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Abstract. In this paper, we study the following Choquard equation with logarithmic nonlinearity
—Au+V(x)u = k(o * |u|P)|[u|P~2u+ H(x)ulog|u|, x€Q,
u=0, X €0Q,
where Q C R3 is a smooth bounded domain with boundary 9, k > 0 is real parameter, o €
(0,3), 1, is the Riesz potential. Under some mild assumptions on V and H, we obtain a ground

state solution by variational method and logarithmic inequality. In addition, we investigate the
limit profiles of Choquard equations as o0 — 0 or ot — N.
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1. INTRODUCTION
In this paper, we consider the following Choquard equation

—Au+V (x)u = k(Ig * |u|?)|ulP~2u+ H(x)ulogu|, xcQ,

1.1
u=0, X € 0Q, (D

where Q C R? is a smooth bounded domain with boundary dQ, k > 0 is real para-
meter, p € (1+0a/3,34+a), a € (0,3),] is the Riesz potential, V,H are potential
functions.

Choquard equation was firstly introduced by Pekar [16] in 1954 for describing the
quantum mechanics of a polaron at rest, an electron trapped in its hole by Choquard
[12]. Li and Tang [11] considered Choquard equation with the upper critical expo-
nent, where the nonlinearity satisfies (fy) f € C(R,R)is odd, (fi)lim,o f(t)/t =
lim,_, o, f(t)/t* ~' = 0, where 2* = 2N /(N —2), (f») there exists u > 4 such that

This work is partially supported by Training Object of High Level and Innovative Talents of Guizhou
Province ((2016)4006), Department of Science and Technology of Guizhou Province (Fundamental Re-
search Program [2018]1118), and Guizhou Data Driven Modeling Learning and Optimization Innova-
tion Team ([2020]5016).

© 2022 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2022.3451

724 J. HAO AND J. WANG

0 < uF(t) < f(t)t for all + # 0. When the nonlinear perturbation satisfies (f)
f(t) =o(t) ast = 0, (fi) |f@)| < a(|t] +[t]?"") for some a > 0 and g > 2 with
1/q>1/2—1/N, (f2) there exists u > 4 such that 0 < uF(t) < f(#)t for all t # 0,
Choquard equations with lower critical exponent was studied in [22]. Multiple solu-
tions to Kirchhoff type equations with Hardy-Littlewood-Sobolev critical nonlin-
earity was solved [5, 6]. Next, [10] proved the existence and concentrate behavior
of ground state solutions for critical Choquard equations. Li, Gao and Liang [9]
considered the existence and concentration of nontrivial nonnegative ground state
solutions to Kirchhoff-type system with Hartree-type nonlinearity, where f satisfies
(fo) f € C(R{,R) and C > 0 such that |f'(¢)] < C(1+[¢t|772) forall t € R, (f1)
f(t)/t*P~1 is increasing on (0,0), lim, e, f(t)/t?P~1 = o0 and p € (3 + ). More
results about Choquard equation, we can refer to [15,20,25].

Recently, logarithmic nonlinearity appears frequently in partial differential equa-
tions, which describe physical phenomena, for example continuum mechanics, phase
transition phenomena, and population dynamics. On the other hand, for the para-
bolic equations, we can refer to [2, 3, 8, 14] and the references therein. For partial
equations with logarithmic nonlinearity, we can refer to [1,7, 13, 18,21,24] and the
references therein. Specially, multiple solutions for the semilinear elliptic equations
with logarithmic nonlinearity by Nehari manifold was studied in [18]. Liu and Xiao
[13] analyzed ground state solutions for a fourth-order nonlinear elliptic problem
with logarithmic nonlinearity, where H = 1. When H € C'(R?), mings H > 0 and
mings (V +H) > 0, multiple solutions to Schrédinger equation with periodic potential
and logarithmic nonlinearity was solved in [2]. Furthermore, the maxg: V € (—1, )
and H = 1 with ground sate solutions was seen [1]. Le [24] studied a fractional p-
Laplacian equation in the whole space with the sign-changing logarithmic nonlinear-
ity by using Nehari manifold.

