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Abstract. This paper deals with a problem of a wave equation with p-Laplacian and logarithmic
nonlinearity term. Firstly, local existence of weak solutions have been obtained by applying
Banach fixed theorem. Later, the finite-time blow up of the solutions have been obtained for
negative initial energy.
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1. INTRODUCTION

In this work, we consider the following p-Laplacian hyperbolic type equation with
logarithmic nonlinearity

u — Au — div <|Vu|”_2 Vu) — Au A+ | = [uP P ulnful, xeQ, >0,
u(xr0)=up(x), w(x,0)=u (x), reQ,
u(x,t) =0, x€ed, >0,
(1.1)
where p > k > 2 are real numbers and Q C R" is a bounded domain with smooth
boundary dQ, the functions ug,u; are given initial data and exponent p satisfies

{2<p<w,ﬁn:LL

2<p<2(n—1)

D ifn > 3. (12)

n

In absence of p-Laplacian operator div (|Vu|’7 -2 Vu) , the problem (1.2) can be re-
duced to the following wave equation with damping and logarithmic source terms:
U —AuA+h (1) = |u)P " uln|ul. (1.3)

Problems like equation (1.3) is encountered naturally in quantum mechanics, inflation
cosmolog, supersymmetric field theories, and a lot of different areas of physics such
as, optics, geophysics and nuclear physics [3, 10]. Let us review some works with
related to the problem (1.3). Many authors have investigated the local existence,
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blow up, and asymptotic behaviour of solutions for wave equation with logarithmic
nonlinearity, see in this regard [1,2,5,7,10,11,14,16-18,21-23,26] and a long list
of references therein.

The p-Laplacian parabolic problems with logarithmic nonlinearity was investig-
ated by [4,6,8,9,12,13,15,24].

In [24], Le et al. carried out the research on pseudo p-Laplacian evolution equa-
tions with logarithmic nonlinearity

uy — div <|Vu|p72Vu> — Auy = |ulP 2 ulnul, (1.4)

and established results of existence or nonexistence of global weak solutions when
p > 2. They proved the large time decay of the global weak solutions. Finally, authors
showed that the solution u(t) is not global, that means, it blows up at finite time.

In [4], the authors studied the following equation

u — div (]Vu\p_ZVu) — kAuy = |uP 2 uln|ul, (1.5)

where 1 < p <2, Q C R"(n> 1), k> 0. They showed that the weak solutions of (1.5)
are global and can not blow up in finite time when different from the case p > 2. They
found the sufficient conditions to divide the global boundedness and blowing-up at
infinity of the weak solutions.

To best of our knowledge, there are not enough works related to the hyperbolic
type equation with p-Laplacian operator and logarithmic nonlinearity. Recently, this
type of problems was studied by [20,25].

In [20] the same author of this paper investigated the following hyperbolic type
equation with logarithmic nonlinearity

y — div (|Vuyf’*2vu) — Aut i = kuln|ul. (1.6)

and proved the local existence of solutions for problem (1.6) by using potential well
theory combined with Galerkin method.

By the motivation of the above works, we decided to study the local existence and
blow up of solution for problem (1.1). The remaining part of this paper is organized
as follows: In Section 2, we state some notations and lemmas which will be useful
for our main results. In Section 3, the local existence of the solution is given. In
Section 4, we established the finite time blow up when the initial energy is negative.

2. PRELIMINARIES

In this section we give some notations and lemmas which will be used throughout
this paper. For simplify notations, we adopt the following abbreviations:

L
V4
)

el =l oy Nl =l = (Il + 1172l
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for 2 < p < eo. Weuse C and C; (i = 1,2,...) to denote various positive constants and
they can have different values in different places. In order to state our main results,
we define the corresponding energy to problem (1.1) as follows

E@) = 5l + 5 IVl [Vully = [Inlulars s Julf. @)
Q
For proof of Lemma 1, we refer the reader to Pigkin [19]. The proof of Lemma 2 is
clear and straightforward, and will be omitted.
Lemma 1. For any u € Hj (Q), we get
lully < Cql[Vully,

forall1 <g< HZT”Z ifn>3;1<gqg <o ifn <2, where Cy is the best embedding
constant.

