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Abstract. Hyperelastic curves in a Riemannian manifold are solutions of a constrained vari-
ational problem and characterized by Euler—-Lagrange equations. We study the effect of hyper-
elastic curves on the geometry of isometric immersions. We investigate the relation between
hyperelastic curves and umbilical submanifolds and apply the results to analyze classical elastic
curves. The case of a Riemannian manifold with constant sectional curvature is also discussed
and some applications are presented for illustrating the results.
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1. INTRODUCTION

A parametrized curve by its arclength is called a hyperelastic curve if it is a critical
point of the following curvature energy action defined on a suitable space of curves
in a Riemannian manifold:

T{:/(K’+k)ds, (1.1)

where K denotes the curvature of y [3,21,22]. Such curves are called as free hy-
perelastic curves when A = 0. The functional Fy is nothing but the classical Euler—
Bernoulli’s bending (or elastic) energy functional for » = 2. Immersed curves which
are critical for the bending energy functional satisfying some boundary conditions
are called elastic curves (or elastica) [16]. The existence, classification or stability
problems of elastic curves or their generalizations in Riemannian manifolds have at-
tracted the attention of many researches. Some of the most remarkable examples in
the literature worked by D. Singer et al. [13, 15, 16,23]. J. Langer and D. Singer
in 1984 showed that there exist closed elastic curves of a fixed length in a compact
Riemannian manifold [16]. At around the same time with the paper [16], that idea
is shown in [14] by different method [10]. These curves have been characterized on
the sphere in Euclidean 3-space by Brunnett and Crouch [7]. Another noteworthy
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works of elastic curves and its extensions have been studied by Garay et al. in non-
Euclidean spaces [1, 3, 10]. They have found important results of this variational
problem in Lorentz-Minkowski space.

The study of this topic in low dimensional cases, curves and surfaces, has impor-
tant applications to Physics, Biophysics and Engineering while attention to higher di-
mensional submanifolds has usually shown a more purely mathematical flavor. How-
ever, the hyperelastic curves have important applications to other higher dimensional
variational problems in submanifolds and physics such as Chen—Willmore subman-
ifolds, string theory and p-branes, models of relativistic particles, capillary pressure
difference, etc. [3, 10].

The special curves on the surfaces were first considered in Riemannian manifolds
by Nomizu and Yano [18]. The authors described the concept of a circle and showed
that if a circle on a submanifold is carried to the ambient manifold along an im-
mersion, the submanifold is totally umbilical and the mean curvature vector field is
parallel [18]. Ikawa expressed a characterization of a helix by a differential equa-
tion in a Riemannian manifold and obtained the necessary and sufficient condition
as depending upon the mean curvature vector field that a helix in a Riemannian sub-
manifold corresponds to a helix in ambient manifold [12, 17, 18]. One of the most
active area of differential geometry has been the theory of isometric immersions [9]
and this theory is still active area, see for instance [2] and [4]. The aim of this pa-
per is to consider hyperelastic curves along an immersion. By considering the role of
submanifold theory in geometric mechanics [8] and applications of elastic curves, we
believe our result will start a fresh research area by combining these two concepts.

In section 2, we give some geometric preliminaries concerning the basic problem
of the paper mentioned in the introduction. In section 3, we examine isometric im-
mersions which carry a hyperelastic curve of the total manifold to ambient manifold
as a hyperelastic curve. Then, we give a characterization of the submanifold with
regard to the mean curvature vector field H by means of hyperelastic curves. We
also consider elastic curves under isometric immersions. In the last section, we give
some results according to constant sectional curvature of the manifold. Finally, we
exemplify the findings.

2. GEOMETRICAL NOTATIONS AND PRELIMINARIES

Let M be a n-dimensional submanifold of a m-dimensional Riemannian manifold
M. (-,-) denotes both the metric tensor fields of M and the induced metric of M.
A vector field V in M is called a normal vector field in M if (X,V) = 0 for any
vector field X in M and a unit normal vector field in M is known a normal section,
[24]. V and V denote the Riemannian connection of M and induced connection of M
respectively. (M) and ¥ (M) are the set of the Lie algebra of vector fields in M and
M, respectively. x (M), TM and TM* will express the set of all normal vector fields
of M, the tangent bundle and the normal vector bundle of M, respectively.
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Let X and Y be vector fields on M. The Gauss formula [24] is given by
VxY =VxY +h(X,Y), (2.1)

where VY is the tangential component, i (X,Y) is the normal component of VxY.
h(X,Y) is the second fundamental form of M. A is a bilinear and symmetric form in
X andY.

