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Abstract. In this paper, we give general formulas for some weighted binomial sums, using the
powers of terms of certain binary recurrences. As an applications of our results, we show that
the weighted binomial sums of the generalized Fibonacci and Lucas numbers can be expressed
via the second kinds of Chebyshev polynomials and Stirling numbers.
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1. INTRODUCTION

For n > 1, define the binary recurrences {U, } and {V},} by
Up=pUp—1—Up— and Vy = pVy_1—Vp—2

where Up =0, U; =1 and Vy =2, V1 = p, respectively.

The Fibonacci subsequence { F»,} and the Pell subsequence { P»,} are the special
cases of the sequence {U,} for p = 3 and p = 6, respectively. It is also known that
the natural numbers are special cases of the sequence {U,} for p = 2.

The Binet formulas of {U,} and {V},} are as follows:

an _ﬂn n n
Uy=—-—and V, =a" + ", (1.1)
a—p
where a, f = (p + ./ p? —4) /2.
From [4], we have that fork >0 andn > 1,
Ukn = ViUk@m-1) = Uk(n—2)-
Vien = VicVik(n—1) = Vi(n—2)-
Wiemann and Cooper [9] mentioned some conjectures of Melham for the sum:

n

> e

h=1
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where F,, stands for the n'" Fibonacci number.
Ozeki [6] considered Melham’s sum and gave an explicit expansion for it as a
polynomial in F;41.
In general, Prodinger [7] derived a general formula for the sum:
n
> Fs'
h=0
where ¢, 6 € {0, 1}, as well as for the evaluations of the corresponding sums for Lucas
numbers.
In [5], we considered alternating Melham’s sums for Fibonacci and Lucas numbers
of the form Y _, (=) F2"+2 and Y- (—1)" L2"*2 where £,8 € {0, 1}.

2h+8 , 2h+8
Recently Khan and Kwong [3] considered the sums

n n
> onm (Z) Up and Y (1) pm (Z) Uy, (1.2)
h=0 h=0
and expressed them in terms of two associated sequences. The special cases of m =
2,3 leads to interesting binomial and Fibonacci identities.
In this paper, we shall give general formulas for the sums

n n
Z n 2m+ Z n 2m+
(h)thhtm 6, (h)hthtm 8’

h=0 h=0

n n
Z n +h 2m+ Z n +h 2m+
2 (h) (_1)n thhtm & , 2 (h) (_l)n hm Vhtm 8,

where ¢ is a positive integer and € € {0, 1}. In order to do this, firstly we will consider
general cases of the sums given by (1.2) and we shall derive similar formulas for their
Lucas counterparts in the second section. After this, by using these results, we state
our main results in the third section.

2. GENERALIZED WEIGHTED BINOMIAL IDENTITIES

In this section, we will give generalizations of the results of [3] by considering the
sequence {U, } instead of the sequence {U,}. We also give similar formulas for the
Lucas sequence {V;,}. While deriving these results, we follow the proof strategy of

[3].
Define the sequences {Xr,}, {Yin}, {Wkn} and {Z,} for n > 2 as follows:

Xo=0, Xk, = Uk, Xgn = Vi +2) (Xk(n—1) — Xk(n—2)) -
Yo=0, Y =Ux, Yin=t=2) Yet-1) + Yk(n—2)) -
Wo=2, Wy =Vi+2, Win=Vt+2) (Wkn-1) — Wk(n—2)) -
Zo=2,Zr =Vi=2, Zkn= k=2 (Zk(-1) + Zk(n—2)) -
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The Binet formulas of { Xz}, {Yin}, {Wkn} and {Zg, } are

L N ) o

a—ﬁ ’ kn a—ﬁ ’
n

Wi, = (1 +ak)" + (1 +ﬁk)", and Zj,, = (ak—l)n + (,Bk—l) ,

k k _
where of, gk = (Vk:I:,/VkZ—4)/2.