However, the existence of ground state solutions for Choquard equation with log-
arithmic nonlinearity has not been studied. In this paper, we assume that V and H
satisfy:

(V): V e L¥*(Q) and [V~ |3/, < S, where V* = max{V,0},V~ = min{V,0}, and

(H): H € C(Q),u:=infoH > 0, satisfying

max H < 2n(1 —S*1|V*]3/2)/e*8‘g|1/2+2.
o)

According to the condition (V), there exists H € C(Q) and min o(V +H) < 0. So,
our conditions are more complex than [1, 13,21]. Notice that the logarithmic nonlin-
earity does not satisfy (fp),(f1) and (f2), which means that the logarithmic nonlinear
does not satisfy the subcritical or Ambrosetti-Rabinowitz condition. Therefore, the
logarithmic nonlinearity can not be replaced by the general nonlinear term [9-11,22].
Meanwhile, there is no logarithmic Sobolev inequality concerning to the logarithmic
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nonlinearity with H. In order to overcome the above difficulties, we introduce a new
logarithmic inequality.

In this paper, it’s worth noting that we obtain a new existence Theorem 3 on the
ground state solution for the equation (1.1), which is quite different from these in the
polynomial case. On the other hand, our method and conclusion are different from
[18,24]. In addition, we are interested in limit of behaviors of ground solution to
(1.1) as either oo — O or o0 — N.

Theorem 1. Suppose that (V) and (H) hold. Then there exists a ground solution
to (1.1).

Remark 1. Notice that the logarithmic nonlinearity contains potential H. There-
fore, the logarithmic Sobolev inequality cannot be applied directly. By condition (V),
it is not difficult to find that our potential function is sign-change potential function.
In addition, (1.1) contains Hatree nonlinearity. To get our conclusions, it is crucial to
deal with the relationship between H, V and Hatree nonlinearity.

Theorem 2. Let {u,} be a family of ground solution to (1.1) for a close to 0. Then
there exists uy such that uy, — uy and ug is a nontrivial solution of the equation

{—Au+V(x)u:k|u|2p2u+H(x)ulog|u|, xeqQ, (12)

u=20, x € dQ.

Let {u,} be a family of ground solution to (1.1) for o close to N. Then there exists uy
such that uq, — uy and uy is a nontrivial solution of the equation

{—Au—i—V(x)u — k(fo,|ul?) [ulP"2u+ H(x)ulog|u|, xeQ, 13

u=0, x € 0Q.

Remark 2. Seok [19] considered the limit profiles and uniqueness of ground states
to the nonlinear Choquard equations, namely, o« — 0,00 — N. When logarithmic
nonlinearity does not exist, as o — 0, it reduces to the Euler-Lagrange equation. On
the other hand, inspired by [19], we are interested to consider the case of o — N.
In addition, by studying the limit profiles, we can better understand the properties of
logarithmic nonlinearity.

Theorem 3. When k = 0, the equation (1.1) has a ground state solution.

Remark 3. Similarly, we can also consider the following fractional Schrodinger
equation
—Au+V(x)u=H(x)uloglu|, x€Q, (1.4)
u=0, X €0Q, '
where Q C R? is a smooth bounded domain with boundary 9Q, s € (0,1). We assume
that the potential functions H and V satisfy:
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(V1) V € L¥@)(Q) and [V~ l3/(25) < S, where VT = max{V,0},V~ = min{V,0}
and S = inf,cp(0)\ (o) el /1115 32

0
(Hy) H € C(Q),u:=info H > 0, satisfying

6
I'(3) PRl /S‘
(3)

Assume that (V;), (H;) hold, (1.4) has a ground state solution. A complete introduc-

tion to fractional Sobolev space and fractional logarithmic Sobolev inequality, we can
refer to [4, 17,23].