Let V be a normal vector field in M. The Weingarten formula is given by

VxV = —AyX +DyV, (2.2)

where D is the connection in the normal bundle and A is the shape operator of M. A
and 4 satisfy
(AvX,Y) = (h(X,Y),V). (2.3)

From the Gauss and Weingarten formulas, we have

R(X,Y)Z=R(X,Y)Z~Ayyz X +Anx ¥ + (Vxh) (Y,Z)— (Vyh) (X,Z), 2.4)
where R and R are the Riemannian curvature tensor fields of M and M, respectively.
In addition, (Vxh) (Y,Z) and (VxA), Y are defined as the covariant derivative of the
second fundamental forms / and A as follows

(?Xh) (Y,Z) = Dyh(Y,Z) — h(VxY,Z) — h(Y,VxZ) 2.5)
and
(VxA), Y =Vx (AvY) —Ap,wY —AyVxY, (2.6)
respectively. On the other hand, the following equality is satisfied
< (Vxh) (v,2) ,V> = (Vx (A), Y, 2). 2.7)

M is called a totally geodesic submanifold in M if its second fundamental form is
identically zero, that is 4 = 0 or equivalently A = 0. If the second fundamental form
satisfies

h(X,Y)=(X,Y)H,

then M is said to be totally umbilical. If the vector & (x,x) has the same length for any
unit vector x € T,M, then M is called isotropic at p. A submanifold M is isotropic iff
h satisfies

<h (xax) vh(xa))» =0

for any orthonormal vectors x and y of T,M. Furthermore if
h(x,y)=0 (2.8)

for any orthonormal vectors x and y of 7,M, then M is totally umbilical at p [12, 19].



918 BAYRAM SAHIN, GOZDE OZKAN TUKEL, AND TUNAHAN TURHAN

3. CHARACTERIZATION OF THE SUBMANIFOLD OF A RIEMANNIAN MANIFOLD
BY HYPERELASTIC CURVES

We firstly remind a characterization of the hyperelastic curve in a Riemannian
manifold. We consider the family of C* curves as follows

S:{Y|Y [07€]CR_>M1 ’Y(lg):pla Pi€M> y(zﬁ):v,, VieTpiM lZO,l}

For a parametrized curve y € 3, k is the geodesic curvature of y. Then a hyperelastic
curve is a critical point of the functional #,": S — [0, ) defined by (1.1) for a natural
number r > 2 (see [3]).

Let y: I — M be an immersed unit speed curve in a n-dimensional Riemannian
manifold M. We denote by 7, N and B, the unit tangent vector field, the unit nor-
mal vector field and the binormal vector field of v, respectively. k¥ = ||V7T|| is the
geodesic curvature and T = — (V7 B,N) is the torsion of y. ¥ has also curvatures
K1 =K¥>0, X =1, K3, K4,...,K,_1 and Frenet frame Ny =T, N, = N, N, = B,
N3, Ng,...,N,_1. Then, the Frenet equations are given by

VrN; = —X;N;i1 +Xi11Ni11, 0<i<n-—1

(defining kg = K,, = 0) see [106]. In this case Y is called a Frenet curve of order n.
Critical points of the functional (1.1) are characterized by the Euler—Lagrange
equation
Vi (K 72VeT) +K *R(V,T,T)T + V(AT)=0, (3.1)

for some constant » € R and
2r—1

A= K +b (3.2)
see [3,21].

