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Abstract. In the present work our main objective is to determine the radii of k— starlikeness of
order o of the some normalized Struve and Lommel functions of the first kind. Furthermore it has
been shown that the obtained radii satisfy some functional equations. The main key tool of our
proofs are the Mittag-Leffler expansions of the Struve and Lommel functions of the first kind and
minimum principle for harmonic functions. Also we take advantage of some basic inequalities
in the complex analysis.

2010 Mathematics Subject Classification: 30C45; 30C15; 33C10

Keywords: k-starlike functions, radius of k-starlikeness of order o, Mittag-Leffler expansions,
Lommel and Struve functions

1. INTRODUCTION

It is well-known that there are numerous connections between geometric function
theory and special functions. Due to these close relationships many authors stud-
ied on some geometric properties of special functions like Bessel, Struve, Lommel,
Wright and Mittag-Leffler functions. Especially, the authors in the papers [3-5,7, 14—

, 19] have investigated univalence, starlikeness, convexity and close-to convexity
of the above mentioned functions. Actually, the beginning of these studies is based
on the papers [0, 12,21] written by Brown, Kreyszig and Todd and Wilf, respectively.
Also the authors who studied the geometric properties of special functions have used
some properties of zeros of the mentioned special functions. For comprehensive
information about the zeros of these functions, we refer to the studies [17, 18, 20].
Motivated by the earlier investigations on this field our main goal is to determine
the radii of k-starlikeness of the normalized Struve and Lommel functions of the first
kind. Morever, we show that our obtained radii are the smallest positive roots of some
functional equations. Also, for some special values of k and o0 we obtain some earlier
results given by [1-3].

Now we would like to remind some basic concepts in geometric function theory.
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Let D, be the open disk {z € C: |z| < r} with radius r > 0 and D; = D. Let 4

denote the class of analytic functions f : D, — C,
f@) =24 a.d,
n>2

which satisfies the normalization conditions f(0) = f/(0) — 1 = 0. By S we mean the
class of functions belonging to A which are univalent in ID,. The class of k-starlike
functions of order a is denoted by S7 (k,a), where k > 0 and 0 < a < 1. This class
of functions was introduced by Kanas and Wisniowska [10, 11] which generalizes
the class of uniformly convex functions introduced by Goodman in [8]. On the other
hand, Kanas and Srivastava defined a linear operator and determined some conditions
on the parameters for which this linear operator maps the classes of starlike and
univalent functions onto the classes k—uniformly convex functions and k—starlike
functions in [9]. Very recently, Srivastava gave comprehensive information about the
usages of g—analysis in geometric function theory of complex analysis in his survey-
cum-expository article [ 13]. Srivastava’s work in particular inspired us to prepare this
paper.

Analytic characterization of the class k-starlike functions of order a is

ST (ko) = {fGS:ER(Zf/(Z)) ARAC)

f(2) fo

Fok>0,0<0< 1,ze]D>}.

Also, the real number
- o (2(@) zf'(2)
r(f)—sup{r>0.9i<f(z)>>k e

is called the radius of k—starlikeness of order o of the function f.
The Struve and Lommel functions are defined as the infinite series

HV(Z) _ Z (—l)n ) (E)2n+v+l’ _v_% ¢N’

—1’+0Lforallz6]D)}

=0T (n43) T (n+v+3) A2
and
_ (2)+! (=1)" z\ 1
suv(2) = (y—v+1)(y+v+1)n§)(l%+3)n(#)n (5) L (THEVEIEN,

where z,u,v € C. Also, we know that the Struve and Lommel functions are the

solutions of the inhomogeneous Bessel differential equations
4 (%)\Hrl
= 71
Var (v+1)

W (2) + 2w (2) + (2 = vH)w(2)

and
' (2) + 20 (2) + (22 = vHw(z) = T,

respectively. One can find comprehensive information about these functions in [20].
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Since the functions Hy and s,y do not belong to the class A, first we consider the
following six normalized forms:

1

() = (ﬁer <v+;) Hv<z>)v“, V£, (1)
w(z) =2z (v + ;) H,(z), (1.2)
wy(z) = \/ﬁzvzlzvr<v+;> Hy(v/2), (1.3)

£ul@) = (wlat s,y 4 (2) 7T ﬂ€<—;,1), uA0, (14

(2) (1.5)
and .
hy(z) = p(u+ I)ZT”SW%,%(\/E)- (1.6)

As a consequence, all functions considered above belong to the analytic functions
class 4.

