Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 13 (2012), No 2, pp. 317-323 DOI: 10.18514/MMN.2012.360

An extension of the Mizoguchi-Takahashi
fixed point theorem

M. Eshaghi Gordyi, H. Baghani, M. Ramezani, and
H. Khodaer



Miskolc Mathematical Notes HU e-ISSN 1787-2413
" Vol. 13 (2012), No. 2, pp. 317-323

AN EXTENSION OF THE MIZOGUCHI-TAKAHASHI FIXED
POINT THEOREM

M. ESHAGHI GORDIJI, H. BAGHANI, M. RAMEZANI, AND H. KHODAEI
Received 4 May, 2011

Abstract. Our main theorem is an extension of the well-known Mizoguchi—Takahaashi fixed
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let (X, d) be a metric space. C B(X) denotes the collection of all nonempty closed
bounded subsets of X. For A, B € CB(X) and x € X, define

D(x,A) :=inf{d(x,a);a € A}

and
H(A, B) := max{sup D(a, B), sup D(b, A)}.
acA beB
Notice that H is a metric on CB(X). H is called the Hausdorff metric induced by d.

Definition 1. An element x € X is said to be a fixed point of a multi—valued
mapping 7 : X — CB(X), if it is such that x € T'(x).

One can show that (CB(X), H) is a complete metric space, whenever (X,d) is a
complete metric space (see for example Lemma 8.1.4, of [11]).

In 1969, Nadler [6] extended the Banach contraction principle [1] to set—valued
mappings as follows.

Theorem 1. Let (X,d) be a complete metric space and let T be a mapping from
X into CB(X). Assume that there exists r € [0,1) such that H(Tx,Ty) <rd(x,y)
forall x,y € X. Then there exists z € X such that z € T(2).

Many fixed point theorems have been proved by various authors as generalizations
to the Nadler’s theorem. One such generalization is due to Kaneko in [4] and Nicolae
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in [7]. Another generalization was proved by Mizoguchi and Takahashi [5] which is
also well known as a positive proof of a conjecture posed by Simeon Reich [10].

Nadler’s theorem was generalized by Mizoguchi and Takahaashi [5] in the follow-
ing way.

Theorem 2. Let (X,d) be a complete metric space and let T be a mapping from
(X.,d) into (CB(X), H) satisfies

H(Tx,Ty) <a(d(x,y))d(x,y)

forall x,y € X, where « be a function from [0, 00) into [0, 1) such that
limsup,_,,+ a(s) < 1forallt € [0,00). Then T has a fixed point.

Recently Suzuki [12] proved the Mizoguchi—Takahashi’s fixed point theorem by
an interesting and short proof.

On the other hand, the Banach contraction principle was generalized by Reich
[8,9] as follows.

Theorem 3. Let (X,d) be a complete metric space and let T be a mapping from
(X,d) into (CB(X), H) satisfies

H(Tx,Ty) = B[D(x,Tx)+ D(y,Ty)]
forall x,y € X, where B € [0, %) Then T has a fixed point.
In 1973, Hardy and Rogers [3] extended the Reich’s theorem by the following way.

Theorem 4. Let (X,d) be a complete metric space and let T be a mapping from
X into X such that

d(Tx,Ty) <ad(x,y)+Bld(x,Tx)+d(y,Ty)]+y[d(x,Ty) +d(y,Tx)]
forall x,y € X, where o, B,y > 0and o + 28 +2y < 1. Then T has a fixed point.

Recently, the authors of the present paper [2] extended Theorems 1 and 4, as fol-
lows.

Theorem 5. Let (X,d) be a complete metric space and let T be a mapping from
X into CB(X) such that

H(Tx,Ty) <ad(x,y)+ B[D(x.Tx)+ D(y.Ty)|+y[D(x.Ty) + D(y.Tx)]
forall x,y € X, wherea, 8,y >0and o+ 28 +2y < 1. Then T has a fixed point.

In this paper, we shall generalize the above results. More precisely, we prove the
following theorem, which can be regarded as an extension of all Theorems 1, 2, 3, 4
and 5.