Lemma 1. Let M and M be Riemannian manifolds and i: M — M an isometric
immersion such that Y is a curve on M. Assume that Y(s) = ioY(s) is a curve with
curvature X in M. Then we have the following equations:

@)
72 i —
\Z (K *Vr T) = V7 (EVrT) +h(T,Vr (EVeT)) - Agnrv,r)T
+DrER (T, VT )= V1 (AgpryT) —h (Aeper,y T, T)
—Apenrn)T + D7ER(T,T),
(ii)
K °R (VT T, T) T =&R(VrT,T)T —EAwr ) V1T +EApw, 1.1 T
+E (vwh) (T,T) & (ﬁTh) (V4T.T),

where &= (k2 + ||h(T,T)|*)"2" and K is the curvature of ¥ in M.
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Proof. Suppose that ¥(s) is an immersed curve with K in M.
(1) From Gauss and Weingarten formulas, we have

Vi (R7ViT ) =Vr (€V1T) + Vi (R (T.T))

=Vr (&VTT) + (%h (T, VTT) _Aﬁh(T,T)T —|—DT§]’L (T, T) .

Taking derivative of (3.3) and using (2.1) and (2.2), we get the desired equation.
(i1) From (2.1) and (2.4), we have

3.3)

R (VTT, T) T =R(VeT,T)T = Ayrry VoT +Ayyr) T

+ (Vorrh) (T,7) = (Vrh) (V4 T.T).

Taking inner product both sides of (3.4) with &, we obtain the relation (ii) of
Lemma (1).

34

O

Now, we suppose that ¥(s) is a hyperelastic curve in M. From (3.1), we have the
following equation

v (ﬁ’—ZVTT) AR 2R(VoT, T)T+V 1 (AT)=0, (3.5)
for some constant » € R and
2r—1

’
Taking into consideration Lemma 1, we obtain

Vi (EVT) +h(T, V1 (EV1T)) +Dr&h (T, V1 T) =V (Agnr ) T)
—&h (Aper T, T) — Apen(r,T) T +D3ER(T,T)+ER(VT,T)T

A= K +0b. (3.6)

(3.7
—EAy ) VT +E (th) (T, T) ( h) (VoT,T)
+Vy (AT)+Ah(T,T) =0,
where
r=2r (T,T|*): +b
The tangent part of (3.7) is
V2T (EVrT)—Vr (Aih(TvT)T) —Aprenrr)T (3.8)
+ER (V1 T, T)T — EApr. ) VT + Vr (AT) = '
We have from (2.6) and (2.5)
Vr (Ao T) =V (A)gr) T +Apenar)T +Aear)VrT (3.9

and
¢ (%h) (T,T) = EDrh (T, T) — 260 (V1 T,T), (3.10)
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respectively. Substituting (3.9) and (3.10) into (3.8), we have

Vi (EVrT) = VrAgr.nT = 2Awenrn) T = 2A w40 T

(3.11)
—4&A, v, 1) T —28Ar ) VT +ER (Ve T, T)T + V7 (AT) = 0.
From Frenet equations of v, (3.11) reduces to

(7\45 - 3§KKS - ZKZ&W) T+ (E:»Kss - K3§ + 2Ks§s + E,assK - KTZ&» + }\’K)N
+ (2%,78 + KT,E + 2k7E) B — 48KA (v, 1) T — 28KA (1 1)N (3.12)
= 2A(DT§)h(T,T) T +2EA (vrh)(Tf)T + VTA&h(T,T)T —E&KR(N,T)T.

Taking inner product with 7 to (3.12) and using (3.10), we calculate
As — 3ExiK, — 2K°E, — 6Ex (W (T,N) ,h(T,T)) =
2(Awrenrn)T,T) —4xE(Aprm T, T) + (VrAgrn T, T)

by using the fact (N,T) = (B,T) = (R(N,T)T,T) =0, (2.3) and (3.10). By using
(2.3), (2.7) and (3.10) we have

A — 3ExK, — 22, = 2 (h (T, T) ,Dr&R (T, T)) + (ER (T, T) ,Drh(T,T))
= 2DrB)|h (7, 7) |+ 3507 [ (1, 7) (3.13)
=&((r=2)(C + (T, T) ) ||h (T, T) ||+ %)Dth<T7T) [
The normal part of (3.7) is

h(T, V7 (EVTT))+Dr&h (T, V1 T) —Eh (Ayr )T, T) +D7ER(T,T)