2. MAIN RESULTS
Our first main result is related to the normalized Struve functions as follows.
Theorem 1. Let [v| < % 0<a<1andk>0. Then, the following assertions are

true:

i. The radius r, is the radius of k—starlikeness of order o. of the normalized
Struve function z — uy and it is the smallest positive root of the equation

r(1+k)H,(r) — (k+ o) (v+ 1)Hy(r) =0 (2.1)
in (0,hy,1), where hy | is the first positive zero of Struve function Hy.
ii. The radius r, is the radius of k—starlikeness of order o. of the normalized
Struve function z — vy and it is the smallest positive root of the equation
r(14+k)H,(r) = [V(1+k) + (k+ o) Hy(r) =0 (2.2)

in (0, hv)] ) .
iii. The radius r,, is the radius of k—starlikeness of order o. of the normalized
Struve function z — wy and it is the smallest positive root of the equation

(1+k)v/rH, (/) + (1 =v —k—vk—20)Hy (\/r) =0 (2.3)
in (0,h2 ).

2y 1
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Proof. We know that the zeros of the functions Hy(z) and H}(z) are real and
simple when |v| < 1, (see [4, 17]). Also the zeros of the function Hy(z) and its
derivative interlace when |v| < 1, according to [4]. In addition, it is known from [4]
that the Struve function Hy(z) has the following infinite product representation:

vy 3 Z
VRV Ve <v+2> Hv(z):nl;ll(l—han), (2.4)

where hy , denotes n—th positive zero of the Struve function Hy. Using this product
representation one can easily see that

/ 2
zuy,(2) 2 Z
=1- ) (2.5)
uy(z) v+1 ng‘l h;, — 2
/ 2
2, (2) Z
=1-2 (2.6)
Vy (Z) y; h\%n -z
and e
wy(z Z
=1- . 2.7
WV (Z) I’; h%,n -z
On the other hand, it is known from [19] that the inequality
z M
R < 2.8
() <ot o

holds true for z € C and 6 € R such that |z| < 6. Now, by using inequality (2.8) in
(2.5), (2.6) and (2.7), respectively, we get

g (z)\ 2 z
R ( uy(2) ) =% (1_V+l,§1h%’n—zz>

2 2|

>1_ 2.9
oVl E R, -2 2
_ Jzfuy(lz)
uv(’ZD ’
, 2 2 /
m(zw)):m 12y = ) sio2y B EWED )
e L) Pl i
and
, /
m(ZWV(Z))‘% -y sy E D g g
wy(z) g& h,—z g B, =zl wy(lz])

Also, from the reverse triangle inequality

lz1 —z2|| > |z1| — |z2|
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we have
ab(x) | | 2 Z 2 2* L lzlu(lz)
w(2) IH Vi Lz, 2| v B, el
(2.12)
() ‘: . LD,
") ;hz § - W) 4
and
aw(z) ': B _ lzfwy(lz]) > 14
") D N R LD
As a result of the above inequalities, one can easﬂy obtain that
auy(2) an(z) | [l (I2])
EK(MV(z)) —k 1 (2) 1‘ o> (1+k) wr(12]) (k+a), (2.15)
m(”“@> i@ 4—aza+mkv“w)—@+ax (2.16)
VV(Z) Vv(Z) Vv(‘Z’)
and
awy(2)\ () ] |z[wi(lz])
ER<WV(Z)> k (@) I|—a>(1+k) wo(l2]) (k+ o). (2.17)

It is important to emphasize here that the equalities in the last three inequalities hold
true for z = |z| = r. If we consider the minimum principle for harmonic functions in
the inequalities (2.15), (2.16) and (2.17), then we can say that these inequalities are
valid if and only if |z| < ry, |z| < r, and |z| < r,,, where r,, r, and r,, are the smallest
positive roots of the following equations

400 gy —o,

uy(r)
(14k) rvvlv((:)) —(k+0) =0
and .
(1+k) ’;VVVV((:)) —(k+a) =0,

respectively. Taking into account the definitions of the functions uy, vy and wy, it
can be easily seen that the last three equations are equivalent to (2.1), (2.2) and (2.3),
respectively. Now, we would like to show that equation (2.1) has an unique root on
the interval (0, Ay ;). To show this, let us consider the function Wy : (0,Ay ;) — R,