maxH <7 (1 -5~ V7 l32) / <
Q

2. PRELIMINARIES

In this paper, we make use of the following notation:
e H}(Q) is the usual Hilbert space with the norm

1/2
el = ( [ 1vuar)

e L7(Q)(1 < p < ) is the Lebesgue space with the norm

1/p
= ([ vax)

e C,Ci,i=1,2,..., denote various positive constants.

e M denotes maxg H.

e |Q|denotes the Lebesgue measure of Q.

e From the Sobolev and Rellich embedding theorem, the embedding H} (Q) <
L*(Q) is continuous for s € [2,6] and is compact for s € [2,6).

A weak solution to the equation (1.1) is a critical point of the following energy
functional J defined on H} (Q) by

1 k
Jw) = f/(]Vu\z—}—Vuz)dx——/(Ia*\ulpﬂu\pdx
2Jo 2p Ja
1 1
—f/Hu210g|u\dx+f/Hu2dx, uc H)(Q).
2 Jo 4 Jo

It is easy to proof that J is well defined on H}(Q) and J € C'(H}(Q),R). Further-
more,

(J'(u),v) = /Q(Vu-Vv—i—Vuv)dx—k/Q(Ia*|u|p)\u|p72uvdx

—/Huvlog\u|dx, v e HY(Q).
Q
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For each u € H} (Q), by the Holder inequality and the condition (V), we have
/\Vu\zder/ Vitdx > /|Vu]2dx—/ IV~ |u?dx 2.1)
Q Q Q Q

> (1—5*1|V*|3/2)/ |Vu|2dx::8/ IVu2dx
Q Q
where 8 =1-5"1[V"|3),.

Proposition 1. (Logarithmic Sobolev inequality [S, [4]) Let u be a function in
H'(R3)\ {0} and a > 0 be a constant. Then

2
2 uzlogwdx+3(l+loga)|u\%dx<a/ |Vu|*dx.
R3 |ulo T Jr3

For any u € H} (Q) \ {0}, we define u(x) = 0 for x € R*\ Q. According to the
logarithmic Sobolev inequality, we have

2/u log 11 " dr+3(1 + loga)|ul? < /Wu]de 2.2)

Proposition 2. (Hardy-Littlewood-Sobolev inequality [5,0]) Let s,t > 1 and o €
(0,3) with 1/s+1/r=1+a/3. Then there exists a sharp constant C(,s,r) > 0 such
that for any g € L*(Q) and h € L' (Q)

h
//dedy<C(a,s,r)\g!s\h!r-
ala|x—yP@

3. PROOFS OF MAIN RESULTS
Lemma 1. There exists a C > 0 such that,
tlogt|| < C(1+1%), t€R. (3.1)
Proof. Define

f(t):{ S 10,

0, t=0.
Clearly,
lim /(1) =0, lim f(1) = (32)
[t|—0 |t|—e0
It follows from (3.2) that (3.1) holds. O

Lemma 2. For any u € H}(Q) \ {0}, then we have

3(1+1
/Hu log’| dx<M< /\V Pdx— 21t Oga>| \§+2\le/2\uy§>.
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Proof. For 6 > 0, we have
log6 < 0. (3.3)

For any u € H} () \ {0}, then we have
/Hu log Ju ’dx H %log u |dx—|— Hu?log Ju ’dx (3.4)
ul2 lul2 o\ Jul2

where Q) = {x € Q: |u(x )]/|u|2 < 1}. According to the Holder inequality and (3.3),
we deduce

HuzlogwdxéM/ u*1o |‘2dx<MyQ\1/21u\2 (3.5)
Q |ul2 o ]

Observing (2.2), (3.4) and (3.5) that

Hitlog Y ar < M(/u log "L dy — uzdxlogu|dx> (3.6)
0\Q !Mlz Q P Q P

< M(/ u2log||dx+|gyl/2|u|§>
o p
2
a 3(1+loga

< M /yvu\zdx—( £ >|u\§+yg|‘/zyu|§ .
2T Jo 2

It follows from (3 5) and (3.6) that

a? 3(1+1
/Hu log’u| dx<M<2n/ yvu|2dx—(+°g@|u\§+z|g|l/2|uy§>.