Lemma 1. Forn > 0, we have

3 (Z) Unk = Xnk- 2.1)

Xgn =

h=0
" n
> (h)hUhk =1 (Xgn = Xk(m-1)) > (2.2)
h=0
" n
(h) =" Upk = Yien, (2.3)
h=0
" n
(h) ()" hUpg = n (Yien + Yean) - (2.4
h=0

Proof. Since
n n n n n n
Z(h)ahk:(l-l—ak) and Z(h>,8hk:(1+,3k) ,
h=0 h=0
the first claim follows from the Binet formula of {Up } . Similarly by considering

> (Z) (1 ek = (oF 1), 5 (Z) (1 +h ik = (gF—1)",

we have the third claim.
Considering

o) -te [ S () - Es ()

and similarly

S =n (0= 7) s



56 EMRAH KILIC, YUCEL TURKER ULUTAS, AND NESE OMUR

one can easily obtain the rest of claimed identities. U

Define the operators Dy and Ay on X, and Y, for n > 1, respectively, as
follows:

Dy (Xin) =n (Xgn — Xk(—1)) -
Ay Yin) =0 (Yen + Yen—1)) -

Lemma 2. Forn >0
n
h=0
n
> (W)Vik =1 (Win —Wim-1y)
hﬁo n n+h
X () DT Vi = Zgen,
h=0
n
> (D" Vi = n(Zien + Zin—1y)
h=0
Proof. The proof is similar to the proof of Lemma 1. g

Define the operators Dy and Ay on Wy, and Z, for n > 1, respectively, as
follows:

Dy Win) =1 (Win—Win—1)
Ay (Zgn) =n (an + Zk(n—l))‘
In [3], the authors stated that if Y, _oh™ () Uy is of the form Y. g aj X, then
> =0 () Un = D (X =04k Xk) - Hence the coefficients aj can be computed it-

eratively as follows.
For m > 0, define the polynomials a,, , (n) recursively as follows [3]:

am,yr(n) =M —r)am—1,, ()= —r+1)am—1,-1(n), m>1, (2.7)

with the initial value ag,o (n) = 1 and the convention that a,, , (n) =0 if r <0 or
r>m.

Thus, we see that a similar statement is also valid for the sum ZZ=O (Z)hm Uik,
so we can give the following result.

Theorem 1. Forn >0

Z (Z)thhk = Zam,r (n) Xk(n—r)> (2.8)

h=0 r=0
n n m
> (h) D" PR Upge =Y (=1 am,r (1) Yieaer). (2.9)
h=0 r=0
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n m
n
> (h)hthk = amr (1) Wictn—r)- (2.10)

h=0 r=0
n n m
> (h) D"V = (1 amr (1) Zi(ar).- 2.11)
h=0 r=0

Proof. 1t is known that

. n m - n m—1
Z(h W Upe =D | N W Uk |
h=0 h=0

Thus

m m—1
Zam,r (n)Xk(n—r) =D |:Z Am—1,r (n) Xk(n—r)i|
r=0 r=0

m—1

= am—1,r () (n—r) (Xk(n—r)_Xk(n—r—l))

m—1
+ Y (n=r)am—1, (W)= (n—r+ Dam—1, (1) Xenr)
r=1

—(n—m+ 1)am—l,m—l (n) Xk(n—m)-

Since am,r (n) =0if r <0orr > m, we write

m m
> amr () Xeguery = Y_ (n=1)am-1,r (1) = (1 =1 + D am—1,r (1) Xp(u—r)-

r=0 r=0
The recurrence for a,, » (n) follows directly by comparing coefficients. The rest of
the claimed identities could be proved similarl. O

For example, when p =2 in (2.8), we have thata = 8 = 1,50 X, = n2"~1 which
was also given in [3]. In order to get different examples of our results, suppose that
k = m = 2, then by using the results above, we obtain

n 2
n —
E (h)h2U2h = E az,r (1) Xo(n—r) = 2"2n? (n+3).

h=0 r=0
Now let p =3,k =2 and m = 1. Then U, = Fy, so we have

n
n 5=1/21,  ifnis odd
Yon = —)" Fay = o ’ 2.12
2n lzZ;)(h)( : “ { 5"/2F,,,  ifniseven. (2.12)



58 EMRAH KILIC, YUCEL TURKER ULUTAS, AND NESE OMUR

By (2.12), we also get

n 1
> (Z) (D" hFyp =Y (=1 arr () Yagu—r
r=0

h=0
=ay0(n)Yan—ai,1 (n) Yom-1)

| n5TD2 (Lo + Fop—p), ifnis odd,
| n5®D/2(5F,, + Ly,_»), ifn iseven.

Similar to the above examples, one can obtain various results for different values of
k and p from the results above.

3. THE MAIN RESULTS

In this section, we give general formulas for the sums:

n n
n 2m+ n 2m+
Z (h)thhtm °, Z (h)hmvhtm ’

h=0 h=0
n n n n

+h 2m+ +h 2m+
h§_0 (h) (=D"T"RMUZMTE and h§_0 (h) (=D TRy,

where ¢ is an positive integer and ¢ € {0, 1}.