1”2
Y - _r2> — (k+o).

n>1""v,n

uy(r)

Wo(r) = (110 yay= (140 <1—V_2H
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The function r — W, (r) is strictly decreasing since

Morever, we have

and

4r(1+k h2
‘I’/v(r)z—r(+)z L <0.
v+l 5 (R, 1)
lim(14+4) [ 1——2 y a (k+0)=1—a>0
im = — =1-
N v+1&hn,—r?
lim (144) [ 1——2 y rz (k+ o)
m — — = —o0o,
r/hy. v+1 &g, —r

As aresult of these limit relations, we can say that equation (2.1) has an unique root
in (0,hy;). Similarly, it can be shown that equations (2.2) and (2.3) have a root in
(0,hy 1) and (0,h2 ), respectively. O

My 1

The following main result is regarding the normalized Lommel functions of the
first kind.

Theorem 2. The following assertions are true:

i.

ii.

ii.

2Vr(1+k)s, 1 (V) + (LK) (3= 2u) —4(k+ ) s,

Letu e (—%, 1) and p # 0. Then, the radius ry is the radius of k—starlikeness
of order o of the normalized Lommel function z — f, and it is the smallest
positive root of the equation

1
r(1+K)S, s 3 (1) = (k) (u+ )5,y 1 (1) =0 (2.18)
in (0,1,1), where 1,1 is the first positive zero of Lommel function Sl L

Letp e (—1,1) and p# 0. Then, the radius rq is the radius of k—starlikeness
of order o of the normalized Lommel function z — g, and it is the smallest
positive root of the equation

r(l—i—k)s:l_] () + ((l—i—k)(;—u)—(k—l—oc)) Sy (r)=0 (2.19)

272

0=
D=

in (Oal,u,l)-

Letu € (—1,1) and u# 0. Then, the radius ry, is the radius of k—starlikeness
of order o of the normalized Lommel function z — hy, and it is the smallest
positive root of the equation

(V) =0 (220)

D=
(S

22

in (0,13,71).
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Proof. It is known from [4, 18] that the Lommel function s and its derivative

11
H=73
s;l ! have only real and simple zeros when u € (—1,1) and u # 0. Morever, the

zeros of the Lommel function s and its derivative s’ , , interlace under the

1
2 H—73:3

1
=7,
same conditions, according to [4]. Also, the Lommel function Su—11 can be written
as the product (see [4])
1
Z,U"‘z Z2
s 11(2)=——< 1-— , (2.21)
w40 = ,g ( lﬁn>
where [, ,, denotes n—th positive zero of the Lommel function Spu-L 1 Using equality
(2.21), it can be easily seen that
2f,(2) 2 2
=1- , (2.22)
W0 TTHELE, 2
78\, (z 2
§9 _y oy T (2.23)
8u(2) a1 lun =2
and ) @
zh,,(z Zz
R = ) (2.24)
h.U (Z) ,,Z'l l,L% n—<%

Now, if we consider inequality (2.8) in the equalities (2.22), (2.23) and (2.24), re-
spectively, then we have that

9‘(?8) ( 554&—)

el 1+#le —‘Z|

2 n>1
A
fu(‘ZD7
SO\ o (i I e A
% () = (1 'L, )‘ P 2 ()

n>1 ,un n>1 ,u,n_|z‘

(2.25)

Zh (z)) z 2 el Ay (lz])
R L =R(1- >1- e, 2.27
(56 ( ,Eze,n—z>— L[ w2

By using the reverse triangle inequality again we can write that

Su(2) Z? A
e ' Iy Z 12 2 = . -

— (228
e EL —1+§,§] —z|2 ¢
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28,(2) ’ 2 Iz |zl ,,(1z])
—1|=|—2y = |<2y o 2.29
e D R VY
and
2hy,(2) ' z Iz| |zl Ay, (|z])
== < =1- . 2.30
e ‘ Lo L7 D 230
As consequences of the above inequalities, it can be easily obtained that
Zf'(Z)> 2f,(2) ‘ 2] fa(lz])
R ZE — k| —a> (1+k)—2 — (k+a), 231
(7)) 70 U7y e 23D
28, (Z)> 28,(2) ' |zl g,,(Iz])
R(—= — k|2 | —a> (14+k)—E— — (k+a 2.32
(o) oo 2T @y ~kr e
and
zH@) . (2) ‘ |zl Ay, (|z])
R( -~ — k|- 1 —a> (14 k) ——— — (k+ ). 233
() e Y = B

