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Abstract. In this paper, some special developable ruled surfaces with point-wise Gauss map are
studied. Three different special developable ruled surfaces called rectifying ruled surface, gen-
eralized normal ruled surface and osculating type ruled surface are considered. The conditions
for such surfaces to have 1-type Gauss map and also to be minimal are introduced. Finally, some
examples are given for the obtained results.
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1. INTRODUCTION

Studies on finite type submanifolds in the Euclidean and semi-Euclidean spaces
have started in 1970’s by Chen and then this subject has been used for characterizing
and investigating other important submanifolds [4, 5]. After this subject has been
introduced, it has gained interest among geometers and developed rapidly. Especially,
the application of the notion of finite type to Gauss map of submanifolds has been
an important development [1-3,6,7, 13, 14, 16]. The notion of 1-type Gauss map is
described by the equality of AG = A (G + C) where A is the Laplacian of a surface M,
G is the Gauss map of M, A is a real number and C is a constant vector [13]. Some
of the well-known surfaces with 1-type Gauss map in the Euclidean 3-space E> are
catenoids, helicoids and right cones [6].

In the current paper, our purpose is to study some special ruled surfaces that have
pointwise 1-type Gauss map whose details are given in Section 2. These surfaces are
called rectifying, generalized normal and osculating type ruled surfaces defined in
[11,12,15]. We obtain characterizations for such surfaces to have pointwise 1-type
Gauss map. We also give results when such surfaces are minimal.

2. PRELIMINARIES

An isometric immersion (a smooth map, respectively) x : M — E> of a submani-
fold (a 2-dimensional Riemannian manifold, respectively) M in the Euclidean 3-space
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E3 is of finite type if the position vector field x of the submanifold M can be given as

a finite sum of the eigenvectors of Laplacian A of M which is x = xo + )j: x; where
i=1

Xo is a constant map and xy,x,...,x; are non-constant maps such that Ax; = Aixi,

Ai € R, 1 <i < j. If the eigenvalues Aj, A, ...A; are different from each other, then

M is of j-type. Especially, if one of the eigenvalues A; vanishes, then M is of null

J-type [4,5].

Let M be a connected (not necessarily compact) surface in the Euclidean 3-space
E3. Then the position vector field x and the mean curvature vector H of the surface
M in the Euclidean 3-space E* satisfy the equation Ax = —2H where H = HG, H
is the mean curvature and G is the Gauss map of the surface. This equality leads
to a well-recognized result which is: A surface M in the Euclidean 3-space E° is a
minimal surface if and only if all coordinate functions of E3 that are restricted to the
surface M are harmonic functions, i.e.,

Ax=0 2.1)
[4,16].

In a Euclidean space, a submanifold M is called to be of 1-type, i.e., the position
vector field x of M satisfies the equation Ax = Ax, A € R if and only if either the sub-
manifold minimal (A = 0) or M is a minimal submanifold of a hypersphere centered
at the origin (A # 0) of the Euclidean space which M is in [16].

Let M be a surface in E* with the parametric form x = x(u,v). The Gauss map (or
the unit surface normal) of M is defined by

G:M—S*CE G(u,v)= XAy (u,v)
[ > x|

where S? denotes the unit sphere and x, = dx/du, x, = dx/dv are partial derivatives

[8].

Let the matrix (g;;) consist of the components of the Riemannian metric on M.

Then,
= [ 8 8] <[ ) e ]

If the matrix (g") is the inverse of (g;;) and g is the determinant of (g;;), then, the
Laplacian A on M is given by

1 d ( 0 >
A=——) — H—. 2.2)
\/g ; ax,- \/gg axj
The surface M has pointwise 1-type Gauss map if the Gauss map G satisfy the con-
dition
AG = f(G+C) (2.3)

where f = f(u,v) is a real valued function and C is a constant vector. A pointwise
1-type Gauss map is called proper if the function f given in (2.3) is non-constant.



ON SPECIAL DEVELOPABLE RULED SURFACES WITH POINTWISE 1-TYPE GAUSS MAP 711

If the vector C vanishes, then the surface is called a surface with pointwise 1-type
Gauss map of the first kind. If not, it is called of the second kind [6].
Here, we give some examples of surfaces with pointwise 1-type Gauss map.