2
0
Lemma 3. The functional J has the mountain pass geometry:
(i) there exists p > 0 such that inf),—pJ (1) > 0.
(i) for any u € HY(Q)\ {0}, it holds limy_,eJ (tu) = —oo.
Proof. According to Hardy-Littlewood-Sobolev Inequality, we have
[ ol < cifu, 3.7)

where r = 6/(3 + a). For any u € H}(Q)\ {0}, by (2.1), (3.3), (3.7) and Lemma 2,
we get

1 1 1
J(u) > f/ syvu\2dx—/Hu2log|”‘dx /Huzlogyu|2dx
2 Ja 2 Ja | 2

uy 2o

— Cikful

M
4<25‘7f> A Vufde 4 (3-+ 3loga—410] /?)[uf}

M
_ 5(/9 W2dx)? — Cok|ul?P. (3.8)
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According to the arbitrariness of a in logarithmic Sobolev inequality, we take a =
4Q('/2-3
e 3, we know

3+3loga—4/Q['% > 0.
According to the condition (H), we have

M2
28——a>0.
T

When ||u| = p > 0 is small enough, according to (3.8) and the condition (H), we
complete the proof of (i). For any u € H}(Q)\ {0} and 7 > 0, we have

1 k
J(tu) = 2/Q(Wtu|2+V(tu)2)dx—21)/Q(Ia*|tu|1’)\tu|pdx

1 1
- / H (1) log [tuldx + ~ / H(tu)?dx
2Jo 4 Jo
12 2Pk
:f/(|Vu|2—|—Vu2)dx——/(Ia*|u]p)|u|pdx
2 Jo 2p Jo

2logt 12 12
o8 /Huzdx——/Hu210g|u\dx+—/Hu2dx,
2 Q 2 Jo 4 Jo

and the conclusion (ii) follows. O

Lemma 4. Suppose that {u,} is a sequence in H} (Q) such that u, — u, then we
have

lim/(Ia*\un\p)]un]pdx:/(Ia*]u|p)\u]pdx.
n—e JQ Q

For any v € H}(Q), we have

lim (Ia*\u,,\p)|un|p71u,,vdx:/(Ia*|u\p)|u|p71uvdx.
Q

n—e JQO

Proof. Firstly, by Fatou’s lemma, then we have
/ (I |u|?) | dx < liminf / (L # [16n]?) |10 PdLx. (3.9)
Q n—e JQ

From that u, — u in H}(Q) and 6p/(3 +a) € [2,6), we have that u, — u in
LP/3+9)(Q). Therefore, |u,|? — |ulP in L3+ (Q). Combining with Proposition
2, we obtain

-l (il = )l < Capllinl” = ey 30 310 B:10)
According to (3.10), as n — oo, we have

/Q[Ia*(|un|1’—|u|”|)]|un|pdxHO. 3.11)
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Similarly, we get
/Q(Ia*\u\”)]\un\”—\u\”\dx:o(l). (3.12)
According to (3.9), (3.11) and (3.12), we obtain

tim | {fae (]l e = [ fr ()] e

It follows from Proposition 2 that I * (|u|P~2uv) € L% G+ (Q).
As n — oo, we get

‘/g(za*mny’) |un|p_1unvdx/Q(Ia*|u|p)]u|l’_1uvdx‘

< [ )ty = ]
+ /Q[za*|un|l’—1a*|u\ﬁ]|u|ﬂ*1wdx
< Mot [t 6 3—ot) [P~ v = [u]P~ vl 3—ar

+ /[Ia*\un|”—la*\u\p]]u\p*1uvdx — 0. (3.13)
Q

The proof is complete. 0
Now, we prove that the functional J satisfies (PS) condition.
Lemma 5. J satisfies (PS) condition.