We shall assume that p in the definition of the sequence {U,} is a positive integer
different from 2 throughout in this section.

For the readers convenience and for later use, it would be convenient to recall some
facts from [8]: For any real numbers m and n,

(t-1)/2 , A .
, 2 () ) (2 ) if 7 is odd,
(m+n) =159 . i g ) e
l_;o (;) mn)" (m' =" 4-n"=2") + (:/2) (mn) if ¢ is even,
3.1
and
(t=1)/2 o | .
.ZO (f) (mn)" (=1)' (mt_ZZ —nt_zl) if ¢ is odd,
i=
(m—n)' =0 2NV (=20 4 pi—2i (3.2)
. —1 t—2i t—2i
L @ e EOHm T 4T even.

+(,72) nm)'/2 (=1)'12

Theorem 2. i) Fort,m > 0,

n N U2m m—1 o m
Z (h)ththm = (Vth)m Z (—l)l ( ; ) Zam,r (n) Wt(2m—2i)(n—r)
t i=0

h=0 r=0
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uzm  (2m
+—— (=D™2"7™P (n),
(V2 -4)" ( m )

where P (n) is a monic polynomial of degree m satisfying > 1 _o (Z)hm =2"""pP (n).
ii) Fort,m >0,

— (n 2m+1 Uin o\ i [2m)\
Z ) Uyt = ﬁZ(—l) . Zam,r (n) X1 @m+1-2i)(n—r)-

Proof. i) For t > 0, by the Binet formula of {U}}, we have

n n ht _ pht\ 2™
n myr2m __ n m| % _ﬂ
2 (32 () (5F)

Using (3.2), we write

n
z(’W

h=0

By taking k = 2¢ (m —i) in (2.10) and Z ( )hm =2""" P (n), where P (n) is

a monic polynomial of degree m (for the coefﬁ01ents of this polynomials, see the
sequence A/02573 in the OEIS or see [1], p. 135), we write

n
Z n
U2m m—1

2
= = )m Z( 1)’ ( m)zamr(n) Wi@m—2i)(n—r)
t
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—_— — n.
(v2—4)" \m
ii) The proof is similar to the proof of i ). O
For example, when p = 6, m = 3 and t = 2, we derive

n 3 3
n 1 (6
3 (h)h3U27h =52 (l) Y asr (1) X(7-2i)n—r)
i=0

h=0 r=0

3 3
1
=3 (Z as,r (n) X7(n—r)y—6 Z az,r (n) Xsp—r)
r=0

r=0

3 3
+15 Za3,r (n) X3(n—r) =20 Za3,r (n) X(n—r)) .

r=0 r=0

For p = 6 in the definition of sequence {U,}, we have U,, = %PM, where P,, is the
n™ Pell number. Thus

1 <A (n
X, = 5}; (h) Pay = Uy (V2), (3.3)

where U, (x) is the Chebyshev’s polynomials of the second kind. We have also
another formula for X, as shown:

1< [n

h=0
where Wy, (a,b; p,q) is the Horadam sequence (see [2]).
Using (3.3), we get

£ ()

h=0

= % [n3U7n(ﬁ) — 1 (2n% + 21— 1) Uy(n—1)(V/2)

+3n (1 —1)* U2y (V2) —n(n = 1) (n = 2) U7 (n—3) (V/2)
—6 (n3U5n(«/§) —n (202 421 = 1) Us(n_1)(V2)

31 (1= 1) Us(u2) (¥V2) =1 (n = 1) (n =2) Us s (V)
+15 (n3U3,,(«/§) —n (20 + 21— 1) Us(u_1,(v/2)

31 (1 =1)2 Usu2) (¥V2) =1 (n = 1) (1 =2) Uss 3 (¥2))
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~20 (n3Un(¢§) —n (202 +2n = 1) Up_1(V/2)
430 (n—1)? Uz (V2)—n (n—1) (n—2) U(n_3)(f2))] .

Theorem 3. i) Fort, m > 0,

Z (Z) (_1)n+h ththm

h=0

vzr " (am) &
=L DT DD D amr (1) Zarn—iyn—r)
(Vt _4) i !

| =0 r=0

2m
+(vlijy"(2mm) (=)™ S (m.n).
t

where S (m,n) is the Stirling numbers of the second kind.
ii) Fort,m >0,

" n
Z (h (_1)n+h ththm'i'l

h=0

D[2m+1) & .
DT 22D amr () Yiemi1-2n0n)-
r=0

y2m m
=t mz
(Vt2_4) i=0
Proof. i) For t > 0, consider

n n ht _ pght \ 2™

n h 2m n hym (¢ _:8
(=Dt pmy2m = -nthm | — .