Example 1. Let the surface M, be given by the parametrization x(u,v) = (1,0,0) +

v(0,cosu,sinu), whose Gauss map is G(u,v) = ﬁ (—v,—sinu,cosu). Then, we
- _2 - _2 -
get AG = (v2+1)2G where f = e and C = 0. Therefore, the surface M; has

pointwise 1-type Gauss map of the first kind. On the other hand, the Laplacian of the
position vector x of the surface M; vanishes, i.e., Ax = 0. Then, M, is minimal. The
graph of the surface M| is given in Figure 1.

FIGURE 1. M with its base curve o (red) and Gauss map (blue).

Example 2. Let the surface M, be given by the parametrization x(u,v) = (vcosu,
vsinu,v), whose Gauss map is G(u,v) = j:% (cosu,sinu,—1). Then, we obtain
AG =1? [G + (0,0, %)} where f =v? and C = + (0, 0, %) . Therefore, the surface
M, has pointwise 1-type Gauss map of second kind. The surface M, does not have

harmonic type position vector, thus it is not minimal. The graph of the surface M is
given in Figure 2.

Let o: I C R — E> be a regular curve in the Euclidean 3-space E3 given by the
arc length parameter # and with Frenet frame {7,N,B}, curvature k and torsion .
The vector fields 7,N,B defined by T = o, N = o' /||&”||, B=T x N are called
unit tangent, principal normal and binormal vector, respectively, where the prime
denotes the derivative with respect to u. Then, {T,N,B} is an orthogonal moving
frame along o and called Frenet frame of it. The derivative formulae (or Frenet
formulae) of that frame are given by 7/ = ¥N, N' = —xT + 1B, B = —1tN. The
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FIGURE 2. M, with its base curve o (red) and Gauss map (blue).

planes Sp{T,N}, Sp{T,B} and Sp{N,B} are called the osculating, the rectifying
and the normal planes of «, respectively [8].

A surface M : I xJ — R3, 1,J C R given by the parametrization x(u,v) = oi(u) +
vq(u) is called a ruled surface where u € [ and v € J. The curve « is called base
curve and ¢ is called director curve. The straight lines v — a(u) + vg(u) are called
rulings [10]. Clearly, a ruled surface is constructed by the continuous motion of a
straight line and that makes this surface important in some areas such as computer
aided geometric design and architecture [9]. A ruled surface is called developable if
and only if det (o, q,4') =0 [10].

3. DEVELOPABLE GENERAL RECTIFYING RULED SURFACES WITH POINTWISE
1-TYPE GAUSS MAP

The parametric form of a general rectifying ruled surface M is given by x(u,v) =
o(u) +vqr(u), g-(u) =a;(u)T(u)+ ax(u)B(u) where u is the arc-length parameter
of o, a1 = aj(u), ay = ap(u) are smooth functions of u such that a% + a% =1 and the
index “r” is used to remark that the ruling always lies on the general rectifying plane
of the base curve o [15]. The general rectifying ruled surface M is developable if and
only if ajx —ayt = 0 [15]. Hereafter, we will assume that the general rectifying ruled
surface M is developable.

The Gauss map G of the developable general rectifying surface (dgr-surface) M is
G(u,v) = —N(u). Then, we obtain

Gy =KI —1B, Gu=¥XT+ (K +7)N-7B, G,=Gy =G, =G,, =0.
Also, the components and the determinant g of the matrix (g;;) are obtained as

2 2
gn=(1+vd) +v3(d5)?, gla=g21=ay, gn=1and g= (1+vd)) +V(dh)? —a?
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respectively. From (2.2), the Laplacian operator on the dgr-surface M is

B ad d d d d N2, 2, 042] O
A——& |:au <§au_a1§av> +$ <—a1§au +§|:(1+Va]) +v (Clz) :| av>:|
where £ is a smooth function given by &(u,v) = \/( )21 e Then, the

14+vd) )" +v2(dy) —a7

Laplacian of the Gauss map of M is computed as

AG = =& (k(&y— a1&,) +KE) T — (& +1°) PN +& (1(Eu —a1&,) +TE) B. (3.1)

From (3.1) we have that AG = 0 if and only if k =0, T = 0. Then, the following
theorem is obtained:

Theorem 1. A dgr-surface M has harmonic type Gauss map G if and only if its
base curve Q. is a straight line.

