ly[a,b], g' € Ly[a,b], r, s, y> 1 with
;+r 1, %4—;— 1 and Y+Y =1, then for allt >0, oo > 0 and B, n € R with
o+ B > 0andn <0 we have

157G pfe(r) + 15PN IG g g 1)

— 1PN F (15PN gg (1) — 15PN a f () 15 pe (1)

. ) 1 a—1 X
<A gy [ =0 o (o it )

X2 Fy <a+ B, —n;o; 1 — ;) k= |77 p(x)q(y)dxdy.

Proof. Multiplying (2.12) by = B) (t— y)*1,Fy ((x+[3, —n;ou1— f) (y) and in-
tegrating the resulting identity with respect to y from a to ¢, we can write

P15 P p £ () + 1527 p(e) 1P £5 (1)

— 1PN r () 1PN gg (1) — 1P £ (1) 167 pe(r)

< 1:22“ 25// t—x)% (1 —y)* L (OH‘Bv—n;Ot;l—;)
2Fi (00+l3,—n;oc;l—¥)

1 o)
y

x x|

[ |g’<w>|sczw1§'p<x>q(y)dxdy.

Some easy calculations allow us to achieve the proof of this theorem. O

3. CONCLUSION

In this paper, we presented several fractional integral inequalities related to the
weighted and the extended Chebyshev functional using generalized fractional integral
operators, new conformable fractional integral operators and Saigo fractional integral
operator, respectively. The results exhibited in Section 2 generalized the work earlier
done by Dahmani [4] for Riemann-Liouville fractional integral operator.
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