_ _ 3.14
+E <VVTTh) (T,T) & <VTh> (V4 T,T) +Mi(T,T) = 0. G149

We have from (2.5)
EDXR(T,T) =& (Vih) (T, T) +4EDrh (T, V7 T) as)

—28h (V7T VrT) —28h (T, V7T).
Substituting (3.15) into (3.14) and using (2.5), we get
h(T,&V1T) +4&h (T,V3T) + 5(Dr&)A(T, Vo T) +4& (Vrh) (T,VyT)
+38Eh (V7 T, VrT) —Eh (Apr ) T.T) + (DFE)A(T, T) +2(Dr&) (Vrh)(T,T)
+E (V?h) (T,T)+¢& (VVTT@ (T,T) + (T, T) = 0.
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Taking into consideration the Frenet equations, we have
(KE, + 4EK, + 5(DrE)K)A(T,N) + 4Exth (T, B) + 4Ex (Vrh (T,N)
+3E%H (N,N) +2(Dr8) (Veh)(T.T) + & (Vyh ) (T.T) = (3.16)
(4E*> — DFE)R (T, T) +Eh (Apr )T, T) + M (T, T) =& (Vih
Changing B into —B in (3.16) and using (3.16), we get
h(T,B) =0. (3.17)

In the following proposition, we give a characterization of the submanifold of a
Riemannian manifold by using hyperelastic curves.

Proposition 1. Let M and M be Riemannian manifolds and i: M — M an isomet-
ric immersion such that yis a curve on M. Assume that Y(s) = io%(s) is a hyperelastic
curve with curvature X in M. Then M is an isotropic submanifold if one of the follow-
ing conditions are satisfied.:

(i) r=2 that is Y(s) is an elastic curve,
(i) curvature ¥ of Y is a constant when K # (.
Proof. Ify=7(s) is a hyperelastic curve with curvature X and y(s) has the curvature
K. Then we have the following cases:
(1) If r =2 then (3.13) reduces to

Dr||h(T,T)|* =0. (3.18)
Thus ||A (T, T)|| is equal to a constant value, that is, M is an isotropic submani-
fold.
(il)) We suppose that K is a constant value. From (3.13), we obtain
_ 3
E((r=2)( + Ik (T, 1) )~ |[h (T, T) I + )Pl (T.T) I>=0.

On the other hand, since ¥ # 0 and r > 2, then we have (3.18).
O
From (2.8), (3.17) and Proposition 1, the proof of the following corollary is clear.

Corollary 1. We suppose that Y(s) = ioy(s) is a hyperelastic curve with curvature
K in M. In this case, M is totally umbilic submanifold if it is isotropic.

Now, we introduce the concept of hyperelastic immersion.

Definition 1. Let i be an isometric immersion from a Riemannian manifold M
to a Riemannian manifold M such that vy is a hyperelastic curve on M. If the curve
iovis also a hyperelastic curve on M, then the immersion i is called a hyperelastic
immersion.
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From (3.1) and the Frenet equations for 7y, we have the following proposition (sim-
ilar to that of [5]).

Proposition 2. Let Y be a regular curve in R" with curvatures {x,t,9,...}. Then
Y be a critical for the bending energy functional (1.1) if and only if the following
Euler-Lagrange equations are satisfied
—1
(r— Dy + (r— 1) (r—2)x ¢ — x>+ — 3 =0
r
2(r—1)xt+xt, =0 (3.19)
5=0.
Especially, a hyperelastic curve in R? or R? can be moved to a hyperelastic curve

in R"” by a hyperelastic immersion. In the following, an example of a hyperelastic
immersion is given.

Example 1. The mapping j is defined as
Ji L1 xICR* =R

(u,v) — <u, v, r—1 arccos(u)) :

Let

. s
B(s)=[cos| —— |, sin | — where 0 < | — | < 2m,
2r—1 2r—1 2r—1

r r r

be a curve in R2. Then we find the curve

(o i)

We can see from (3.19) that B and P are hyperelastic curves in R? and R3, respect-
ively. This implies that j is a hyperelastic immersion.

