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Abstract. In this paper, we study the complex dynamical behaviors of a discrete-time SIR epi-
demic model. Analysis of the model demonstrates that the Diseases Free Equilibrium (DFE)
point is globally asymptotically stable if the basic reproduction number is less than one while
the Endemic Equilibrium (EE) point is globally asymptotically stable if the basic reproduction
number is greater than one. The results are further substantiated visually with numerical simu-
lations. Furthermore, numerical results demonstrate that the discrete model has more complex
dynamical behaviors including multiple periodic orbits, quasi-periodic orbits and chaotic behavi-
ors. The maximum Lyapunov exponent and chaotic attractors also confirm the chaotic dynamical
behaviors of the model.
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1. INTRODUCTION

For centuries, infectious diseases have ranked with wars and famine as major chal-
lenges to human progress and survival [8]. The Black Death of fourteen century
and the 1918-1920, the SARS of 2003 and the global outbreak of covid-19 recently,
which have a huge impact on the world economy and people’s health without doubt.
To prevent and control the spread of infectious disease, we must understand its patho-
genesis. Epidemic dynamical model is one of the most useful tools to understand the
pathogenesis of diseases. Kermack and McKendrick pioneered compartment model
to predict the spread of disease. Hence then, various epidemic models are studied to
control infectious disease [3],[4][51.[61.[71,[1 1 1,[12].[15].

Generally, epidemic dynamical models have two kinds: one is continuous-time
models described by differential equations, another is discrete-time models described
by difference equations. When the size of population is rarely small or the population
has no overlapping generation, the discrete-time models are more appropriate than the
continuous ones. In reality, most fish and insect populations have no overlap between
successive generations, and thus their population evolves in discrete-time steps [1],

© 2022 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2022.3417

194 OZLEM AK GUMUS, QIANQIAN CUI, GEORGE MARIA SELVAM, AND ABRAHAM VIANNY

[131,[17]. In theory, discrete-time system has much more richer dynamical behaviors
than the continuous system.

Recently, many authors studied the dynamical behaviors of discrete epidemic model.
Hu et al. [19] discussed the dynamical behaviors of a discrete SIR epidemic model,
which derived by applying Euler scheme to corresponding continuous SIR epidemic
model. Cao et al. [9] investigated a discrete SIR epidemic model with bilinear in-
cidence rate and constant recovery. These all shows that the stability of discrete
model determined by the basic reproduction number and, discrete model undergoes
bifurcation and exhibit complex dynamical behaviors, such as the period-doubling
bifurcation in period-2,4,8, quasi-periodic orbits and chaotic sets.

In this paper, we mainly study the stability and bifurcation of the following discrete
SIR epidemic model by including vaccination to the model given by [16]

o
Siv1=(1—p)Si — NItSt +B(R +1),

o
Iy :NItSt“‘(l_B_'Y)It? a.D
Riv1 =(1—B)R +I + pSi,

with initial conditions Sp, Iy and Ry, (So + Io + Ry = N), which are positive real num-
bers. Here 0 < p+o < 1 and 0 < B+7y < 1. Also, B is the probability of death which
is equal to the probability of birth, 7y is the probability of recovery, p is the proportion
vaccinated, ol is the contact rate, and N is the total population size.

The organization of this paper is as follows. We first give the existence and stability
of equilibria in section 2. Then, the numerical simulations are stated in section 3. In
section 4, we simulate the complex dynamical behaviors including multiple periodic
orbits, quasi-periodic orbits and chaotic behaviors. Finally, we give a discussion in
the last section.

2. EXISTENCE AND STABILITY OF EQUILIBRIA

Since S, + 1, + R, = N is a constant, then the dynamical behaviors of model (1.1)
is equivalent to the dynamical behaviors of the following model

o
Set1=(1—p)S; — NItSt +B(N=S),
o (2.1)
bt =S+ (1B,

where p, a, B, and 1y are positive parameters.

B+p’

P = ((BQ)N, N(OLB*OEP[;:Q,)(”W))) has been obtained in [14] by using S; = S, = S*

and It :Il+1 :I*

On examining system (2.1), the equilibrium points Py = (BN O) and




ANALYSIS OF A DISCRETE TIME SIR EPIDEMIC MODEL 195

The condition for the equilibrium to be locally asymptotically stable is presented
in the following lemma.

