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Abstract. The paper is concerned with the existence of positive weak solutions for a new class of
(p,q)-Laplacian elliptic systems in a bounded domain by means of the method of sub-super solu-
tions. Particularly, we do not need any sign conditions for y(0), g (0), f(0) and 4 (0). Moreover,
a multiplicity result is obtained when y(0) = g (0) = f(0) = h(0) = 0. Finally, we give some
examples to verify our main results.
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1. INTRODUCTION

In this paper, we deal with the existence and multiplicity of positive weak solutions
for the following (p, q)-Laplacian systems

—Apu— |ulP P u=Ma (x) f (v) + mo(x) h(u) in Q,
— gy =Ty = Mob (x) g () + B (X)Y(v) in Q, (1.1)

u=v=00n0dQ,

where Az = div <|Vz|’ 2Vz> s> 1,Q CRY (N >3) is a bounded domain with
smooth boundary 0Q,a (x),b (x), a(x),B (x) € C(Q), M, Az, u1, 2 > 0,1 < p,g <

oo,
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The study of (p, g)-Laplacian systems is a new and interesting topic. It arises from
electrorheological fluids, nonlinear elasticity theory, etc. (see [5], [15] [1]-[6]). A lot
of existence results have been obtained on this class of problems, we refer to ([4], [5],
[71, [10], [13], [14], [3], [2], [1 1], [9], [8]). These problems originate from physical
models and are widely used in many fields such as combustion, mathematical biology,
chemical reactions and so on. Our method is mainly focused on the method of sub-
super solutions (see [10], [1 1] for a more detailed discussion).

As far as we know, there are very few contributions devoted to the (p, ¢)-Laplacian
nonlinear elliptic system. Therefore, with the help of the method of sub-super solu-
tions method, we are inspired by the paper of [12] in which a new (p,g)-Laplacian
system was discussed and extended our previous results to problem (1.1) without
assuming any sign conditions for £ (0), g(0), f(0), and y(0). Furthermore, when
h(0) = f(0) =g (0) =v(0) = 0, a multiplicity result is given.

The outline of the paper is organized as follows: Sec. 2 introduces some definitions
and make appropriate assumptions, which will be used in the body of the paper. In
addition, we show the proof of two important results. Sec. 3, we will illustrate our
main results with some interesting examples.

2. MAIN RESULTS

First, in order to get our main results, we will consider the following hypothesis:

(H1) There exist a(x), o(x), b(x), B(x) € C(Q) such that

a(x)>a; >0,b(x)>b; >0,
o(x) >0 >0, B(x)>B; >0.

(H2) Let f, g, h, Y€ C'(]0,)) be monotone functions satisfying

lim f(s)= lim g(s) = lim A(s)= lim 7y(s) = +oo.

S—>—+oo S—>+oo S—>+oo S—>—+oo

7(meo)7T) o oo

§—>+o0 sp—1 -

(H3) lim

(H4) lim_ %) —jim X —o.

s—too gp—1 5o gq—1

Next, we define weak solutions and sub-super solutions in (p, g)-Laplacian elliptic
systems.

Definition 1. Let (1,v) € W7 (Q)NC(Q) x W4 (Q) NC(Q), we say that (u,v)
is a weak solution of problem (1.1), if
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sj}’|Vu]p72Vu.V§dx—g£|u|p72u.§dx
= Mga(x)f(v)&dx—{—mg{a(x)h(u)&dx in Q,

(V|92 Vu.Vdx— [ [v|? *v.Ldx

Q Q

= kzgjz’b(X)g(u) Cdx+uzg{B(X)Y(V) Cdxin Q
for all (£,8) € Wy” (Q) x Wy 7 (Q).

