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Abstract. In this paper, we study combinatoric convolution sums involving divisor functions.
First, we establish some explicit formulas for certain combinatoric convolution sums of divisor
functions derived from Bernoulli polynomials. Second, we show a formula of the fourth order of
convolution sums of divisor functions expressed by their divisor functions and linear combination
of Bernoulli polynomials.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The symbols N, Z and R denote the set of natural numbers, the ring of integers
and the field of real numbers, respectively. Over the years Bernoulli polynomials have
been used to prove important mathematical theorems. Since the 17th century, many
mathematicians in different fields have been interested in Bernoulli polynomials. The
Bernoulli polynomials Bk(x), which are usually defined by the exponential generating
function

text

et −1
=

∞

∑
k=0

Bk(x)
k!

tk,

play an important and quite mysterious role in mathematics and various fields like
analysis, number theory and differential topology. The Bernoulli numbers Bk are
defined to be Bk := Bk(0).

The Bernoulli polynomial [7] is expressed through the respective numbers

Bn(x) =
n

∑
k=0

(
n
k

)
Bkxn−k,
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Bn(x+ y) =
n

∑
k=0

(
n
k

)
Bk(x)yn−k,

B′
n(x) = nBn−1(x),

Bn(1− x) = (−1)nBn(x) and

Bn(1+ x)−Bn(x) = nxn−1.

For n ∈ N and k ∈ Z, we define two divisor functions

σk(n) := ∑
d|n

dk, σ̂k(n) := ∑
d|n

(−1)
n
d −1dk, σ

∗
k(n) := ∑

d|n
n
d odd

dk.

The identity
n−1

∑
k=1

σ(k)σ(n− k) =
5
12

σ3(n)+
(

1
12

− 1
2

n
)

σ(n)

for the basic convolution sum first appeared in a letter from Besge to Liouville in
1862 ([3]). Hahn [6, (4.8)] considered

36 ∑
m<n

σ̂(m)σ̂(n−m) =

{
−3σ̂(n)+3σ̃3(n), if n is odd,
−3σ̂(n)−5σ̃3(n)+4σ̃3(

n
2), if n is even.

(1.1)

It is well-known that σ̂k(n) = σk(n)−2σk(
n
2) ([6, (1.13)]).

In this article, we are trying to focus on the combinatorial convolution sums. For
positive integers k, l, n, p and q the combinatorial convolution sums

k−1

∑
s=0

(
2k

2s+1

) n−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(n−m)

and

∑
1≤m≤p−1
1≤m′≤q−1
a,b,c,d odd

a+b+c+d=2l

(
2l

a,b,c,d

)
σ̂a(m)σ̂b(p−m)σ̂c(m′)σ̂d(q−m′)

can be evaluated explicitly in terms of divisor functions and a sum involving Bernoulli
polynomials.

We are motivated by Ramanujan’s recursion formula for sums of the product of
two Eisenstein series [2] and its proof, and also the following identities ([1],[4],[9]):

k−1

∑
s=0

(
2k

2s+1

)N−1

∑
m=1

σ2k−2s−1(m)σ2s+1(N −m)

=
2k+3
4k+2

σ2k+1(N)+

(
k
6
−N

)
σ2k−1(N)
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+
1

2k+1

k

∑
j=2

(
2k+1

2 j

)
B2 jσ2k+1−2 j(N).

Using these new formulas and addition theorem of Bernoulli polynomials, we de-
rive the explicit formulas for quadnomial convolution sums of divisor functions. We
define B̂2k+1(n) that if n is even, then ∑d|n B2k+1(d)− 2∑d| n

2
B2k+1(d) and if n is

odd, then ∑d|n B2k+1(d). Similarly, ˆ̂B2k+1(n) that if n is even, then ∑d|n B̂2k+1(d)−
2∑d| n

2
B̂2k+1(d) and if n is odd, then ∑d|n B̂2k+1(d). More precisely, we prove the

following results.

Theorem 1. If k ≥ 1 and n ≥ 2, then
k−1

∑
s=0

(
2k

2s+1

) n−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(n−m)

=
1
2

σ2k+1(n)−
1
2

σ̂2k(n)−
1

2k+1
B̂2k+1(n).