Lemma 2. For each g >0

1 1
Minr| < — forO<r<1an <rflnr< —jforr>1.
1] 0 1and 0 1] 1
eq €q

Lemma 3. E(t) is a nonincreasing function, fort > 0
E' (1) = = ||V | = [Jue[ [ < 0. 2.2)

Proof. Multiplying equation (1.1) by u, and integrating on Q by using Green
formula, we have

/unu,dx—l—/VuVu,dx—/div (]Vu\p_ZVu) utdx—&—/VutVutdx
Q Q Q Q

—i—/|u,|k71u,dx:/u”duln\u]u[dx,
Q Q

d |1 s 1 5 1 1 1
— | = — |V — ||V ”——/1 Pdx 4+ — p
i \ 3 Wl g IVl Pl = inl s
2 k

=—|Vu|| _H”fHk7

E'(t) = = || Vur|[* = [l
O
Lemma 4 ([14]). Let © be a positive number. Then the following inequality holds
57 og sl| <A+l >0, p>2 2.3)
for A > 0.
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For reader’s straightforwardness, we notice the definition of weak solutions of
problem (1.1).

Definition 1. A function u(r) is called a weak solution of problem (1.1) on
Qx[0,T), if

wecC ((o,r) W (Q)) NC' ((0,7):L2(Q))
and
u € L7 ((0,T);Hy (Q))

which satisfies
g{ut, (x,1)w(x) dx+£{|Vu (6,07 Vu (x,1) Vw (x) dx

+g{Vu (x,1) Vw (x) dx—f—g{Vut (x,1) Vw (x) dx

+/ e () g | (e, ) w () dlx
:g];ln|u(x,t)|up_2 (x,t)w(x)dx,
u(x,0) =ug(x), u(x,0)=u(x).
for Yw e H} (Q).

3. EXISTENCE OF LOCAL SOLUTION

In this part, we prove the local existence results by combining contraction mapping
principle and Faedo-Galerkin method. Firstly, we state linear problem
Vi — Av — Avy + v |2 v, — div (|Vu|p*2 Vu) = |u[P2ulnlul, (x,t) € Q% (0,T),
v(x,0) =vo(x), v (x,0) =v; (x), xeQ,
v:%zo, xX€IQXRT,
(3.1)
in which T > 0. We consider the space

£:=c([0.7]:W,” (@) NC' (10,7): Hg (@)
endowed with the norm

JulFy = max (V)1 + o (1))

To prove the existence and uniqueness of local solution of problem (1.1), we obtain
the following result.

Lemma 5. Let (up,u;) € Wol’p (Q) x H} (Q) and u € L for every T > 0. Then
problem (3.1) has a unique weak solution

vec ([O,T) W (Q)) v €C(0,T):HL(Q)).
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Proof. Let {w j};.o:l be the orthogonal complete system of eigenfunctions of the

Laplace operator in H& (Q) with HW,H =1 for all j. According to their multiplicity
of

- AW,‘ = 7\.in, w; |aQ: 0. (32)
We denote by A; the related eigenvalues repeated. Then, we choose an orthogonal
basis {w j}:.o:l in H} (Q) which is orthonormal in L? (Q) . Let

m
= Z /Vrowl- Wi,
j:l Q
and

m
ul (x,t) = Z /ulwi wi.

So that there exist subsequences uj € Wy, u' € Wy, ufl — ug in Wol’p (Q) and
W — uy in H} (Q) as m — 0. For all m > 1 we will seek an approximate solution
such that

m
=Y )w (3.3)
i=1
which satisfies the following Cauchy problem

f@%@)—AwfwM%+h’ﬁ2’ vaVMPZV@—JMVQMmWDndx:0
Q

vm (0) = Vg, Vi =1

(3.4)
where t > 0 andm € W,,. Let n=w; for i = 1,2...m in (3.4), for the first term, we
obtain

/v”( wdx-/(ZYj >w,-dx:?;n(t)/‘Wilzdx:%"(t). (3.5)
Q

Q
Similarly we obtain the second term as follows

/—Avmwidx = —/ Y ¥} (6) Awjwidx
Q o /=1
:/ZWMMWWM
=1

— (1) x/w4m
=7 ()N

(3.6)
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For the third term we have

5 o \i=l (3.7
A0
For the fourth term, we get
[0l dx—/(zw ) s
G A /|w,| dx (3.8)
k=2 -m
= Wj (t) ‘ Y (1)

Then, we insert (3.5)-(3.8) in (3.4). So that (3.4) yields the following Cauchy problem
for a linear ordinary differential equation for unknown functions " (¢);

“m -m -m k=2 .m .
Vo O+ OMEVY O+ O] 1 (0)=Gi(t), i=1,2,..m,
¥ (0) = [uowidx, ¥; (0) = [urwidx, i=1,2,..m,

Q Q

3.9
where

t)= /a’iv (]Vu]p_ZVu) widx+/|u\p_2uln]u|wi, i=1,2,..mt€[0,7T].