>(;) HE s =

By (3.2), we write

h=0
1 " (n
P -1 n+h hm
)
- (2m i ht(@m=2i) | pht(@m—2i) 2m m
> ;D (Of +8 ).+ L ]eD
i=0
B ) Z — ( i )Z (h) "R Vi am2i)
i=0

h=0

61
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2m _ _1\nthpm
(a ﬂ)z,,,( )( )Z()( i pm,

By taking k = 2¢ (m —i) in (2.11) and since

n

3 (Z) (—1)" B = 1S (m,n)

h=0
where S (m,n) is the Stirling numbers of the second kind, the claim is obtained.
i1) The proof is similar to the proof of 7). U

For example, when p = 3, we get U, = F5,. Form =t = 2, we have

Z (Z) (_1)n+h h2U25h

h=0

SZZ( 1y’ ( )Z(—l)’az,r (1) Ya(s—2i)(n—r)

r=0

(Z( )" az,r (1) Yio(u— r>—SZ( D" az.r (1) Yo(u—r)

r=0

+10 Z (_l)r az,r (n) Y2(n—r)) .

r=0

Since
n

n

=2 (h) (1" Fop = Fy,
h=0

we get

n
n 1
Z (h) (1) th h*U;, = ) [nFion +n(2n—1) Fiom-1) +n (1 —1) Fiom—2)
h=0

—5(nFsn+n(2n—1) Fo—1) +n(n—1) Fo(_2))
+ 10(nFan+n(2n—1) Fyp_1) +n(n—1) Fa(n_3))].

Theorem 4. i) Fort, m > 0,

n m—1 'm
Z (Z)hmvhztm = Z ( ) Zam r (n) Wt(2m 2i)(n—r) + ( )211 P (”)

h=0 i=0 r=0

where the polynomial P (n) is defined as before.
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ii)Fort,m >0,

n
n 2m+1
Z (h)hm thtm—i-l Z ( ; ) Zam r (n) Wt(2m+1 —2i)(n—r)-

h=0 i=0 r=0
Proof. i) For t > 0, by the Binet formula of {V},}, we write
" n n n 2m
3 (k)hthZtm = (h)h”’ (a+p")"
h=0 h=0
which, by (3.1) and since af = 1, satisfies

n n m—1
Z (Z)hm thtm _ Z (Z) B [Z (21171) (aht(Zm—Zi) +ﬂht(2m—2i))

h=0 h=0 =0

{eJor
E)E e ()5

n
By taking k = 2t (m—i) in (2.10) and since ) (Z)hm = 2""" P (n), where
h=0
P (n) is defined as before, we get

n m—1 ) m
Z (Z)hthZIm = Z ( m) Zam r (”) Wt(2m —2i)(n—r) + ( )2n mp (n)

i1) The proof is similar to the proof of 7). 0

Theorem 5. i) Fort,m > 0,

n

Z (Z) (_1)n+h hthZtm

h=0

m—1 ) P
Z ( m) Z (=1 am,r () Zt2m—2iyn—r) + (:)H!S (m,n),

i= r=0
where S (m,n) is the Stirling numbers of the second kind.

ii)Fort,m >0,

n

n n m
Z (h) (_1) +hh Vh2tm+1

h=0



64 EMRAH KILIC, YUCEL TURKER ULUTAS, AND NESE OMUR

2 (2m+1) &
= Z ; Z(_l)ram,r (”) Zt(2m+1—2i)(n—r)-
i=0

r=0
Proof. i) From the Binet formula of {V},}, we write
= (n h NE h h he\2™
Z i (_1)n+ hthztm — Z . (_1)n+ hm (Ol t_,’_IB t) ’

which, by (3.1) and since @ = 1, is equivalent to

n
Z Z (_l)n—i-hhthZlm

h=0

n n m—1 'm
_ _p)rthym (ht(Zm—Zi) ht(2m—2i))
2 ) o e

+

(2m ((X,B)thm

m
m—1 m n n
= ( > L =D W™ Vi am—2iy

i=0 h=0
m h ’
h=0
By taking k = 2t (m —i) in (2.11) and since
n

3 Z (=) h = p1S (m.n),

h=0
where S (m,n) is defined as before, the claim is obtained.

i1) The proof is similar to the proof of 7). 0
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