Lemma 1. /2] Assume that X,,1 = F(X,),n=0,1,... be a system of difference
equations and X is a steady state point of F. If all eigenvalues of the Jacobian matrix
Jr about the steady state X lie inside the open unit disk |A| < 1, then X is locally
asymptotically stable. If one of them has absolute value greater than one, then X is
unstable.

Definition 1. [10] Suppose x is an equilibrium of the difference equation,

X1 = f(x)
where f: [0,a) — [0,a), 0 < a <oco. Then X is said to be globally attractive if for
all initial conditions xy € (0,a),lim,_,., = X and is said to be globally asymptotically
stable if X is globally attractive and if X is locally stable.

The theorem signifies the result on the roots of the polynomial based on trace and
determinant of the jacobian matrix.

Theorem 1. [/8] The characteristic polynomial
F(x) =x*+Bx+C,
has all its roots inside the unit open disk (|x| < 1) if and only if
(i) F(1) >0and F(—1) > 0;
(i) Df =1+C>0and D] =1-C>0
where —B is the trace of Jacobian matrix and C is the determinant of Jacobian matrix.
Now, we investigate the global stability of these equilibrium points. For analyzing
the global stability of disease-free equilibrium Py = (&_—Np, O) , we give the following
theorems.
Theorem 2. Assume that 0 < B+ p < 1. The disease-free equilibrium (DFE) point
Py= (lﬁr—Np, 0) of system (2.1) is globally asymptotically stable if,

op

Ro=GrmBry =

(2.2)

Py is unstable if Ry > 1.

Proof. By considering (2.1), we can get the Jacobian matrix as

_(XB
Jp, = ( L=p=Pp w TP >
0 gy TI=B=Y)

evaluated at Py, the eigenvalues are

o __op 8
M=1-p-B, 7»2—(B+p)+(1 B—7).
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The conditions 0 < B+p < 1,0<B+7<1and Ry < I implies that |A;| < 1 and
A2| =1 = (B+7v)(1—Rop)| < 1. It follows from Lemma 1 that the DFE point P, is
locally asymptotically stable if Ry < 1. When Ry > 1, we have A, = 1 — (B+7)(1 —
Ry) > 1, then the DFE point P, is unstable. From the first equation of system (2.1), it
is easy to see that S, satisfies the following inequality:

S <BN+(1—p—B)Si—1.
_ BN

The equation u; = BN + (1 — p — B)u,—; has a unique equilibrium point u* = pa it
which is globally asymptotically stable. From inequality (2.2) and the comparison
principle, we know that for any small €, there exists a positive integer 77 such that
S < IPTNB + €, for all + > 7. From the second equation of system (2.1) and S; <

BN
v +¢€1,t > T7, we have

o
I < (1—([3+y)(1—R0)+81N)1,,1, fort > Tj.

The conditions 0 < B+7vy < 1, Ry < 1 and the arbitrarily of € imply 0 < 1 — (B +
Y)(1 —Ro)+¢€15 < 1. Then we can rewrite (2.2) as

o\ !
I < (1—([3+7)(1—R0)+81N) Iy, fort > Ty,

from which we can derive that
limZ, = 0.

t—voo
Therefore, for any small €, > 0, there exists a larger positive integer 7, > 77 such that
I; < & fort > T,. Then from the first equation of system (2.1), we have

o
S[ ZBN"‘(I—p—B—EZN) Sl—]7 fOl‘t>T2.

Then from the comparison principle, we know that for any small €3 > 0, there exists
an integer 73 > T such that S, > —¢gzforallt > T3. Let Ty = T1 + T3, then
the inequalities

BN
B+p+era/N

BN BN
P ey <SS, < gy, fort> Ty,
B+p+e0/N 3= t_[3+p+ B tor 4

and the arbitrary of €;,€; and €3 imply that

lim S, = Bi,
—5o0 B+
Thus the limits
N
lim S, = P and lim/, = 0.

o0 B+p oo
imply that the DFE point Py is a global attractor if Ry < 1. Consequently; since P
is locally asymptotically stable if Ry < 1 and Py is global attractor, we have the DFE
point Py of system (2.1) is globally asymptotically stable if Ry < 1. O
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Remark 1. [3, 14] The basic reproductive ratio Ry is referred as 7(3 ) B This

ratio is a threshold parameter for the SIR epidemic model. If Ry < 1, then there exists
the DFE point which is locally asymptotically stable .

Theorem 3. The endemic equilibrium (EE) point P; = ((B txY)N, N(“Bféﬁ;&(p +B)))

of the system (2.1) is locally asymptotically stable if Ry > 1.