Moreover, from (3.1), it yields that AG = fG, f = (k> +1%) & if and only if the
equations K(&, —a1&,) + K€ =0, 1(§, — a1&,) + T€ = 0 hold and we have the fol-
lowing theorem:

Theorem 2. A dgr-surface M has point-wise 1-type Gauss map of the first kind if
and only if the curvatures do not vanish at the same time and the system

k(& —a1&) +xK€=0, (& —ai§)+7E=0 (3.2)
holds.

Theorem 2 gives us the following special cases:

Case I: Let the base curve o be a plane curve different from a straight line. Then,
K # 0, T=0. From the developable condition we have a1 =0,a, = 1,§ =1 and (3.1)
becomes AG = — (K'T +K>N). We have that AG = G with f = k* if and only if
is constant. Then, we obtain the following theorem:

Theorem 3. Let the base curve o be a plane curve. Then the dgr-surface M has
the pointwise 1-type Gauss map of the first kind if and only if o is a circle.

Case 2: Let the base curve o be a circular helix with non-zero curvatures x, T.
Then, from the system (3.2) we have that &, — a;§, = 0 which gives the following
theorem:

Theorem 4. Let the base curve o be a circular helix. Then the dgr-surface M has
the pointwise 1-type Gauss map of the first kind if and only if &, — a,&, = 0 holds.

Case 3: Assume that one of the curvatures k, T is non-zero constant. Then, from
the system (3.1), we have that the other one is also non-zero constant and following
theorem is obtained:

Theorem 5. If one of the curvature functions K, T of base curve O, is a non-zero
constant, then the dgr-surface M has the pointwise 1-type Gauss map of the first kind
if and only if A is a circular helix.
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Now let us examine the Laplacian of the position vector x of dgr-surface M. For
any surface M we have that Ax = 0 holds if and only if M is minimal [16]. Also, we
know that the dgr-surface M is minimal if and only if (1+va';) K —va,T = 0 holds
[15]. Then, by taking the partial derivatives of x, from (2.2) it follows

Ax:—ﬁ{ (1 —i—va’l) &+ (vd —2a1a))§ — ar(a1§),

— (1+vd)) &, +a K(l +va’1)2+v2(a’2)2> &L} T
—&{(1+vd' ) x—vdt} N (3.3)

—e {2 ) (),
—va1d' 2§, +az [((1 +va’1)2 - vz(a’2)2> &] v} B.

We have that Ax = 0 if and only if the system

(1+va'1) (Eu—ar&y) + (va"y —2a1d'1)§

—ay(@1&)y +a [((1 +vd')? +v2(a’2)2) E_,} = 0
(I1+vd)x—vdrt=0 3.4)
va'y (& — a1§y) + (va"2 —2a1d'2)§

—a(@B)u+ar | ((14+va) +v2(a)’) €| =0

v

holds. Then, we get the followings:

Theorem 6. Let M be a dgr-surface. Then, the followings are equivalent:

(i) M has harmonic type position vector.
(i) M is minimal.
(iii) (1+vd'y)x—vayt =0 holds.
(iv) The system in (3.4) holds.

Using the equality (14 va'i)x—vdyt = 0, the first and third equalities in (3.4)
become

s (=it + 0l 2 -t +a | (PP (14 5) )] =0
by (=60 + 0 — 2t - an(ind)aa | (0 (145 ) )] =0

respectively. Then, we get

T
v, (&, — a1&) (aZE — a1> +ay(va] —2a1d))§ — ay (vdy —2a1d5)& = 0.
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Since the surface is developable, we have a;k—a,t = 0 which gives as (va —2a;a} ) —
a1 (vdy —2a1dy) = 0 and following theorem is given:

Theorem 7. If the dgr-surface M has the harmonic type position vector (or, equi-

valently minimal), then
T B va"1 —2a1a’1
K va's—2ajds
holds.