(3.10)
Then the above problem possesses a unique local solution Y/ € C?[0,T] for all i,
which implies a unique v,, defined by (3.3) satisfies (3.4). Replacing ) by v/, in (3.4)
and then integrating this over [0,7] C [0,T], we obtain

o O + 199 01 +2 / [+, @) de+2 [ v, @)yae
0
= 91 ()P + 190 +2//\u (5)7 2 u(s) Infu(5) vy (9)dxds 3.1

+20/Q/div <|Vu]p_2Vu) (s)V), (s)dxds,

for each m > 1.
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Our aim is to estimate the last two terms in the right-hand side of (3.11). First, we
estimate the third term by applying Sobolev’s and Young’s inequalities, we infer that

z//w (5)]72u( lwmnzwwmszf/Wuwlmwmmu@
0 Q

g//“u(s)\p11n|u(s)\‘mm'dxds—i—/tvan(s)H:ds
0 Q 0

In order to estimate (3.12), we deal with logarithmic term. We define
Q ={xeQ;ux)| <1} and Q@ = {x € Q;|u(x)| > 1},
where Q = Q U£,. Then we obtain

/

Q

(@) nfu ()| dx

:/"M(sﬂp_lln’”(sﬂ‘ﬂdx+/‘M(S)|p_lln\u(S)| k%ldx.
o 4

By make use of Lemma 2, we have

@ mluI[ ax < e(p- 110l =C.
Q)
where
inf P~ 'inr=1[e(p—1)]""'
Jnf 7 nr=le(p—1)]
Let
2n k
5 k—l—p+1>0f0rn>3 each positive 6 forn =1,2.
n —_—

)| dxds

3.12)

(3.13)

(3.14)

By the Sobolev embedding H] (Q) — L (Q) if n > 3and to L (Q) for any g > 1

if n=1,2, recalling u € L :=C ([0,T];H]} (€)) , we obtain

K
/“” ()7~ 1111‘” dx</e 210 kL u(s)P~ 11n|u( )|>k—1 i

_k_

O nu(5)*) " dx

,L
=

| /\

|p 1-‘1—9 k— d

,L
k= X

| /\

J
T
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< Gfk%l/]u(sﬂmdx
Q

<Clulz? <cC. (3.15)

The proof of the case n = 1,2 is similar.
By using of (3.14), (3.15) and embedding theorem, (3.12) yields

20/! 1 (s) P2 u(s) In|u(s)|V., (s) dxds < CT +O/ o s)fds.  316)

By similar calculations we have the second term of (3.11) in the right-hand side as
follows

ZO/Zdiv(Wu]szu) (s)V., (s) dxds < 2! <; IVu ()12 ||V (s)H) ds

</ ((;HV(s)H5>2+Hv;1(s>H§> ds

0

gCT+C/||Vv;n(s)}|§ds. (3.17)
0

Adapting (3.17) and (3.16) into (3.11), we have

t t
2 2 2 k
[ OIF + 195 @1+ [ 9, @) e+ [ v, )] a.
0 0
< [vim OI + [ Vvoul* +€T < €. (3.18)
where C is a positive constant and independent of m. We have from (3.18) that

{ Vm, is bounded in L ([O,T] JH|) (Q))7 (3.19)

V), is bounded in L~ ([0, T]; Hj (Q)) -

Thus, up to subsequence, we can pass to the limit in (3.4) satisfies the above regular-
ity. We obtained a weak local solution of the problem (3.4).



LOCAL EXISTENCE AND BLOW UP FOR P-LAPLACIAN EQUATION... 239

To prove the uniqueness, arguing by contradiction, we assume that there are two
solutions such that w and v of problem (3.4) which have the same initial data. Sub-
tracting these two equations and testing result by w; — v, we can obtain

T
e — vi]2+ [V — Vv |2 +2// (Ve — Vve) (Ve — Vi) d

0 Q
T
+2//<\W7]k_2wr—|v¢\k_2vr) (wg—vg)dt=0. (3.20)
0 Q

We define f : R — R, f(x) =xand g: R — R, g (y) = y.It follows from the following
element inequality

(IF @I ) =12 0) () (F() =g ) = CIF (¥) —g )} for k=2,
that (3.20) yields

T T
R e Y G A S Ry e A )
0 0

g

Theorem 1. There exist T > 0, such that the problem (1.1) has a unique local
weak solution on [0,T].