Proof. By considering (2.1), we can write the Jacobian matrix evaluated at P; as

l—p—B—%" _p3_
bﬁ:< O Y>- 23)
N
The characteristic polynomial of the Jacobian matrix Jp, is as follows:
ol* ol*

G(A) =22 — <2—p—[3— N >x+1_p—13—(1—13—v) N

It is easy to verify that G(1) = (B+Y)%-. G(0) =1—-p—B—(1—Pp—7)% and

61 =20-p-p+2(1- %) - 0%
>2(1-p-B)+20-a)+ B+ 1"

2.4)

Since Ry = % > 1 implies o > B+ p, then using the assumptions 0 < p+ o <
1, 0 <B+7y<1, wehave G(1) >0, G(—1) >0 and C = G(0) < 1 when Ry > 1.
It follows from Theorem 1 that the two roots, A; and A, of the equation G(A) =0
satisfies [A1| < 1 and |A2| < 1. Therefore, from Lemma 2, we conclude that EE point
P, is locally asymptotically stable when Ry > 1. U

Let L, = S, + I, then we can rewrite system (2.1) as follows
Ly = BN+ (1=B=p)Li+(p—V1,
I L 1— I.
Sl 1)+ (1 =Bk

The global stability of the positive equilibrium point of system (2.5) is equivalent to
that of system (2.1).

(2.5)
Iy =

Theorem 4. The endemic equilibrium(EE) point of the system (2.5) is globally

asymptotically stable if
(i) 1<Ry< Bgﬁrv < 2+B+anz{p W and p <,

(ii) 1<Bgf+Y<R <2+B+§i%andp>y.

Proof. The global stability of the positive equilibrium point of (2.5) is quite diffi-
cult, so we consider two cases to prove it.
Casel. p <y.
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From the inequality O < I; < L, and the first equation of system (2.5), we obtain
L1 <BN+(1-B—p)L,
Ly 2BN+(1-B—p—7)L.
From these two inequalities in (2.6) and the comparison theorem [15], we know that
for any small € > 0, there exists a positive integer 7] such that Ll1 <L <Ljfort>T,
I _ BN r_ BN
where L] = i —¢eand L] _B+p+8
When ¢ > T;, we substitute L1 < L; < L into the second equation of (2.5), then
we obtain

(2.6)

liv1 2> NIt (Ll ) (1-B—74,

It+1<NI,(Lr L)+ (1-B=71.

Let us consider the following auxiliary equations corresponding to the inequalities in
(2.7)

Q2.7)

I = Nﬂ(U 1)+ (=B,
Foa = ol (L =)+ (1= B=).

Define I! = MU Fand I' = MU ’. Then we can rewrite (2.8) as

2.8)

follows

o
Ut+1 —rlUtl (I—Utl>7W1th rl:l_B_,Y‘i_*Ll?

N ’9
ot (2.9)
Utr+1 :rrU[r(l —U,r), with r" =1 _B_'Y‘i‘NL{-

It follows from [10] that the first equation of (2.8) has a positive equilibrium I

Ll1 (ByN H) , which is global asymptotically stable if 1 < Ry < P Ep < 2+EI[’Z ﬂ A

similar argument implies that the second equation of (2.8) has a positive equilibrium
I,=L— (ByN H) , which is globally asymptotically stable if 1 < Ry < QEEJ”U .

The global asymptotic stability and the comparison theory imply that there exists a
T> > T; such that I{ <I; <Iforallt > T, where I{ = I{* —eand I{ = I, +&. When
t > T, by substituting the inequality I{ < I; < I{ into the first equation of (2.5), we
have

Lipi 2 BN+ (1=B—p)Li+(p =1,
Livit SBN+(1—=B—p)Le+(p—V)1i.
From (2.10) and a similar argument, we can derive that there exists a positive integer

T; > T, such that Ll < L; <L) for all t > T3, where le — BN+l €and L) =

B+p
W +&. Obviously, L} < L) < L5 < Lf.

(2.10)
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When ¢ > T3, the inequality le < L; < L substitute into the second equation of
(2.5) implies
o
I > NII (le —I,) +(1=B-Vi,
o (2.11)
li1 < NII (Ly—1)+ (1 =B—=7)1.