Example 3. Let the space curve o be given by the parametrization a.(u) = (cos \if,
sin \i@, \iﬁ) Then, by calculating its Frenet elements and choosing a; (1) = ax(u) =
1/4/2, we obtain the dgr-surface M3 with the parametrization x(u,v) = (cos %,
sin %, % + v). The Gauss map of dgr-surface M3 and the Laplacian of Gauss map

are computed as G(u,v) = (cos %, sin %,O) and AG = (cos %, sin %, O) , respect-
ively. Finally, we obtain that AG = G which indicates that M3 has 1-type Gauss map
of first kind. This result satisfies Theorem 2. The second equation given in The-
orem 6 is not satisfied since (1+4va';)k — vyt = % # 0. Then, the dgr-surface M3
is not minimal. So, it does not have harmonic type position vector. The graph of the
dgr-surface M3 is given in Figure 3.

FIGURE 3. M3 with its base curve o (red) and Gauss map (blue).

4. DEVELOPABLE GENERALIZED NORMAL RULED SURFACES WITH POINTWISE
1-TYPE GAUSS MAP

The parametric form of a generalized normal surface M is given by x(u,v) =
o(u) +vqu(u), qn(u) =bi(u)T (u)+ by(u)B(u) where u is the arc length parameter
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of base curve @, by = by (u), by = by(u) are smooth functions of u such that b% + b2 =
1 and the index “n” is used to remark that the ruling always lies on the normal plane of
the base curve o [12]. Such a surface is developable if and only if )by —b1b, —T1=0
holds. For the developable generalized normal surface (dgn-surface) M, we also have
bl‘C-i-bl =0, bll —bz’t:() [12].

The Gauss map G of the dgn-surface M is obtained as G(u,v) = —by(u)N(u) +
b1(u)B(u). The matrix (g;;) has the form

(8ij) = < (l_gb”()z (1) )

The determinant g is computed as g = (1 — vblK)z. Finally, from (2.2) the Laplacian
operator on dgn-surface M is

1[0 /109 0>
s=—y 2 (vau) * 2 b

where V is a differentiable function defined by y(u,v) = 1 — vb k. Then, from (4.1)
the Laplacian of the Gauss map is

2
[b2RYy 7 BoK7 4.2)

AG = % v

and we have the followings:

Theorem 8. A dgn-surface M has pointwise I-type Gauss map of the first kind,
that is AG = f G where f = if and only if ¥ = constant and by = 0.

Proof. From (4.2), we obtain that AG = f G holds if and only if [bxy], =0 and
by = 0 which lead us to the desired result. ]

Now, let us examine the Laplacian of the position vector x of the dgn-surface M.

From (4.1), we obtain

Ax = bj[K (—boN +b1B). 4.3)

Then, from the equality Ax = 0, we get the following:

Theorem 9. A dgn-surface M has harmonic type position vector (or, equivalently
minimal) if and only if b, =0 0or k=0, i.e., Q. is a straight line.

Moreover, from (4.3), we also have the following theorem:

Theorem 10. The position vector x and Gauss map G of a dgn-surface M satisfy
the equation Ax = %(G.

Using the equality Ax = —2H given in [4], from Theorem 10 we have that the
mean curvature H of a dgn-surface M is H = —l’zz—ll'f, where H = HG is the mean
curvature vector and H is the mean curvature of M. This result also coincides with
the calculated value of mean curvature H of a dgn-surface M in [12].
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Example 4. Let choose the unit circle a(u) = (cosu,sinu,0) as the base curve.
By taking, b = 0, b, = 1, the parametric form of a dgn-surface M, is obtained as
x(u,v) = (cosu,sinu,v). The Gauss map of My is G = (cosu,sinu,0). Then, by a
simple calculation, we obtain AG = G = (cosu,sinu,0) which shows that the dgn-
surface My has 1-type Gauss map. Since by # 0 or ¥ # 0, by Theorem 9, the dgn-
surface M, is not minimal. Then, it does not have harmonic type position vector. The
graph of the dgn-surface My is given in Figure 4.

\

\
\
\

FIGURE 4. M, with its base curve o (red) and Gauss map (blue).