Definition 2. The nonnegative functions (u,v), (#,V) in WP (Q)NCQ) x W (Q)N
C(Q) are called a weak subsolution and supersolution of problem (1.1) if they satisfy
(ﬂvk)v (E,V) - (0,0) on BQ

f|Vu|p 2Vu.VEdx — f|u|p 2 u.Edx
1[0 ()8 [ h(0) e in

(V|92 Vv.VEdx — [ |v|9 % v.Cdx
Q Q
< Kzgfzb(x)g(z) CdXJr.leS{B(x)Y(E) Cdx in Q

and
[|ValP > Va.Vedx — [ [ul" 2 u.édx
Q Q
> klg{a(x)f(V)&dx%—,ulg{oc(x)h(ﬁ)&dx in Q,

S{ VD] V.V dx — S{ 9|92 9.0dx
> kzg{b(x)g(ﬁ) Cder.Uzg{B(x)Y(V) Cdx in Q
for any (&,8) € W, 7 (Q) x W, (Q).

In what follows, we shall establish the following the existence result.

Theorem 1. Let (H1) — (H4) hold. If My + w1 and Ay + o are big enough, then
problem (1.1) processes a positive weak solution.

Proof. We will show that there exist a positive weak subsolution(u,v) € W7 (Q)N
C(Q) x W (Q)NC(Q) and a supersolution (#,v) € W' (Q)NC(Q) x W (Q) N

C(Q) of (1.1) such that u < u, v <v. Moreover, (u,v), (u,v) satisfy (u,v) = (0,0) =
(@,v) on 0Q.
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Let o, be the first eigenvalue of —/\,, and ¢, > 0 the corresponding eigenfunction
w1th llo,|]| = 1 for r = p,q. There exist m,n,d > 0 such that |Vo,|" — G, ¢, > m on
={x€Q,d(x,0Q) <8} and 0, > n on Q\Q;s for r = p,q. Taking ky > 0 such

that alf( ) oclh( ) blg( ) Bl’Y( ) > —kop.
First, we claim that

) = ([(MJrul)ko]l/pl ( . 1> o7,

[(7»2+n:lz)ko]l/ql< - 1>¢q/q 1)

is a subsolution of problem (1.1) when A; +u; and A, + y are big enough. Taking
the test function & (x) € WO1 P (Q) with & (x) > 0. Thus, from (H1) we get

2.1)

[ \Vul" ™ Vu.VEdx — [ jul" " u&dx < [ |Vul" ™ Vu.VEdx
Q o) o

= (5 ) 1{p0h ~ VeI } edx

+ (M) [ {6,080 — Vo, [P} Edx.

Q\Qs

We have known that |V¢,|” — 6, &, > m for s = p,q, on Qs. Also on Q\Qs ¢, >1
for r = p,q. If A; +u; and Ay + o are big enough in the definition of u, v, then by
(H2) we get

k
arf (v),ouh(w).big () Bry(v) =~ max {c,.6,} . (2.2)
Therefore,

[1VulP 2 Vu.VEdx — [ |u|" 2 u.édx
Q Q
< (B52) J {op0h — Ve, 1"} e

(M) [ {005 — VoI g
Q\Q5

— (M 4+ ko [ Edx+ (M) | o,tdx
Qs Q\Q;5

f [Ma(x) f (v) +mou(x) h(u) |Sdx
+ f [Ma(x) f(v) +mou(x) h(u) |&dx

Q\Q;

:S{[Md(X)f(k)era(X)h(z) | Gdx
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Similarly,

/ V|72 V.V Cdx— / W72 0 Ldx < / ab (x) g (1) + o () 7(v)] Clx.
Q

Q Q

Thus (u,v) is a subsolution of problem (1.1).
Next, let m, be a unique positive solution of

A0, =1inQ,
o, =0 on 0Q.

for r = p,q. We denote

1
. C 7\,1 allo + M1 [0 rt
__ C [Mllal iﬂ“ o,, 2.3)

1
LN\ T
Ao ||b A .
v: <2|| menﬁnm)g C( MallmmliaHoo) oy @4

q—1 p—1
1—vq 1-v,

where v, = ||®,||.,, r = p,q and C > 0 is big enough. We claim that (%,7) is a
supersolution of (1.1) such that (#,v) > (u,v).
According to (H3) — (H4), we can make C big enough so that

1 R
P— =
(\%) > f kzl\bl\iﬂizl\lﬁ\lw glc(M Ha\liJr’fngan o,
P 1—-vy 1-vp
(2.5)

1

M lall ot el | 7"
+uih <l_vp1 ).