A similar argument implies that there exists a 74 > T3 such that Ié <L <Ifort>1y,
where Ié = Ll2 — W —¢€and I} =L} — W +¢€. By substituting L5, le into Ié,
I;, we derive

b= PV B R 1y e,
B+p o
By (2.12)
r P 1
=211 PTYNRy — 1) +2e.
2 I3+p1+OLN(O )+2e

When ¢ > T, and Ié < I; <1, equations in (2.12) hold. Then from the induction,
we know that there exist sequences Tgk,l,TZk,Li,L,’(,I,ﬁ,I,f such that I,ﬁ << I,ﬁ for
t > Ty, and I,i,l,g satisfy that

g =P B YR 1y e,
Bt « (2.13)
_ + :
I, = gTZI,i + B(XYN(RO —1)+2e

One can easily check that linear system (2.13) has a unique positive equilibrium
P.(IL(e),12(€)) with
2 2
o B+2p—v o B+2p—v
which is globally asymptotically stable. That is,

N(Ry—1)—

lim I, = I'(¢) and lim I} = I’(g).
k—boo k—oo
The arbitrary small of € means that

lim/Z () = lim I/(e) — BZPN(RO —1).

£—0 £—0

Then from the inequality /, ,i < I; < I} and those limits, we derive that

lim /; = B;])N(RO —1).
Similarly, we can prove that the sequences {L!} and {L;} is a linear system of differ-
ence equations and satisfy

PN  p—v

limL =limL, = — + = 'N(Ry— 1 e— 0.
P v B+p+ o (Ro—1), as
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The inequality Lfc < L; < L; and the limits implies that

liml, = o——+~——N(Ro—1).
fmb =g+ (Ro—1)

Finally, from L, = S; + I;, then we have
N
lim S, = hm L, —lim/;, = (B +)
t—oo t—voo o
Therefore, the endemic equilibrium P; of system (2.5) is globally asymptotically
B+p+y _ 24+B+p
stable when 1 < Ry < By < Bip and p <.
Case 2.p > .
For this case, from the inequality O < I; < L; and the first equation of system (2.5),
we obtain

Lyt <BN+(1-B—-7)L,
L1 2PN+ (1-B—p—7yL:.
Similarly, using the comparison theory, we have that for any small & > 0 there exists
a positive integer 7 such that L < L, < L} for t > Ty, where L} = — 8 and
b _
L] = B e ARNE
When ¢ > Tj, by substituting inequality Ly <L < Llf into the second equation of
(2.5), we have

2.14)

B+p+Y

o
Iy > le Ly —=5L)+(=B-71,
2.15)
o (
bt < h (L ) F(1—B-YI.
Define
L= NIt (LY —L)+ (=B -,
(2.16)

fiy1 = N11<Lb ) (I_B 'Y)‘

. _ (1-B— LY s 1-B— L .
Using transform [’ = %V;‘ and I” = %Vt” , then we can rewrite

(2.16) as follows

o
S =V (1=V}), withr’ =1 _B_Y‘i‘NLS,
o (2.17)
Vi =r"v7 (I—Vb), with ’? =1-B—y+ NU]’_

It follows from [10], we know that the first equation of (2.16) has a positive equi-
librium I§, = L} — W, which is global asymptotically stable if %( <Ry <

24+-B+p+y
B+p

Lll’ (BryN H) , which is globally asymptotically stable if 1 < Ry <

, and that the second equation of (2.16) has a positive equilibrium If’* =

2+B+y
B+p -
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It follows from the asymptotic stability and the comparison theory that there exists
aT,>Ti suchthat Ij < I, < Ilb for all t > T, where I{ = I}, — 6 and I{’ = Ilb* + 0.
When t > T5, by substituting the inequality I} < 1I; < Ilb into the first equation of (2.5),
we have

Ly 2PN+ (1=B—p)L+ (p =),

) (2.18)
Lyt <BN+(1=B=p)Li+(p =11

Similarly, from (2.18), we derive that there exists a positive integer 73 such that L <
L, < L5 forallt > Ts, where LS = W dand L = W + 9. Obviously,
Ly <Ly<LS<Lb

When 1 > T, the inequality L} < L, < Lg substitute into the second equation of
(2.5) implies

liy 2 NIt (Ly— 1)+ (1 =B =)L,

(2.19)

li1 < NII (Lz ) (I=B=71.

Similar argument implies that there exists a 7y > T5 such that I < I, < I} for t > T,
where

pops— BEON 5 g+y 5+ BN R — 1)~ 25,

(2.20)
Py (B+vN P +B+YNR 1)t 28
2=l Btp (Ro—1)+26.