Proof. Assume that {u,} C H}(Q) is a (PS) sequence certifies |J(u,)| < b for
some positive constant b and J'(u,) — 0, as n — eo. We claim {u,} is bounded in
H} (). Indeed, it follows from that for n large enough that

1 1
g/guﬁdXSZ/QHuﬁdx:J(“n)_§<J/(”n)a”n>

1 1
B k/(Ia*|un|p)\un\pdx<b—i—o(l)HunH. (3.14)
2 2p Q

It follows from (3.3) and (3.14) that

/QH|un|210g\un\2dx:log\un\z/QH|un|2dx<M|un|2/g]un]2dx

M
< ﬁ(4b+o(1)uu,,u)3/2. (3.15)
1B

1

setting y= 5 — 35"

according to (3.14), (3.15) and Lemma 2, we have

bt o(1)lual] = I () — 21p<f’<un>,un>
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;( 5_>/ \Vu|2dx+y(3+3loga 419" 2) ul?
—'y/ H\un\210g|un|2dx
>§( a-n) i~ ‘ (34 3loga— 41212 (b + o(1)]Jum )

_ 8My

P (4b+o(1)|lun|)*2,

which concludes the claim. So, going if necessary to a subsequence (still denote
{u,}), we can assume that u, — u in H} (Q). It follows from (3.1) that

‘/Q(Hunlog]un]—Hulog\u])(un—u)dx‘ ~o0. (3.16)
By Lemma 4, we have
'/Q[(Ia* |14 P) || P21ty — (I |u|p)]u|p_2u](un—u)dx‘ —0. (3.17)
On the other hand, we have
et —ul|* = (7" () — J'(u)7un—u>+/g(un10glun|—ulog\ul)(un—u)dx

[ a0 G )]ty — )
Q

— / (Vuy, — Vu) (uy, — u)dx. (3.18)
Q
It is clear that
(J (un) = J' (u),up, — u) — 0. (3.19)
and
/ (Vup, —Vu)(uy —u)dx — 0. (3.20)
Q

Therefore, according to (3.16)-(3.20), we get ||u, — u|| — 0. The proof is complete.
O

Proof of Theorem 1. According to Lemma 3 and Lemma 5, (1.1) exists a non-
trivial solution. Set K = {u € H}(Q) \ {0} : /'(u) = 0}, we know K is nonempty. So
for any u € K, then

()~ 3 (7)) = (;—zp>k/ (o [t ]?) 0] Pl + /Huzdx

>f/Hu2dx>()
4 Jo
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So we may define co = inf{J(u) : u € K}. Let {u,} C K be such that J(u,) — cq, as
n — oo. By Lemma 5, there exists a subsequence (still denote {u,}) and u, — up in
H} (Q). By the continuation of J/, we imply that J(ug) = ¢ and J’ (ug) = 0. We show
that ug # 0. Since u,, € K, we have
(|2t ||* :k/g(la* |un|p)|un|”dx+/QHuﬁlog\u,,\dx

< Collun P + Ca |1 (3.21)

It follows from u, € K and (3.21) that
1< Collual?P72 + Cal ] .