B(s)

The following theorem gives a result of hyperelastic immersions in terms of the
elements of submanifold theory.

Theorem 1. Let i be a hyperelastic immersion between the submanifold M and a
Riemannian manifold M. If Y is a hyperelastic curve with the constant curvature K
and the tangent vector field T in M, then M is a totally umbilical submanifold and
the mean curvature vector field H satisfies

D3H = CH, (3.20)

where C = x>+ ||H||* + % = constant. Conversely if the isometric immersion is totally
geodesic, then it is a hyperelastic immersion.
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Proof. Let i be a hyperelastic immersion between Riemannian manifolds M and
M. Suppose that y(s) is a hyperelastic curve with a constant curvature K and the
tangent vector field T in M. Then 7 satisfies the Euler—Lagrange equation (3.1) with
(3.2). We can see from Proposition 1, M is an isotropic submanifold. Since 7 is a
hyperelastic curve in M, we have (3.5) with (3.6). On the other hand Corollary 1
shows that M is totally umbilical submanifold.

So, (3.16) reduces to

48k (Vm) (T,N) +3E2h (N, N) +Ex (VNh) (T,T) =
. 3.21)
46Ch (T, T) +h (Aprry T, T) + M (T, T) — & (VTh) (T, T).

Changing N into —N in (3.21), we have
4Ex (VTh) (T,N) +Ex (VNh) (T,T) =0. (3.22)
Substituting (3.22) into (3.21) we have
~&CH = E(Ayqy T T H +0H ~& (Vrh) (T T).
By using (2.3) and (3.15) we get
—Ek?H =& ||H||*H +\H —ED3H.
Then, we obtain

§

Conversely, we assume that the isotropic immersion is a totally geodesic. Since 7 is
a hypereastic curve with the curvature x, i oy satisfies the Euler—Lagrange equation
(3.5) with (3.6). 0

A
D}H = <K2 + | H|*+ ) H.

Then we have the following result.

Corollary 2. If i: M — M is a hyperelastic immersion and 7y is a hyperelastic
curve with the constant curvature in M, then 'y has constant torsion.

Proof. Let i be a hyperelastic immersion and 7y a hyperelastic curve with the con-
stant curvature K in M. (3.12) can be written as

(—xl 2y %) N +71B = 4Ay 1 T+ 2A.7)N. (3.23)
Taking inner product with N in (3.23), we get
1 A
|H|? = 3 (—K2—r2+g>. (3.24)

Because of ||A(T,T)|| = constant = ||H||, one can see from (3.24), the torsion T of Y
is a constant, too. O
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We recall the following result which will be very crucial for our theorem. A unit
speed curve Yy in a Riemannian manifold M is called an elastic curve (or elastica)
if it satisfies (3.1) with (3.2) for r = 2 see [106,22]. The following theorem gives a
characterization of totally umbilical submanifolds by the behaviour of elastic curves
under an immersion.

Theorem 2. Leti: M — M be an immersion from a Riemannian manifold M to a
Riemannian manifold M transporting each elastic curve with the tangent vector T,
curvature X and torsion T, respectively, to another elastic curve on M. Then M is
totally umbilical and the mean curvature vector field H satisfies

1 K
D7H = 5 (Kz—’cz—i-?»?»—i— %) H, |H|| = constant. (3.25)
Conversely, if M is an totally umbilical, its mean curvature vector satisfies (3.25) and
Dy,7H = 2\H then an elastic curve in M is an elastic curve in M.

Proof. Suppose that y(s) is an elastic curve in M, with unit tangent vector field T
then the following equation is satisfied
(V1) T+R(VT,T)T 4+ V7 (AT) =0

with (3.2) for r = 2. Since ¥ is an elastic curve with curvature X in M, we have
also (3.5) with (3.6) for r = 2. Proposition 1 and Corollary 1 show that M is totally
umbilical submanifold. If (3.23) is rewritten for » = 2, and taking inner product with
N, we get

1

KSS
P =3 (? 42+fo2). (3.26)

Now we consider for the similar process for the normal part in case of r = 2. If
necessary calculations are taken, we obtain

DAH = (x+1<2+|yHHz) H. (3.27)

Combining (3.26) and (3.27), we find (3.25).
Conversely, we assume that M is totally umbilical and H satisfies (3.25). On the
other hand, we have

=3
VT =ViT = Vr(|H|*T) - (< + |H|*)H + D7H. (3.28)

If we add ¥ *R(VrT,T)T + V7 (AT) both sides of (3.28), then we have from (2.1),
(3.4) and (3.20)

—3 I o

Vi (T) 4RV T.I)T V(A7) = VHT) + Vr((n— 2 H|)T) (329
+R(V¢T,T)T +2MH — (Dy,7)H.