Equations in (2.20) hold if # > 7, and L<I< Ié’ . Then by the induction, there exists
sequences {13}, {I'} such that I} < I, < I? for all t > Ty, where I}, 1] satisfy that
P=V, BEyy
I I
k1 = Bt p - +— o N(

I, = ng D=V, MN(R —1)+28.

Note that the first and the second equation of system (2.21) are both linear difference
equations and 0 < B +Y < 1, then it is easy to verify that

Ro—1)—28,
2.21)

1m1,§:5ﬂzv(1e 1y 2BV s i g Bﬂz\/(le 14 2B

om B+p Jm Jy B+p
The inequality I < I, < I” for t > Ty and the arbitrary of § suggest that

lim I, = l3jx_pN(RO— ).

t—ro0



202 OZLEM AK GUMUS, QIANQIAN CUI, GEORGE MARIA SELVAM, AND ABRAHAM VIANNY

Similar to the proof of case 1, we have

Therefore, the endemic equilibrium point P; of system (2.5) is globally asymptotic-
ally stable when 1 < Bgﬁ;y <Ry < ZEE;FY and p > .
Therefore, we conclude that the endemic equilibrium point P; of system (2.5) is
+p+y 2+B+min{p,y}

globally asymptotically stable when 1 < By < Ry < B 0

3. NUMERICAL SIMULATIONS

In this section, our aim is to present numerical simulations to illustrate the key
results of theoretical analysis and graphical representations in the form of time plots,
phase portrait diagrams of system (2.5).

Example 1. For DFE point, we take the parameter values as N = 100, p = 0.5,
B=0.95 a=0.8, y=0.0005 and initial values as (So,lp) = (100,30). The eigen
values are |A;| =0.9795 < 1, |A2| = 0.7780 < 1 and basic reproductive ratio Ry =
0.5514 < 1 then DFE point of the system (2.5) is globally asymptotically stable (see
Figure 1).

1004 30
——5
——1
S5l 25
o 20 Tprict
g 60
g
E. —~ 15
& 40
10
20+
5
0 0 g
0 5 10 15 20 60 70 80 90 100
Time in days 5

FIGURE 1. Time plots and phase portraits of DFE point of the sys-
tem (2.5) with stability Ry < 1.

Example 2. For EE point, we take the parameter values as N = 100, p = 0.0005,
B =0.025, o = 0.6, y= 0.3 and initial values as (So,lp) = (100,30). We apply
the conditions 1 < Ro(= 1.81) < E22¥(=12.7647) < 25822 (=79.4314) and p(=
0.0005) < y(=0.3) then the endemic equilibrium point of the system (2.5) is globally

asymptotically stable (see Figure 2).
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FIGURE 2. Time plots and phase portraits of EE point of the system

(2.5) with stability Ry > 1

Example 3. For EE point, we take the parameter values as N = 100, p = 0.5,
B=0.2,0=0.8,y=0.0005 and initial values as (So,ly) = (100,30). We apply the

conditio

ns BE2EY (= 1.0007) < Ro(= 1.14) < ZEB;Y

B+p

(=3.1436) and p > 7 then the

endemic equilibrium point of the system (2.5) is globally asymptotically stable (see
Figure 3).
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FIGURE 3. Time plots and phase portraits of EE point of the system

(2.5) with stability Ry > 1.

4. BIFURCATION AND CHAOTIC BEHAVIOR

In this section, we present the bifurcation diagrams and maximum Lyapunov expo-
nent and chaotic attractors of the system (2.5). It is known that Maximum Lyapunov
exponent qualifies the exponential divergence of initially close state-space trajector-
ies and frequency employ to identify a chaotic behavior.
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FIGURE 5. The bifurcation diagram in (ot — S —I) space and the
Maximum Lyapunov exponent corresponding to Figure 4(a-b).