Proof. Let (up,uy) € Wol’p (Q) x L?(Q) and
P = [|u]|* + || Vuo >
For T > 0, we denote
By ={uc L:u(0,x) =uo(x), u (0,x) =uy (x), [Ju(r)]|, <r}.

By Lemma 5, we define a nonlinear mapping W : u — v =W (1) where v is the unique
solution of problem (3.1). We claim that ¥ is a contraction map satisfying ¥ (B,) C B
for small T > 0.

Indeed, suppose that u € B,, the corresponding solution v = W (u) satisfies the
energy identity for all € [0, T] as follows

3 (P 1912) < 5 (hea P+ 19u01) + [ [ )17 2(s)Infa(s)] v (5) s
0 Q

+0/t!div (\Vu|p72Vu) vy (s)dxds. (3.21)
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Next we estimate the last terms in (3.21) as

0
r2 E | / 1 b 2
=S va(r ) [l ) ds
0
2 w1\ [(1 , 1 2\ 2
§2+\@(rnz+prp>/<2||vt(s)\| +2]|Vv(s)||> ds.
0
(3.22)
By Gronwall inequality, we have
| 1 2 |
(2 [ve () + 5 19w (s)||2> < +V2 (r +prp> T. (323

If we choose T > 0 small enough, ||u(¢)|| . < r, which implies that ¥ (B,) C B.

Next, we will verify that W is a contraction mapping. Let vi,v, € X, 7 and
u; = Wvi, up = Wvy, be the corresponding solution for problem (3.1). Setting vi =
Ywi, vy =¥wo w1, wy € B, and v = v| — 1y, then, v satisfies

(vie,m) + (Vv, V) + [ (Vv — Vvy) Vndx
Q
+ [ (Vv —Vvy) Vndx+ [ (\vlt\kfzvlt — \vzt\k72v2t> ndx
Q

:S{ g[zdiv <|Vw1|17*2 le) —div (|Vw2|1’*2 Vw2>] ndx (3.24)

+f <|W1’p_2W1 ln\w1| — \w2|p_2w21n]w2\> T]dx,
Q

\

for any n € HY (Q) and ae. 1 € [0,7].
Taking | = v; = vi; — vo; and using Green formula, noticing

/ (!wl"*zv“ — w2 sz) (vig —vor)dx >0,
Q

/ (Vvis — Vvay) (Vo — Vg ) dx > 0, (3.25)
Q

and integrating both sides of (3.24) over (0,7), we have

t
(Hthz—i— ”VVHZ) = 2// (]wl\p_2w11n|w1\ — |w2]p_2w21n\w2|> vidxds
0 Q
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+2/[/ [div (|VW1|1”_2 VW1> —div (]szlp_z szﬂ vidxds.

(3.26)
Firstly we note that from the Mean Value Theorem there exists C;, > 0 such that
[lxfP=2x = [yP 2y < € (IXI”*2 + Iyl”*z)!x—y! Vx.y € R%. (3.27)

Then using Holder inequality with ( ) + 2( T +1 7 = 1 and embedding theorems,
we have

t
// {div (|le|pf2 Vw1> —div (\sz\pfz sz)} vidxds

t
< c// (19911772 4 Vo2 72 [ Vs = Vo] [ dxds

t

- - 2
< / (171167 )+ I9wl5, 7)) vl [V = Vv [ s

/\

IN

C/rZ(P*Z) Vw1 — Va3 vl

2072 Vwy = Vwa |3 ([villy + V11, (3.28)

I/\
O\

where C > 0.
Now, we need estimate the logarithmic term in (3.26). If we set

G(s) = |s|” 2sinls|,
then
G (s)=(p—1)|s|” > Ins|+]s]">
= (L+(p—1)js|) |s|">.
Making use of mean value theorem, we get
G (w1) = G (w2)| = |G (Bwi + (1 =) w) (w1 —w2)| (3.29)
< [1+(p— D)In|(Swy + (1= ) wa) |} | (Bw1 + (1 = D) w2) [~ [wi — wa|

