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Abstract. Let FM be the group algebra of the modular 2-group M over a finite field F of charac-
teristic two. In the present note we establish the structure of the unit group of the group algebra
FM and verify the question of Johnson.
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1. INTRODUCTION AND RESULTS

Let F be a field of characteristic p and let G be a group such that G contains an
element of order p. Let U(FG) be the group of units of the group algebra FG. It is
easy to see that U(FG) = U(F) x V(FG), in which

V(FG) = { x=Y g €UFG) | x(x)= Y o =1 }
geG geG
where % (x) is the augmentation of x € FG (see [8, Chapters 2-3, p. 194-196]).

The structure of the group of units and its subgroup V (FG) has been investigated
by several authors, but the complete description is known only for certain group
algebras (for example, see [1,2, 10-13, 15,16, 18-21]). For an overview in this topic
we recommend the survey paper [3].

Let £(G) be the center and let G’ be the commutator subgroup of G, respect-
ively. It is well known [9, Theorem 2], if FG is a modular group algebra, then
GNL(V(FG))=C(G)and GNV(FG) = G'. The question whether GNV (FG)? =
G? is due to Johnson [15]. The Johnson’s question was affirmatively confirmed for
nonabelian groups in the following cases: (i) the group of exponent p and order p?
[15, Theorem 7]; (ii) G is a finite p-group (p is an odd prime) with Frattini subgroup
of order p [4]; and (iii) G is the modular 2-group of order 16 and F is the field of 2
elements [ !4, Theorem 2]. The structure of elements of order two in V(FG), where
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G is a 2-group of maximal class and F is the field of elements two, was described
in [5].
Let
n—2

My=(ab|a® =0 =1(ab)=a"")=(a)x(b), (n=4) (L1

be the modular 2-group. The group M,, appears very frequently in the investigation
of the group of units [3,6,7, 14, 17].

In the present note the structure of V(FM,,) is established and affirmative answer
for the Johnson‘s question is provided.

Theorem 1. Let M,, be the modular group given in (1.1). If F is a field with
|F| =2" > 2, then V(FM,) is a central extension of C3’"2"73 by

cIm2 =t
C2n2>< " H2n13

Corollary 1. Let M, be the modular group of order 2". If F is a field with
|F| = p™ > 2, then
M, NV (FM,)* = M>.

2. PROOF

Let H be a normal subgroup of a finite p-group G. The ideal of F G generated
by the set {h—1|h € H} is denoted by I(H). Let G[p'] denote the subgroup of
G generated by the elements of order p’. We use the notation G*' for the subgroup
(g"'|g€G). Setx$ :=g 'xg, where g€ Gandx € FG. Let S =Y, .¢s € FG, where
S C G is a finite subset and let |S| denote the cardinality of S. Furthermore, the order
of g € G will be denoted by |g|.

If G is an abelian p-group, then the number of subgroups of order p' in the decom-
position of G into a direct product of cyclic groups will be denoted by f;(G).

Lemma 1. Let F be a field with |F| = p™ > p. If G is a finite abelian p-group,
then
(i) V(FG)P =V(FGP);
@) VFG)[p| =1 +1(Glp)s and
(i) fi(V(FG)) =m(IG""| =2|G"| +|G"").

Proof. (i) If u = Yeeq0eg € V(FG), then u? = Y, cqo58” € V(FGP), so
V(FG)? CV(FGP).

Let u = Yoer 0gg € V(FGP). Obviously, the mapping () = o’ is an auto-
morphism of F. Therefore there exists a B, € F and i € G for every g € G such that
g = o, and h” = g. We have that u = ¥ c6r 0gg = Y e Peh? € V(FG)P, which
completes the proof.

(ii) If u € 1 +1(G]p]), then u” = 1 and 1 +1(Glp]) CV(FG)|p].
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Letu € V(FG)[p]. Clearly, u — 1 can be written as x; hj +x2hs + - - - 4+ x;h for some
s, where x; € FG|p] and the set {/;} is a complete set of right coset representatives
of G[p] in G. We have that x{ A} +x5h5 + -+ +x{hf = ( —1)? =u” —1=0. Sup-
pose that i = hY; for some i, j and i # j. Clearly, hh € G[p] which is impossible.
Without loss of generahty we can assume that h; =1 and h? #1if 1 <i<s. There-
forex! =0if 1 <i<sandu— 1 € I(G[p]) which proves that V(FG)[p] C 1+1(G|p]).