The bifurcation diagrams are considered for three cases:

Case 1. Fixing parameters N = 100, B = 0.3, p = 0.0009, y = 0.01 and varying
ac(2,34).
The bifurcation diagrams of the system (2.5) plotted in particular range of o € (2,3.4)
with the contact rate o as the bifurcation parameter are given in Figures 4(a-b). The
bifurcation diagram of the system (2.5) in (oo — S —I) space is given in Figure 5(c).
The Maximum Lyapunov exponent corresponding to Figures 4(a-b) are computed
and plotted in Figure 5(d) confirming the existence of the chaotic regions and period
orbits in the parametric space. Figures 6(a-b) is the local amplification corresponding
to Figures 4(a-b) for a € [3,3.3]. The phase portraits for various o-values corres-
ponding to Figure.4(a-b) are plotted in Figures 7(a)-(f) to illustrate the observations.
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Furthermore, the stable equilibria at a0 = 2.2, the emergence of periodic-2,4,8 or-
bits are observed when o0 = 2.6,2.9,2.95 in Figures 7(b)-(d). For instance, when
o = 2.99,3.0 chaotic attractors appears in Figures 7(e)-(f). Some interesting phe-
nomena are also seen in different chaotic attractors in the range o = 3.1 to o0 = 3.3.
The occurrence of chaotic regions is observed in Figures 6(a)-(b), these phenomena

are illustrated by the phase portraits in Figures 8(g)-(1).
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97.8 98

88 (a)a =22 000 (b) x=2.6
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90
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— 82 - B0
80 7%
70
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65
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7 972 wa o ws a1 a8 %7 a1
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i 90
80
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70
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FIGURE 7. Phase portrait diagrams of the system (2.5) for various

o corresponding to Figure 4.

Case 2. Fixing parameters N = 100, p = 0.0005, y= 0.1, o« = 4.16 and varying

B € (1,2.5). The bifurcation diagrams of the system (2.5) plotted in particular range
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120, (@@=3.1 120, ()@ =315 120; () @=3.2
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100+
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FIGURE 8. Phase portrait diagrams of the system (2.5) for various
o corresponding to Figure 4.

FIGURE 9. Bifurcation diagrams of the system (2.5) with varying
Be(1,2.5).

of B € (1,2.5) with birth rate as the bifurcation parameter are given in Figures 9(a-
b). The bifurcation diagram of the system (2.5) in (f — S —I) space are given in
Figure 10(c). The Maximum Lyapunov exponent corresponding to Figures 9(a-b) are
computed and plotted in Figure 10(d) confirming the existence of the chaotic regions
and periodic orbits in the parametric space. The chaotic regions are also observed
in Figures 9(a)-(b): these phenomena are illustrated by the phase portrait in Figure
11(a). The phase portraits for various -values corresponding to Figures 9(a-b) are
plotted in Figures 11(b)-(f) to illustrate the observations. Furthermore, the emergence
of periodic-8,4,2 orbits are observed when B = 1.03,1.05,1.25 in Figure.11(b)-(d),
the stable equilibria at f = 1.56 in Figure 11(e). Attracting invariant circle appears
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FIGURE 11. Phase portrait diagrams of the system (2.5) for various
B corresponding to figure 9.

when 3 = 1.6 in Figure 11(f) and when B =1.7,1.71,1.85,1.95,2.3 in Figures 12(g)-
(j) and Figure 12(1). Furthermore, quasi-periodic orbits appears when B = 2.0 in
Figure 12(k).

Case 3. Fixing parameters N = 100, p = 0.0009, = 0.3, o = 3.3 and varying
v € (0,1). The bifurcation diagrams of the system (2.5) plotted in particular range
of y € (0,1) recovery rate as the bifurcation parameter are given in Figure 13(a).
The Maximum Lyapunov exponent corresponding to Figure 13(a) are computed and
plotted in Figure 13(b) confirming the existence of the chaotic regions and periodic
orbits in the parametric space.
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FIGURE 13. Bifurcation diagram and Maximum Lyapunov expo-
nent of the system (2.5) with varying y € (0,1).

5. CONCLUSION

In this paper, we considered the dynamical behaviors of a discrete-time SIR epi-
demic model (1.1). The basic reproduction number completely determine the stabil-
ity of discrete model (1.1). If the basic reproduction number is less than one, model
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(1.1) only has a DFE and it is globally asymptotically stable. If the basic reproduc-
tion number is bigger than one, model has a EE except DFE, and EE is globally
asymptotically stable. Numerical simulations are provided to justify our analytical
findings. Furthermore, let o, 3,y be the bifurcation parameters, numerical simula-
tions show that model (1.1) has periodic orbits, period-2,4,8 orbits, and chaotic sets,
which implies that the susceptible and infective can coexists in the stable period-n
orbits and cycle. We also present the maximum Lyapunov exponent, when the max-
imum Lyapunov exponent is positive which is an evidence for chaos. These results
reveal far richer dynamics of the discrete model compared to the continuous model.
The theoretical analysis of bifurcation and chaos will be studied in the further.
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