5. DEVELOPABLE OSCULATING TYPE RULED SURFACES WITH 1-TYPE GAUSS
MAP

An osculating type ruled surface M has the parametric form x(u,v) = a(u) +
vqo(ut), qo(u) = cosOT (u)+ sin®N(u) where u is the arclength parameter of base
curve o, 8 = 0(u) is a smooth function of u and the index “o0” is used to remark that
the ruling always lies on the osculating plane of the base curve o [11]. A new or-
thonormal frame {g,, B, r} has been defined for osculating type ruled surfaces where
r = ¢, X B. The derivative formulae for this frame are

q, 0 wu -m o
Bl=|-x 0 o B
r n -o 0 r

where u = Tsin®, ® = Tcos0, 1 = 0’ +« [11]. The osculating type ruled surface M
is developable if and only if T = 0 or sin® = 0. In both cases, we get u = 0.
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From (2.2), the Laplacian operator on developable osculating type ruled surface
(dot-surface) M is obtained as

Ae [;M (C3aau —C30089;v> +§v <_z;3cos6;u+c3 [£% +cos”6)] i)]

where {(u,v) = m is a smooth function. The Gauss map of the dot-surface M is
obtained as G(u,v) = B(u). In order to compute the Laplacian of the Gauss map, the
partial derivatives of G, components and determinant of the matrix (g;;) are obtained

as G, = —1N, G, = 1T — TN —1*B,G, = G,,, = G,, = 0, {x,,,x,) = (sin® — vn)2 +
0828, (X, X,) = (x,, %) = cos 8, (x,,x,) = 1,g = (sin® — v)? respectively. Then, the
Laplacian of Gauss map is

AG = —xtlT + [t ({71), + 70 —tcosBLL, | N + T°C?B. (5.1)

If © = 0, then the surface is a plane and AG = 0 holds. So, we consider the second
case sin® = 0 for the Laplacian of Gauss map. For this case, we have cos® = 1 and
from (5.1) it follows AG = — ;71> (k1T — TN —1°B) which gives that AG # fG since
we assume T # 0. In this case, the dot-surface M does not have 1-type Gauss map.
Therefore, we have the following theorem:

Theorem 11. A dot-surface M has pointwise 1-type Gauss map of first kind if and
only if M is a plane.

For the Laplacian of the position vector x of M, we calculate the partial derivat-
ives as follows x,,, = kN +v (—n’r — nzqo) , Xw = —MNF X, = 0 and investigate the
following cases:

Case I: Let T=0 and sin6 # 0. Then, the Laplacian of the position vector x of
the surface M is obtained as

Ax=— C{—CZ(C*I)M —{C,cosO
+ [-v*C— (CeosB), + (§(E2 +cos’0)) | cosO
+ [ (C‘l)u —w'¢+2nlcos® —vn{,cos6]sin} T (5.2)
—§{xC+ [-m*C— (CcosB), + (§(E 2 +cos’8)) | sin®
— ¢ (C‘l)u —v'{+2nLcos® — i, cosB] cosO} N.

When t =0, i.e., the base curve is planar, then we have that the dot-surface is a plane.
Then, the equality given in (5.2) is always equal to zero, Ax = 0, in Case 1. Thus, we
have the following corollary:

Corollary 1. A dot-surface M with a planar base curve satisfy the equations

—CQ(C_I)u —&,cos0+y;cosB+y,sin® =0
KL+ y1sin® —y,cos0 =0
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FIGURE 5. Ms with base curve o (red) and Gauss map (blue).

where
y1=—v’C— (cosB), + (C(E2 +cos’D))
y2=mg(¢"), —vn'C+2ncos 6 — v cos6G,.

Case 2: Let T # 0 and sin® = 0. Then, the Laplacian of the position vector x of M
is given by Ax = v32712 T+ V%ZN . Therefore, in this case, we get Ax # 0.
From the above cases, the following theorem is obtained:

Theorem 12. A dot-surface M has harmonic type position vector (or, equivalently
minimal) if and only if its base curve is planar.

Example 5. Let consider the plane curve o given by the parametrization

o= (g5 () ) )

Then, by choosing 6(u) = u/+/2, a dot-surface Ms can be given by the parametriza-

tion () = o) +v <COS (\2) T (u) +sin (\2) N(M))

where T () and N (u) are tangent vector and principal vector, respectively. The Gauss
map of dot-surface Ms is computed as G(u,v) = (0,0,—1) and finally, we obtain that
AG = 0 which indicates that the dot-surface M5 has pointwise 1-type Gauss map of
the first kind. Furthermore, since the base curve o is planar, the surface Ms is a
plane. Then, it is minimal and has harmonic type position vector. The graph of the
dot-surface M5 is given in Figure 5.
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