(111) Itis true when |F| = , Theorem 2.4]. Now we extend it to any finite field.
If V(FG) = (ay ) x -- ><< ), then V(FG)[p] = (a2 ') x (a1 )y x - x

(a>=1) in which b = |a;|. The number of elements in 1 +1(G[p]) equals |I(G[p])|.

Evidently, I(G[p]) can be considered as a vector space over F with the basis

{u(h—1) |ue T(G/G[p]), h € G[p]} in which T(G/G|p]) is a complete set of right
coset representatives of G[p] in G. Thus

(Gl = p" olCl = pm(GI-IG7D),

According to part (ii), the p-rank of V(FG) is m(|G| — |GP|).
The part (i) shows that the p-rank of V(FG)? is m(|G?| — |GP’|), so

A(V(FG)) =m(|G| = G"|) =m(|G| = |G¥"|) = m(|G| =2|G” | +|G""|).
The proof can be easily completed using part (i) and induction on V (F G”i). U
Lemma 2. [f F is a field with |F| = 2" > 2, then
L(v) = V(FE(M,)) x N,

) . i =n—2:
h N ~ Csmzn 3 d l(v F Mn ) _ m ) lf‘ 1 n s
where 3 and f; ( & )) m-2"37 i i<n—2.

Proof Let C, be the conjugacy class of g € M, \ {(M,). Clearly,
={1,a* } and C, = gM’ Let N be defined by

G| =2,

N=(1+4Pa® ' M|0<i<2"3 B eF)x (1+vdbM,|0<i<2" 2y EF).
Since (1 —i—x@,)(l —i—yl\//l\;l) =1 —|—x1l//l\;l —I—yll//l\,’1 and (1 —i—xlf/[\;l)z =1 forevery x,y € FM,,
the group N = CS””ZH is an elementary abelian 2-group and

C(V) =V (F{(M,)) xN.

Indeed, V (F{(M,)) x N C (V). Since {(M,) = M2, each element x € {(V') can be
written as x = x; +x» in which

221 i 2 31 Y
xi=Yr, loa?, x= BGZZHM’-FZ "o abM, (04, Bi,Yi € F).

It is clear, that the augmentation of x, equals O therefore x is an invertible element
with augmentation 1. Obviously, 1+ a% - x, € N therefore xl_lx = xl_1 (x1 +x2) =
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1+x'x, € N. Since V(F{(M,)) NN = {1} we have proved that {(V) C
V(F{(M,)) xN.
Since {(M,) = M? = Cy.—», Lemma 1(iii) ensures that

fi <V(F§(Mn))> = m(2" 1T .2 g3y — i3
fori<n—23ndf,~<V(FC(M,,))):mfori:n—Z. 0

Lemma 3. Let F be a field with |F| = 2" > 2. Then |{(V)| = 252"~ and

n—5
LV) =g, x I < T2
i=0
Proof. According to the previous lemma, {(V) = V(F{(M,)) x N. Since
IN| = 232" and |V (F§(M,))| = |F|ISM)I=1 = 2m(2"*~1) | we can easily compute

that
_ A3m2" P 4m2" —m __ ASm2" P —m
1G(V)] = 232 m2 R pSm2

Finally, using Lemma 2, it is easy to check that
2 3 n—>5 n—4
C(V) 2o x Oy x Gy x C "5 X O3, X - X O x CJ™
O

Proof of Theorem. Each x € FM,, can be written as x = x; + xb, where x;,x; €
F(a) (see(1.1)) and
X% = x} x4 (x1 4+ x8)x2b.

Obviously, we can write x; = y; 4 y,a and x» = 71 +z2a, where y1,y2,21,22 € F(a?),
o)

x4+ =ya(l+d® ) cI(M,) and
o =3 +3d Pt una(l+d ) € Y(FM,).
Consequently, (x; + x%)xb € I(M}) C {(FM,) and x* € {(V(FM,)) for every

x € V(FM,). Hence V(FM,) /{(V) is an elementary abelian 2-group of order 232"
and

G(V) = o x Cos X C%,’L X C%:TS X C%,:L’Z,, X oo X 352"75 X CZ"QM
by Lemma 3 which is the desired conclusion. O
Proof of Corollary. Since V(FM,)* C {(V) and {(M,,) = M?,
M,NV(FM,)* C M,Ng(V) C {(M,) = M>.
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