Theorem 6. Let (X,d) be a complete metric space and let T be mapping from X
into CB(X) such that

H(Tx,Ty) = a(d(x.y))d(x,y) + B(d(x,y)[D(x.Tx)+ D(y.Ty)]

+y(d(x, y)[D(x,Ty) + D(y,Tx)] (1.1
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forall x,y € X, where o, B,y are mappings from [0,00) into [0, 1) such that a(t) +
28(t)+2y(t) <1 and

fmsap O FEO +70)
s+ L=(B(s)+y(s)
forallt €10,00). Then T has a fixed point.

Moreover, we conclude the following results by using Theorem 6.

Corollary 1. Let (X,d) be a complete metric space and let T be a mapping from
(X,d) into (CB(X), H) satisfies

H(Tx,Ty) = p(d(x,y)[D(x.Tx)+ D(y,Ty)]
forall x,y € X, where B be a function from [0, o0) into [0, %) and
limsup,_,,+ B(s) < %for allt € [0,00). Then T has a fixed point.

Corollary 2. Let (X,d) be a complete metric space and let T be a mapping from
(X.,d) into (CB(X), H) satisfies
H(Tx,Ty) <a(d(x,y))d(x,y)+ B(d(x,y)[D(x,Tx)+ D(y,Ty)]
for all x,y € X, where a,f are function from [0,00) into [0,1) such that «(t) +

2B(1) < 1 and limsup,_, + (%) <1 forallt €[0,00). Then T has a fixed
point.

2. PROOF OF THE MAIN THEOREM

Proof. Define the function 1 from [0, oo) into [0,1) by n(t) = “(t)H_zzﬂ (1)=2y(1)
for t € [0,00). Then we have the following assertions:
1) a(t) < n(t) forall ¢ € [0,00).

: ($)+B)+y(s)
2) limsupy_, .+ 230 1,6y < | forallt € [0,00).

3) For x,y € X and u € Tx, there exists v € Ty such that
d(v,u) = n(d(x.y))d(x.y) + B(d(x,y)[D(x,Tx)+ D(y.Ty)]
+y(dx. yN[Dx.Ty) + D(y. Tx)].

Putting ¥ = y in (3), we obtain that:
4) For x € X and y € T x there exists v € Ty such that

d(v,y) = n(d(x,y))d(x,y)+ p(d(x, y))[D(x,Tx)+ D(y.Ty)]
+y(d(x,y)[D(x,Ty)+ D(y.Tx)].
Hence, we can define a sequence {x,} such that x,4+1 € T Xy, Xn+1 7 X and

d(Xp+2,Xn+1) < N(dXnt1.X0))d (Xn+1,Xn) + B(d(Xn+1,Xn)) [D(Xn, T xp)
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+ D(xn+1, T xn+1)] + v(d(xXn+1,Xn)[D(Xn, T Xp41)
+ D(xn41,Txn)]
for all n € N. It follows that
n(d(xXn+1,Xn)) + B(d(Xn+1,Xn)) +y(d(Xn+1,Xn))
1= (B(d(xn+1,Xn)) +y(d(Xn+1,xn)))
for all n € N. On the other hand, we have
n+pO+y® _,
1—(B@)+y(@))
for all t € [0,00), so {d(xn+1,Xn)} is a non-increasing sequence in R. Hence,
{d(xn+1,Xxn)} converges to some nonnegative integer . By assumption,
msap IO O V)
s—>tt 1—=(B(s) +y(s)

d(xn+2axn+1) =< d(xn—i-l,xn)

so we have
n(r) +p(x) +y()

GO+
and then there exists r € [0, 1) and € > 0 such that
n(s) +Bs)+yls) _
1=B(s)+y(s)

for all s € [t, T + €]. We can take v € N such that

T <d(Xp+1.Xp) <T+e€
for all n € N with n > v. It follows that
d(Xn+2,Xn+1)
_ Nd(xn+1,%n)) + B(d(Xnt1,Xn)) + y(d(Xn+1,%n))