P
Hence

_ _ c\"!
/|va 2Vﬁ.V§dx—/|ﬁ|p 2u.Edx = <> (M ||al|. + HOCIIOQ)/E,dx.
Q Q Q

Vp
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Using (2.5)
[|ValP~? Va.Vedx — [ [ul’ > u.édx
Q Q

1

LN 7T
Mo A AN
>l | | (* l'iig‘i'“)g<0("“l'iig"l'“'w) ) o | x
(2.6)

1

f&dX"_ Ha” fh C M p—1 adx
Q M1 -J ==

> [ o) £ (5) +meu(x)h (@) &

Next

(VP92 Vo.VEdx — [ ]9 *9.0dx
Q Q

= {(M 18]l + 12 1Bl 8 (c (“") “) }wqgadx

= 2.7)
Mlla -l (
> [xzubumg (c ( Hg‘:'“'w) )
1
Mlla p=T
rontBl (o)) | fean

According to (H4) and choose C big enough, we obtain

1
Mllallotaflodl | 7
8 C| /7=
( < 1—vh™!
NG
M2 |b]| o tt22 B M lallota ol 7
2y | (e ) o o (Ml o).
q P
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Then from (2.6) we get
(VP42 V5. VEdx — [ 9|9 ?9.0dx
Q Q

1
A p—1
> %o o] g (C = )
A
A2 b].+ - Mlall.+ w
Bl {( o >g<C< et ) )} o]

> S{ [b(x) g (&) + 2 (x) Y (v)] Cax.

(2.8)

According to (2.6) and (2.7), we can conclude that (%,7) is a supersolution of

(1.1). Further u > u and v > v for C big enough. Thus, we get a solution (u,v) €

WP (Q)NC(Q) x Wh(Q)NC(Q) of (1.1) with u <u <u, and vy <v <. The

proof of theorem 1 is complete. g

Now we show that the more general system (1.1) possesses at least two distinct
positive solutions.

Theorem 2. Suppose that the conditions (H1) — (H4) hold. Let f,g,h, and Y the
function be smooth enough around zero with
f(0)=h(0)=g(0)=7(0)=0
= 19(0) = 1 (0) = g (0) =4 (0)
fork=1.2,..[p—1],1=1.2,..[q—1], where [s] denotes the integer part of s.

Then, problem (1.1) processes at least two positive solutions when \; + p; are big
enough; i=1,2.

Proof. For problem (1.1), we will look for a strict supersolution ({;,;), a subso-
lution (y1,y?7), a supersolution (z;,z2), and a strict subsolution (®;,, ), such that

(W1,v2) < (C1,8) < (21,22),
(W1, ¥2) < (01,0) < (z1,22),
and (0;,0,) £ (§1,82) . Then, problem (1.1) processes at least three distinct solutions
(uj,vi), i=1,2,3, such that
(ur,v1) € [(v1,92), (C1.&2)]
(u2,v2) € [(01,02),(21,22)]
and
(u3,v3) € [(W1,¥2) , (21, 22)] N\ ([(W1, ¥2) , (G, §2)] U (001, 02), (21, 22)) -

It is obvious that (y;,y>)

= (0,0) is a (sub)solution. Moreover, we always can
find a big supersolution (z1,z2) = (&, v

(w,v) . Consider
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— 001 — |01 [P 20 = Ma(x) f (@) + mo(x) h(0)) in
— g — o] T2 @y = Mab (x) g (@1) + 2B (x) ¥(@2) in Q, (2.9)

(,01:(02:001189.,

where g(s) =g (s)— 1, ¥(s) =Y(s) — 1,1 (s) = (s) — 1, f (s) = f (s) — 1. Then by
Theorem 1, when A; + y; are big enough, we know that the problem (2.10) processes
a solution (@y,w;) > 0 i = 1,2. It is clear that (®;,®;) is a strict subsolution of
problem (1.1).

In the end, we will find a strict supersolution ({;,&,).