Therefore, we imply that ug 7~ 0. It completes the proof. U

Proof of Theorem 2. A weak solution to the equation (1.2) is a critical point of the
following energy functional J; defined on H} (Q) by

1 k 1 1
Ji(u) = 2/9(]Vu|2+Vu2)dx—2P/Q|u|2pdx—2/9Hu210g|u]+4/QHu2dx,

for all u € H}(Q). It is easy to proof that J; is well defined on H}(Q) and J €
C'(H}(Q),R). Furthermore,

(J{(u),v):/(Vu-VquVuv)dxfk/ |u\p_2uvdx7/Huvlog\u|dx,
Q Q Q

for all v € H} (Q). O
Lemma 6. Fix 1 < p < % Let {o;} > 0 be a sequence converging to 0 and
let {u;} C H}(Q) be a sequence converging weakly in H}(Q) to some ug € Hj (Q).
Then, as j — oo, the following holds:

J oyl = [ fuoPra.
Q Q

For any v € H}(Q), we have

/Q(I%'* Jut|P) P~ ujvdx = /Q|Mo|2p72uovdx.
Proof. For the proof of the lemma, we refer to ([19], Proposition 2.7). O

Lemma 7. Let {u,} be a family of ground solution to (1.1) for o close to 0 and
then there exists ug such that ug is a nontrivial solution of the equation (1.2).

Proof. Let {u,} be a family of ground solutions to (1.1) for a close to 0. Similarly
to proof of Theorem 1, define ¢z, = inf{J; (u) : u € K }, where K1 = {u € H}(Q) \
{0} : J;(u) = 0}. Given u € H}(Q) \ {0}, as a — 0, we get

12 t*Pk
cq < maxJ(tu) = max—/ (|Vu)? +Vu?)dx — —/ (I, * [u]?) |u|Pdx
2 Jo 2p Jo

>0 >0
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*logt 12 12
— ;g /Huzdx——/Hu210g|u\dx+—/Hu2dx
Q Q

2

t
—>max§/(]Vu\2+Vu /]u\z”

>0

B > logt

2
/ Hu*dx — —/ Hu? log |u|dx + —/ Hudx
Q 2 Ja 4 Ja
= maxJ (tu).
t>0
Taking the infimum with respect to u € H} (Q) \ {0}, we deduce that
limsupcg, < 2. (3.22)

oa—0

Since u, is a ground solution to (1.1), by Lemma 5 and (3.22), we obtain that {u,} is
bounded. So, there exists {u;} C HJ (Q) be a sequence converging weakly in H} (Q)
to ug € H(} (Q). We claim that ug is a weak solution of the equation (1.2). Indeed,

lim (Vuj-Vv+Vujv)dx—k/(Ia*|uaj|p)|uj\p_2uvdx—/Hujvlog|uj|dx
J7°JQ Q Q

:/(Vuo-Vv+Vu0v)dx—k/ \uo\p_zuovdx—/Hu0v10g|uo|dx. (3.23)
Q Q Q

Since u; is a ground solution of equation (1.1), then we obtain
(J'(uj),v) = /Q(Vuj'Vv—FVujv)dx—k/Q(Iaj * |uj|P)|uj|P~*uvdx

—/QHujvlog]uj\dx:O. (3.24)
It follows from (3.23) and (3.24) that
/Q(Vuo -Vv+Vugv)dx — k/Q |uo|P~*ugvdx — /QHuovlog |ug|dx
=0=({J1(up),v), (3.25)
which concludes the claim. According to (3.1), we have

1im/Hu?logyuﬂdx:/Hu%logyuoydx. (3.26)
Q

J7JQ

Since ug is a weak solution of the equation (1.2), by the (3.26) and Lemma 6, we
imply

lim [|u|| = lim </ (Io; * ]uj|l’)\uj|l’dx+/ Hu?log|uj]dx>
== \Ja Q

,] —»o0

:/Q|uo|zpdx+/gﬁuglogyuoydx: o] - (3.27)
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According to (3.27) and u; — uo, we have u; — ug. Since u; is a ground solution of
equation (1.1), we get

a2 =k | (Gl )+ | Hoclog gl < Calla |+ ol 3:28)
Observe from (3.28) that

1 < Col|uj||*P~2 + Cy||uj||*. (3.29)
According to (3.29) and u; — ug, we imply that ug is a nontrivial solution of the
equation (1.2). O