= 1= (BCnt1.x) + 1 d(Xnt1.3n)))
<rd(Xn+1.Xn)

d(Xn+1,Xn)

for all n € N with n > v. This implies that
o0 v o0
Zd(xn+2,xn+1) < Zd(xnﬂ,xn) + Z r"d(xy41,Xy) < 00.
n=1 n=1 n=1

Hence, {x,} is a Cauchy sequence. Since X is a complete metric space, {x,} con-
verges to some point x* € X. Now, we have

D(x*,Tx™*) <d(x*,xn+1) + D(xnt1,Tx")
<d(x*,xp+1)+ H(Tx,, Tx™)
<d(x*, xnt1) +a(d(xn, x*))d (xn, x*)
+ B(d (xn, x*)ND(xn, Txp) + D(x*, Tx™)]
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+7(d(xn, x*))[D(xn, TX™) + D(x*, T xp)]
for all n € N. Therefore
D(x*,Tx™) <d(x*,xp41) +o(d(xp,x*))d(xn, x™)
+ B(d(xn, x*)|d (Xn+1,Xn) + D(x™, Tx™)]
+y(d (xn, X)) [D(xn, Tx™) + d (X 41,x™)]
for all n € N. It follows that

D(x*,Tx™)
< limsup(B(d (xn,x™)) + y(d(xn,x*))) D(x*, Tx¥)
. a(d(xn,x™)) + B(d(xn, x™)) + y(d (xn.x™)) . ok
= B+l DT
On the other hand, we have
: a(s) +B(s) +y(s)
1
Py )<
so D(x*,Tx*)=0. Since Tx™* is closed, x* € Tx*. O

3. AN EXAMPLE

Recently, Suzuki, in [12], has given an example to prove that the Mizoguchi condi-
tion is not a contraction. Using the same idea, we give an example in a more general
setting.

Example 1. Let [°° be the Banach space consisting of all bounded real sequence
with supremum norm and let {e, } be the canonical basis of /°°. Let {t,} be a strictly
decreasing sequence of positive real numbers that convergent to . Put x, = 1, e,
and X, = {Xn,Xn+1,Xn+2,...; forn € N and X = X;. Itis easy to see that X is a
bounded and closed subset of /°°. Define a mapping 7" from X into CB(X) by

1 1
Txn =5 Xnt1= {EX”H’ Exn-i-Z»---}
for n € N and functions «, 8, y from [0, c0) into [0, 1) by

Tg%n‘, t =1, forsomen € N,
at) =p@) =y@) =
0, otherwise.

Then the following conditions hold:
(a) T satisfies (1.1) forall x,y € X.
(b) a(t)+2B()+2y(t) < 1forallt €[0,00).
(¢) limsup,_,,+ 2O)TBOYS) | forall s e [0, 00).

1—B(s)—y(s)
In fact, one can show that:
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(i) |
H(T xm,Txy) = ifn—{—l,
for all m > n.
(ii)
1
D(xn’ Txn) = D(xn, EXn-H) = Tn,
1
D(xn, Txm) = D(xn’ EXm+1) = Tn,

forall m,n € N with m > n.

(iii)
t t t
hmsupa( )+ A1) +y(@) _0 <1,
15t 1=B@O)—y()
for all s € [0,00) with s # 7, also,
1 T
limsupa(t) A0 +y() = limsupi = § <1
D IO —y () e 1-1mEL 4
Hence, we have (c¢). Now, let m,n € N with m > n. Then we have
1 1 T
H(Txm,Txp) == Th41 < = Tnt1 + ntl Tm
2 2 61y
1t Tn+1
2 n ot 61, tm

= (a(tn) + B(tn) + v(ta) ) Ta + B(Tn) Tm

=a(t) T+ B(tn) (tn + i) + ¥(tn) T

< a(d(xm,xn)) d(Xm,Xn)

+ B(d (Xm, xp))(D (X, T xn) + D (Xm, T Xm))

+y(d(xXm, xn))(D(xXn, T Xm) + D (X, T Xp)).
This means that (a) holds.
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