where 0 < ¥ < 1.
Then, by recalling Lemma 4 we conclude that

G (w1) = G (w2)] < [(Ow1 + (1= 0)w2)[” > [wi —wa|+ (p— 1) A |w; —
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+(p— 1) [wi = wal|(Ow1 + (1= ) wy) [P
<|(wi+w2) P2 [wi —wa|+ (p— 1) Awi — w]
+(p—1) [wi —wa [wy +wo |73 (3.30)
As wi,w, € B,, then it follows from Holder inequality (for ﬁ + ’;—j = 1) and So-

bolev embedding that
- 2 2(p—1 2p-1)] 51
J 1104wy o = wal] e < € [ w1303+ Il )] lhwn = wall3
Q
p—2
1

<C[Ivwi 3"+ 19wa 3707 IV = Vi3

<P || Vw) — Vi f3. (3.31)

By similar calculation , we obtain

2
/ |:’W1 —Wz‘ ’W] +W2‘p_2+€] dx

Q
2(p—2+¢)(p—1)
< /\wl—i—wz] = /\wl—wzlz(p_l)dx
Q Q
p—2
p—1
_ 2e(p—1)
< /\w1+wz|2<f’ DEE e | —wald - (3.32)
Q

Because of (1.2) (2p —-2< % ) , we choose € > 0 small enough such that
2e(p—1

(p—1) _ 2n

p—2 n—2

Therefore, by using of Sobolev embedding H} (Q) < L>P~1(Q) and H} (Q) —
LP+(Q) (3.32) yields that

_ 2 p—2
/[\wl—wz|yw1+wz|l’ 2+€] dx < C[||Vwy P10 | Vwy — Vw2

Q

5+ VY,

px(p—2)

<Cr T ||[Vw; — V3. (3.33)

Noticing that ||wj —ws||, < C||Vw; — Vws]|,, by using of (3.31) and (3.33), we can
infer that

t
// (\w1|p_2w11n]w1\ — |W2\p_2w21n|w2]> vidxds
0 Q
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t
«(P—2)
gc/(1+r”p’il +r2<H>) Vw1 — Va2 (vl + [|Vv]l,) ds.  (3.34)
0

Consequently, by inserting (3.34), (3.28) into (3.26), we arrive at
2 2
(el +19v)?)

t
x«(P—2)
< [ (14757 42202 9~V ([ ds
0

/ 1
+(p—2) 1
<c [ (14" 42202 9wy = Vwall (>4 V9] s
0

By Gronwall inequality, we obtain

1
(Il +19))* < €T (Vw1 = Va3

«(p—2)
We choose T small enough such that C <1 T = 2r2(1’*2)> T < 1. Thus, we have
¥ is a contraction mapping in B,. The proof is completed. U
4. BLow Up

In this part, we prove the blow up result of solution for the problem (1.1) with
negative initial energy. We give some lemmas which be used in our proof. For proof
of Lemmas 6-8, we refer the readers to Kafini and Messaoudi [14].

Lemma 6. Suppose that (1.2) holds. There exists a positive constant depending
on Q only such that

P
/up1n|u|dx <c /upln|u|dx—|— IVul? |, @.1)
Q Q
for any u € LP™! (Q) and 2 < s < p, provided that [ uP In|u|dx > 0.
Q

Lemma 7. Suppose that (1.2) holds. There exists a positive constant depending
on Q only such that

lullp <€ /uP1n|u\dx+||vu|y§ , 4.2)
Q
for any u € L? (Q), provided that [u?In|u|dx > 0.
Q

Thus, the result was obtained.
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Corollary 1. Let the assumptions of the Lemma 7 and k < p hold. Using the fact
k
that Hu||£ < CHuH’; < C(||ul]7)? . Then we obtain the following

<

lullt < C /upln\u]dx +(vul|* | . 4.3)
Q

Lemma 8. Suppose that (1.2) holds. There exists a positive constant depending
on Q only such that

2
Jully < € [l + 193] (44)
foranyu e LP (Q)and2 <s < p.

Theorem 2. Assume that E (0) < 0. Let the conditions in Lemma 8 hold. Then the
solutions of (1.1) blow up in finite time