A weak solution to the equation (1.3) is a critical point of the following energy
functional J, defined on H} (Q) by

() :;/Q(Wulz—i-VuZ)dx—zl; </Q\u”dx)2

1 1
—f/HMZIOg\u]dx—i-f/Huzdx,
2 /o 4 /o

for all u € H}(Q). It is easy to proof that J, is well defined on H}(Q) and J; €
C!(H}(Q),R). Furthermore,

(Jé(u),v):/(Vu-Vv+Vuv)dx—k/ |u|p/ |u\p_2uvdx—/Huvlog\u|dx,
Q Q Q Q
for all v € H} (Q).

Lemma 8. Fix 1 < p < §75. Let {a;} > 0 be a sequence converging to N and

let {u;} C Hj(Q) be a sequence converging weakly in H} (Q) to some uy € H}(Q).
Then, as j — oo, the following holds:

e+ ras = [ i)

For any v € H}(Q), we have

/(Iaj*|uj\p)|uj|p_lunvdx:/ \uN|1’/ |un |P 2 upnvdx.
Q Q Q

Proof. For a proof of the lemma, we refer to ([19], Proposition 2.8). O

Lemma 9. Ler {u,} be a family of ground solution to (1.1) for a. close to N and
then there exists uy such that uy is a nontrivial solution of the equation (1.3).

Proof. Let {u,} be a family of ground solution to (1.1) for a close to N. Similarly
to proof of Theorem 1, define ¢, = inf{J>(u) : u € K»}, where K> = {u € H} (Q)\ {0} :
J5(u) = 0}. Given u € H} (Q)\ {0}, as o — 0, we have

cq < maxJ(tu)
>0
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2 2Pk
:maxi/(]Vulz—i—Vu )dx—— [ () uldx
Q

>0

2 2
t“logt t t
_oe /Huzdx——/Hu210g|u|dx+—/Huzdx
2 Jo Q

2 *Pk
—>max—/(|Vu|2+Vu /|M|de
t>0
*logt
o /Huzdx——/Huzlog\u]dx—i-—/Huzdx
2 Q 2 Jo 4 Jo
= max.Jp(tu).
>0

Taking the infimum with respect to u € H} (Q) \ {0}, we deduce that
limsupcq < ¢p. (3.30)

a—0

According to Lemma 5 and (3.30), we obtain that {uq} is bounded. So, there exists
{u;} C H}(Q) be a sequence converging weakly in H} (Q) to uy € H} (Q). We claim
that uy is a weak solution of the equation (1.1). Indeed,

tim [ (Vi V-t Vip)de— [ (Tl )y |72
J7JQ Q ’

— | Hujvlog|u;|dx

| Huvioglu;

:/(VMN'VV+VMNV)dX—k/ |uN|pdx/ |ty |72 upvdx
Q Q Q

- /QHqulog |luy|dx. (3.31)
Since u; is a ground solution of equation (1.1), we obtain
W )) = (Vg Vvt V= [ (Fa o g 7)o Zuvae
—/QHujvlog|uj|dx:O. (3.32)
It follows from (3.31) and (3.32) that
/Q(VuN-Vv—I—Vqu)dx—k/Q|uN|pdx/Q|uN|p_2qudx—/QHqulog|uN|dx
=0=(J'(un),v),

which concludes the claim. Since 1 is a weak solution of the equation (1.3), accord-
ing to (3.25) and Lemma 8, we have

i | = i (o P+ | o)
J—ree J—ree Q- Q
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:/Q(\uo\pdx)z—i-/QHu%log|uo|dx: o). (3.33)

According to (3.33) and u; — uo, we have u; — ug. Since u; is a ground solution of
equation (1.1), we obtain

g = | (e o+ | Huogufax

< Coluj I +Calluj 1, (3.34)

By (3.34), we deduce
1 < Col|uj||*P~2 + Cy||uj||*. (3.35)
According to (3.35) and u; — up, we imply that u( is a nontrivial solution of the
equation (1.3). O

According to Lemma 7 and Lemma 9, we complete the proof of Theorem 2.