Since 7 is an elastic curve in M, the tangent part of (3.29) is calculated as

(V) T+Vy (AT)+R(V¢T,T)T =0,
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where
3 _
A=ZK"+b
2 +
for suitable choosing b = b+ 2||H||?. Normal part of (3.29) is found zero if
Dy, rH =2)\H.

4. HYPERELASTIC IMMERSIONS IN CONSTANT SECTIONAL CURVATURE
MANIFOLDS

Let M be a Riemannian manifold having constant sectional curvature c. Then we
have

RX.Y)Z=c({Y,Z)X — (X,Z)Y).

From (3.1) the following result is concluded: a unit speed curve Y= Y(s) parametrized
by arc length s is a hyperelastic curve if it satisfies

Vi (K 2VeT) +ek 2V T + V7 (AT)=0 (4.1)

with (3.2) (see [11,21]).

We know that a totally umbilical submanifold M of a Riemannian manifold M
of constant sectional curvature ¢ has also constant sectional curvature ¢+ ||H||? for
dim(M) > 2 (see [24]). Thus, we can get the following corollary as a result of The-
orem | and Corollary 1.

Corollary 3. Let i be a hyperelastic immersion between the submanifold M
(dim(M) > 2) and a Riemannian manifold M with constant sectional curvature .
If M is an isotropic submanifold of M, then M has also constant sectional curvature
c =T+ ||H||? where H is the mean curvature vector field.

We can give the following corollary in a Riemannian manifold with constant sec-
tional curvature as a result of Theorem 2.

Corollary 4. Leti: M — M(c) be a hyperelastic immersion between a Riemannian
manifold M and a Riemannian manifold M(c) of constant curvature such that Y is an
elastic curve with curvature X, the torsion T and the unit vector field T. Then M is
totally umbilical and the mean curvature vector field H satisfies

K
D2H = (% - ’62) H, ||H|| = constant. 4.2)

Conversely, if M is totally umbilical submanifold of a Riemannian manifold M with
constant sectional curvature ¢ and the mean curvature vector field satisfies (4.2), then
an elastic curve Y is an elastic curve in M.
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A Riemannian manifold of constant sectional curvature is called elliptic, hyper-
bolic or locally Euclidean if the sectional curvature is respectively positive, negative
or zero. Now, we give an example of elastic immersion which carry elastic curves
of the total manifold with 2-dimensional (¢ = 0, Euclidean plane) to ambient mani-
fold with 3-dimensional (¢ = 1, 2-sphere). Firstly, we recall some results for elastic
curves on the plane and a 2-sphere S%. An elastic curve on Euclidean plane satisfies
the following differential equation

| 1
K +§K3— 57\.1(:0 (4.3)

see [0]. On the other hand, Brunnett and Crouch classify the forms of spherical elastic
curve based on the differential equation

2
3
2%+%+<M_€)&:Q (4.4)

where K, is the geodesic curvature, p is the tension parameter and G is the radius of
the sphere, [7].

Example 2. Let u and v be coordinate functions of R?. The mapping i is defined as
i: R? = $* C R
(u,v) = (u* —v*, 2uv, 0)

(see [20] ), where (u? +v?)? = 1. Leta: I C R — R? be a curve such that — o (t) =
(cost, sint), where 0 < < 2m. We see from (4.3) that o is an elastic curve since the
curvature K of a is 1. The curve i oo is obtained as (ioa)(z) = (cos2t, sin2z, 0).
One can see from (4.4) this curve is an elastica on S>. Then i is an elastic immersion.
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