1—
T ——f—, (4.5)
&g L™ (0)
where & and o positive constant.
Proof. For this purpose, we denote
H(t)=—-E(t). (4.6)
By using the definition of H (¢) and (2.2) we obtain
H'(t) = —E'(t) = | Vur|* + [} = 0. 4.7)
Consequently by virtue of (2.1), (4.6) and (4.7) we get
1
0<H(0)§H(t)§f/upln\u]dx. 4.8)
L
We set |
L(1) :Hlfa(t)+e/uutdx+e§\|vu||2, 4.9)
Q
for € small to be chosen later and
2 (p* —2k) p—k
<< . 4.10)
(k—1)p? (k=1)p

Now, differentiating L (¢) with respect to ¢, we obtain

@)= —a>H*°‘(t)H’(z>+e/|u,\2dx+g/uundx+s/vuvu,
Q Q Q

— (- ) H () H' (t)—l—i—:Hu,Hz—}—S/VuVut
Q
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-H-:/u (Au—{—div (|Vu]p72 Vu) — e s + Aty + |u\p72uln|u\) dx
Q
= (1= H (1) H' (t) + ¢ |lu|* — & || Vue|* — || Vue]}
—e/\ut\"*zutudﬁe/u!’ln|u|dx. (4.11)
Q Q

Adding and subtracting €p (1 — ) H () for some 0 < o0 < 1 in (4.11), we obtain

L'(t)=(1-o)H *(t)H (t) +¢ (W) e |
e (2—17(21—0‘)) [ Vul|* — ot || Vel +e(1;fx) el

+£0c/u”1n |u|dx — 8/ g | wpudx +ep (1 — o) H (1).
Q Q
Exploiting Young’s inequality, we get

_ R k—1 . &
[l < 5l + =8
Q

& ok k=1 & k 2
< = lullf+ =877 (Jlalf+ Vi)

for any & > 0, (4.11) takes form

_ . k
L= (- 0 - 15 ) i ) -l

+e (W) s> — (2_])(21_a)> Vul|?
(1-0)
p

—ea||Vullh +ep(1—o)H (1) +¢
Q

Huug+soc/uplnyuydx. (4.12)

Of course (4.12) holds even if 8 is time dependent since the integral is taken over

the x-variable. Therefore by choosing & so that S TT = MH %(t), for M to be
specified later, and substituting in (4.12), we have
k—1 1—o
L'(t)> (1 —oc—ng1>H°‘(t)H’ (t)+£g el
V4
1—o)+2 2—p(l—a
I R R ey A A e
2 2
1—k
(M) alk—1) k » _
e H (t) |ull; +eo [ uPIn|uldx+ep(1—a)H (t). (4.13)

Q
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By using of Corollary 1, embedding theorem and Young’s inequality, we obtain

o(k—1)
1
H Dl < | [t )l
L
o(k—1) %
<C /upln|u|dx /upln|u|dx +||Vu|]%
Q Q
i a(k—1)+5 a(k—1) T
<c (/uplnudx + /upln]u|dx Vul
- Q Q -
r oc(k—l)+f7 a(k—1) i
2%
<C (/uplnudx + /upln]u|dx |Vul|p
Q Q |
[ alk—1)+% alk—1) p[f%
<C /upln|u\dx + /u”ln]u|dx + ([ Vull?
Q Q
) 4.14)
Make use of (4.10), we find
a(k—1)p?
2 k—1 k< d2 < ——F—— <p.
<a(k—1)p+k<pand2< o T
Therefore, Lemma 6 yields that
H D | < C /ul’ln\u\dx+||vu|y§ : (4.15)

Q

Inserting (4.15) into (4.13), we arrive at

L(t) > (1 — a—ek;lMl) H *@t)H' (t)+¢ (W) Al

M) K 2—-p(l—a 1—a
e (H(k)c ||vu||g—e<<2> ||Vu||2+8w||u\|g
M 1—k
vela ! 1}3 c /upln|u|dx—|—8p(l—(x)H(t). (4.16)
Q




LOCAL EXISTENCE AND BLOW UP FOR P-LAPLACIAN EQUATION... 247

Since 0 < 1% < 1, now using the following inequality

1
xv<x+1<(H—B)(x—l—B),Vx>0,0<v<1,[3>0 (4.17)

especially taking x = ||Vu||), d =1 + ﬁ, B = H (0) and by using of the (4.8), we
have

; 1
2< Py < — p < P .
IVally < (IVal;)" < (14 357 ) (IVellp+ H @) < (I9uly + @)
(4.18)
Inserting (4.15)-(4.18) into (4.16) we deduce