It is worth mentioning that the equalities in the inequalities (2.31), (2.32) and
(2.33) hold true for z = |z| = r. Also, if we consider the minimum principle for har-
monic functions in these inequalities, then we can say that these inequalities are valid
if and only if |z| < ry, |z| < r and |z] < ry, where r¢, r, and ry, are the smallest positive
roots of the following equations

U+HZ%?—@+®=&
10 a0
8gu(7)
and
rh,(r) B
(1025~ (k09 =0,

respectively. Taking into account the definitions of the functions f,, g, and A, it can
be easily seen that the last three equations are equivalent to (2.18), (2.19) and (2.20),
respectively. In addition, we can easily show that equations (2.18) and (2.19) have
one root in the interval (0,/, 1), while equation (2.20) has a root in (0, lil). Because
the proof of these assertions are similar to the proof of the previous theorem, details
are omitted. g

Remark 1. For k =0 and kK = o0 = 0, Theorem 1 and Theorem 2 reduce to some
earlier results given by [1-3], respectively.
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Now, we would like present some applications regarding our main results. For this,
we consider the following relationships between Struve and elementary trigonometric
functions:

2 2
_1(2) ”nz sinz and Hy (z) =/ nz( cosz)
Using these relationships for v = —% andv = %, we have

us (@) = (2(1 ;c;sz)) 3 i) = 2(1 —cosz)

2

iy (2) = 2(1 —cos V2)
Z
and

i 2
Sin~z
u_1(z) =

(@) =——, vf%(z) =sinz, wi%(z) = /zs8iny/z.

Corollary 1. The following statements are true.

i. The radius of k—starlikeness of order o of the function u 1 (z) = (M>
is the smallest positive root of the equation

in (o,h%J).

The radius of k—starlikeness of order . of the function v 1 (z) = 2l=cosa)
the smallest positive root of the equation

2(14+k)rsinr+ (1 +4k+3a)(cosr—1) =0

ii.

(I+k)rsinr+ (1+2k+a)(cosr—1) =0

in (O,hl 1).
2

The radius of k—starlikeness of order o of the function w1 (z) =2(1—cos/z)
is the smallest positive root of the equation

: 2
in (O,h%l).

)
The radius of k—starlikeness of order o of the function u_ ! (z) = %= is the
smallest positive root of the equation

iii.

(1+k)y/rsiny/r+2(k+a)(cos/r—1)=0

iv.

2(14k)rcosr—(1+2k+a)sinr =0
in (O,h_ll)-
25

The radius of k—starlikeness of order a. of the function v_,(z) = sinz is the
smallest positive root of the equation

(1+k)rcosr—(k+o)sinr=0
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vi. The radius of k—starlikeness of order o. of the function w_1(z) = \/zsin /z

1
2
is the smallest positive root of the equation

(1+k)/reosy/r— (k+20—1)siny/r=0

in (0, W 1).
29
Now, by taking k = o = 0 in Corollary 1 we get the following result.

Corollary 2. The following assertions are true.

[N]

i. The radius of starlikeness of the function U (z) = (L\/CZOSZ)> Y is r=22.7865
and it is the smallest positive root of the equation 2rsinr+cosr—1 = 0.
ii. The radius of starlikeness of the function v ! (z) = M is r = 2.33112
and it is the smallest positive root of the equation 2rsinr +2cosr—1 =0.
iii. The radius of starlikeness of the function wi (z) =2(1—cos+/z) is r = 9.8696
and it is the smallest positive root of the equation \/rsin/r = 0.

iv. The radius of starlikeness of the function u_ 1 (z) = S“% is r =2 1.16556 and

it is the smallest positive root of the equation 2rcosr —sinr = 0.
V. The radius of starlikeness of the function v_, (z) =sinz is r = 1.5708 and it

is the smallest positive root of the equation rcosr = 0.
vi. The radius of starlikeness of the function w_, (z) = +/zsin\/z is r = 4.11586

and it is the smallest positive root of the equation /rcos/r +sin/r = 0.
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