Proof of Theorem 3. When k = 0, define K = {u € H}(Q)\ {0} : J'(u) = 0}. It
follows from Lemma 3 and Lemma 5 that K is nonempty. So for any u € K, according
to (2.1), the condition (H) and Lemma 2, we have

0= (J'(u),u)
/ 8|Vul2dx — /Hu log /Hu log]u\zdx—i—/Huzdx /Hu2dx
141
> <28—>/ IV dx+M(3(+20ga)—2|Q]1/2—1> ul2
+(1—1ogyu|2)/Hu2dx. (3.36)
Q

40/1/2-
Takea=e¢ 3 , we deduce

1—log|ul> <O0. (3.37)

It follows from (3.37) that e' < [, u. Next, we claim that J is bounded from below
on K. For any u € K, we obtain

1
J(u) = = (' (u),u) = i/gHude > ‘% > 0. (3.38)

which concludes the claim. So we may define ¢; = inf{J(u) : u € K}. According to
(3.38), we get c; > 0. Let {u,} C K be such that J(u,) — ci, as n — eo. By Lemma
5, we know that {u, } is bounded. Therefore, there exists a subsequence (still denote
{u,}) and u, — uo in H} (Q). By the continuation of J/, we imply that J(uo) = ¢ and
J'(up) = 0. Then, u is a ground state solution of equation (1.1). This completes the
proof of Theorem 3. O
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Proof of Remark 3. Define K; = {u € Hj(Q)\ {0} : J'(u) = 0}. Similarly to proof
of Lemma 3 and Lemma 5, we know that K; is nonempty. So for any u € K, accord-
ing to the condition (H)), fractional logarithmic Sobolev inequality and similarly to
proof of Lemma 2, we have

0= (J(u),u)

> 5, / (=A)2uf2dx — / Hitlog Ly
o Q |ul>

—/Hu210g|u|2dx+/Hqux—/Huzdx
Q Q Q

2
> (8= MY [ (C Ay 2ufdr+ MG+ S loga
TES Q Ky

sl"(%)

(3)

where §; =1 — 5! [V~ [3/25. Take a = (

+log 22 oot — Du+ (1 —1og|u\2)/ Huldx, (3.39)
Q

T(5)
(

1)
>

20122\ Y/ .
e 3 , according to (3.39), we

W)
N

deduce
1 —log|ul> <O0. (3.40)

It follows from (3.40) that el fQ u®. Next, we claim that J is bounded from below
on K. For any u € K, we obtain

1, , 1 2 pe!
I =50/ ) = 5 [ a0 (34D

which concludes the claim. So we may define ¢; = inf{J(u) : u € K}. According
to (3.41), we get ¢; > 0. Let {u,} C K be such that J(u,) — ¢, as n — 0. Simil-
arly to proof of Lemma 5, we know that {u,} is bounded. Therefore, there exists a
subsequence (still denote {u,}) and u, — up in Hj(Q). By the continuation of J’,
we imply that J(up) = ¢y and J'(up) = 0. Then, 1 is a ground state solution. This
completes the proof of Remark 3. O

4. CONCLUSION

This paper considers the existence of ground state solutions for Choquard equa-
tion with logarithmic nonlinearity and the limit of behaviors of ground solution to
(1.1) as either o« — 0 or @ — N by variational method and logarithmic inequality.
In addition, we obtain a new existence theorem through the property of logarithmic
nonlinearity. Note that fractional Choquard has been widely studied in recent years.
In the forthcoming paper, we will consider the existence of ground state solutions
for fractional Choquard equation with logarithmic nonlinearity and sign-change po-
tential function on the whole space by variational method and fractional logarithmic
inequality. Lacking compactness will be the biggest difficulty.
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