L) > <1 —(x—£k;1M1> H “(t)H (t)+¢ <p(1_2a)+2) Al

e 1=k
vefa (20222 o By
—k
+e(1_°‘) ullh+e oc—(Mlk)lc]/quuux
Q
—i—e[p(l—oc)—i—d(p(l_za)_z)]H(t), (4.19)

where we used L? (Q) — L? (Q),2 < p.
At this point, we choose 0 < o < pT;Z enough small that

l—a)—2
d <p<0°>> =0
2
and M, sufficiently large that

d(p(loc)2>_(x_(M1k)1k

> C>0 and a0 —

C>0.

(Ml)lfk
k

Once M and « are fixed, we pick 0 < € < IA;—IO‘ so that

L(0)=H'"*(0) —|—8/u0u1dx > 0. (4.20)
Q
Therefore, (4.19) has the form

L'(t) = A H(f)+Huz||2+IIWII§+||M||ﬁ+/u”1nluldx : (4.21)
Q
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where A > 0 is the minimum of the coefficients of H(t),||ut||2,||Vu||§,||u||g,
JuPIn|u|dx.
Q
Consequently we obtain L(t) > L(0), t > 0. On the other hand, by (a+b)? <
271 (aP +bP), we have
| T-a
L)Ta = |H'® (t)+8/uu,dx+8§ Va2

Q

1
I-a

<C|H(@)+ /|uu,dx| | V| T | 4.22)
Q
Now make use of the following inequality,

B

: -2
forx:HVuHﬁ,v:ﬁ<l,smceoc<”z—p,dzl—kﬁ,[?):H(O),weget

1
X <x+1< (l—i—) (x+B), *x>0,0<v<1,B>0

2 = 1
IVl e < (Ivull) ™ < <1+H(0)) (vullp +H(0) < a (IVully+H (1)),
(4.23)

where we used L? (Q) < L (Q).
Holder’s inequality gives us

1 1
2 P
2 2 2 )
/uu,dx < /|u,| dx /|u| dx | <c /|ut| dx /|u| dx |
Q Q Q Q

Q

[N
D=

where c is the positive constant which comes from the embedding L? (Q) — L? (Q).
This inequality implies that there exists a positive constant C > such that

1/

1—a)
/uu,dx < /|ut|2dx
Q

Q

1 1
2(1-o p(l—a)

)
/ |u|? dx : (4.24)
Q

Applying Young’s inequality to the right-hand side of the (4.24), we get

1/(1-a) Mo i
/uutdx <C /|u,|2dx + /yuv’dx : (4.25)
Q Q Q
forlyl—1.

ulx
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To be able to use Lemma 8, we take kK = 2/(1 —a) , which gives u =
2(1—a) /(1 —2a), (4.25) has the form

1/(1-a) pi=ry
/uu,dx <C /|u,|2dx+ /\u]pdx
Q Q Q
By using of Poincare’s inequality we get
1/(1-0) g
/uu,dx <C /]ut|2dx—|— /|Vu|pdx
Q Q Q

With the re-use of the inequality
1
X <x+1< <I+B> (x+B), ¥x>0,0<v<1,B>0,

where x = ||Vully, d = 1+ gig;, B=H(0), v = 7255 < 1, since o0 < L2, we

1-2a)
obtain
p(1-20) |
p p p
/|Vu| dx < (1 n H(O)> (||Vu||p+H(0)) <d [||vu||p+H(z)] :
Q
(4.26)
Thus, (4.24) becomes
1/(1-a)
/uu,dx <c (H (1) + [l >+ Hvuug) . 4.27)
Q
Inserting (4.23) and (4.27) into (4.22), it follows that
L()Te <€ (H @)+ Jul +]1Val)
< |H(t)+ Hut||2 + \|Vu||£ + ||”H£ +/u1’1n|u\dx . (4.28)
Q
By associating (4.28) and (4.21) we arrive at
L'(t)>ELTa (1), (4.29)

where § is a positive constant which depends only on A, C > 0.
Integration of (4.29) over (0,7) we reach

dL 1
— > LT (t
L et ),
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)
L (1) 2 L7 (0) + &,
a 1
L ()2 ———er
0 55
Therefore the solutions blow up within a time given by the estimate (4.5) above.
Consequently we completed our proof. g
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