Let ¢, ¢, be the corresponding eigenfunction with respect to operators A, and
/A, and there exist C; > 0 and C; > 0 such that

q)p < C1¢q and q)q < C2¢p' (210)

Let (C1,82) = (pOp, pdy) , where p >0,
Gp(x) == (0, — 1) X" =Ly £ (Cox) — e (x)
and
Gy (%) 1= (04— 1)x9™" = hag (C1x) — oy (x).

Note that G,, (0) = G, (0) =0, G (0) = G (0) =0 for k=1,2,....[p— 1] and
1=1,2,...[q—1].

GV (0)>0 and GV (0) > 0if p,gezt,

im0 GY7 (1) = oo = Tim,, 1. GYV () if p,q ¢ Z+.

Hence, there exists 0 such that G, (x) > 0 and G, (x) > 0 for any x € (0,6]. So, for
0<p <O weget

(0, — 1) = (0, — 1) (p0p)" " > M1 £ (C2p9,) —u1h (p9)).

By (2.10) and the monotonicity of function f, we obtain

(6, 1) = (0, — 1) (po,)""
> xlf(c2p¢p) —uth (pq)p) (2.11)
>Mf(Pdg) —1h(pdy) =M f (C2) —uh (Cr)

for any x € Q. In the same way, we also have

(0= 1)EE " = (04— 1) (poy)""
> Mg (Cipdy) — 2y (Pdy) (2.12)
> Mg (p0,) — Y (Pdg) = Mg (G1) — oy (Ga),
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for any x € Q. Making use of (2.11) and (2.12), we obtain
JIVG[P72 VG, Vedx— [ 61|72 6 Edx
Q Q

i {f [Vopl” Vo, VEdx— | r¢p|”2¢p.&dx}
Q . Ie)
= {c,, (p0,)" = (pd,) }édx.
Q

Since because ¢, > 0, we have

p—1

1{onp0,)"" ~ (o0 feax

= [{(0p=1)(pt)"" 5
> [ £ (G) e~ [1(G1)

Similarly we also have

[ VGl VG Vedi— [ Gl G kdx > ha [ 8(C)Edr—pn [ 1(G) B
Q Q Q Q

It follows that (£, {») is a strict supersolution. Let p small enough so that (0, ;) %
(€1,82). So, we can find solutions
(u1,v1) € [(W1,¥2),(81,82)], (u2,v2) € [(@1,02), (21,22)]
and
(u3,v3) € [(W1,v2), (z1,22) ]\ ([(W1,W2), (1, 82) U (@1, 02) , (21,22)) -

This fact that (u;,v1) = (y1,¥2) = (0,0) can happen due to (yi,y;) = (0,0) isa
solution. So, anyway we can find two positive solutions (u,v;) and (u3,v3). There-
fore, we conclude the proof of Theorem?. g

3. EXAMPLES

Example 1. Let

f)=Y axl —cp, g(x) =) bjx? —c
i=1 =

N

T
]’l(X) = Z aerk — (3, 'Y(X) = Z ledl —C4,
k=1 =1

where
di<(qg—1),ne<(p—1),pig;<(p—1)(g—1)
and
ai,bj, 0, B, pi,qj,1i,dj,c1,¢2,¢3,¢4 > 0.
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So, it is clear that f, g,k and 7y fulfill the assumptions of Theorem 1.

Example 2. Let

xPrx <1, xP3 x <1,

f(x): i L1 >h(x): p P; >
Expz—l- 1— 2), x> 1, p—ix”“—%( —Fz),x>l,
qu7 XSI, xB .X'Sl,

g(x)= q1 q1 LY =4 4 1
q—zx"2+<1—q—2), x> 1, qfx*‘—%(l—qi), x> 1,

where we suppose that

p17p3>p_1ifpez+7
p17p3>[P] 1fp¢Z+7
91,93 >q—1 if g€ Z*,
41793>[51] if q¢Z+7

pa<p—1,pq<(p—1)(q—1)and g4 < g— 1. Clearly, f,g,h and 7y fulfill all the
assumptions of Theorem 2
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