Theorem 2. If k ≥ 2 and N ≥ 1, then
k−1

∑
s=1

(
2k

2s+1

) 2N−1

∑
m=1

(−1)m
σ̂2k−2s−1(m)σ̂2s+1(2N −m)

=
1
2

σ2k+1(N)− 1
2

σ̂2k(2N)− 1
2k+1

B̂2k+1(2N).

Corollary 1. For N ≥ 1, we have
2N−1

∑
m=1

m odd
l even

σ̂l−1(m)σ̂(2N −m)

=
1
2l

[σl+1(N)+σl+1(2N)]− 1
l

σ̂l(2N)− 2
l(l +1)

B̂l+1(2N).

Corollary 2. For k ≥ 2 and N ≥ 1, we have
k−1

∑
s=1

(
2k

2s+1

) 2N−1

∑
m=1

m odd

σ̂2k−2s−1(m)σ̂2s+1(2N −m) = 22k−1
σ
∗
2k+1(N)

− 1
4
[σ2k+1(N)+σ2k+1(2N)]− 1

2
σ̂2k(2N)+

1
2k+1

B̂2k+1(2N).

Theorem 3. Let m ∈ N, m ≥ 1 and x,y ∈ R. Then we have
m−1

∑
k=1

(
2m
2k

)
B2k+1(x)B2m−2k+1(y)
(2k+1)(2m−2k+1)

=
1

4m+4
{B2m+2(y− x)

−B2m+2(x+ y)}− 1
2m+1

{xB2m+1(y)+ yB2m+1(x)}
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+
1

4m+2
{B2m+1(x)+B2m+1(y)+(x+ y−1)B2m+1(x+ y)

+(x− y)B2m+1(y− x)} .

The following theorem gives a formula of the fourth order of convolution sums
of divisor functions expressed by their divisor functions and linear combination of
Bernoulli polynomials.

Theorem 4. Let l, p,q ∈ N with greater than 1. Then

∑
1≤m≤p−1
1≤m′≤q−1
a,b,c,d odd

a+b+c+d=2l

(
2l

a,b,c,d

)
σ̂a(m)σ̂b(p−m)σ̂c(m′)σ̂d(q−m′)

=
1

8(2l +1)

{
ˆ̂B2l+1(q+ p+1)+ ˆ̂B2l+1(q− p+1)− ˆ̂B2l+1(q+ p)− ˆ̂B2l+1(q− p)

+ ∑
d|p
d′|q

d′d
[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)−B2l+1(d′−d)

]
−∑

d|p
d
[
B̂2l+1(q+d +1)+ B̂2l+1(q−d +1)− B̂2l+1(q+d)− B̂2l+1(q−d)

]
−∑

d′|q
d′ [B̂2l+1(d′+ p+1)+ B̂2l+1(d′− p+1)− B̂2l+1(d′+ p)− B̂2l+1(d′− p)

]}

+
1

4(2l +1)

{
2 ˆ̂B2l+1(p+q)+ ˆ̂B2l+1(p−q)+ ˆ̂B2l+1(q− p)

−∑
d|p

d
[
B̂2l+1(q+d)+ B̂2l+1(q−d)

]
−∑

d′|q
d′ [B̂2l+1(p+d′)+ B̂2l+1(p−d′)

]}

+
1

2(2l +1)

{
(p+q−1) ˆ̂B2l+1(p+q)+(p−q) ˆ̂B2l+1(q− p)

− (2p−1) ˆ̂B2l+1(q)− (2q−1) ˆ̂B2l+1(p)

+B̂2l+1(p)
[
σ1(q)−σ0(q)+2σ0

(q
2

)]
+B̂2l+1(q)

[
σ1(p)−σ0(p)+2σ0

( p
2

)]}
+

[
1
4

σ1(p)−σ1

( p
2

)][
σ2l+1(q)−σ2l(q)+2σ2l

(q
2

)]
+
[
σ2l+1(p)−σ2l(p)+2σ2l

( p
2

)][1
4

σ1(q)−σ1

(q
2

)]
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− 1
4(l +1)

[
ˆ̂B2l+2(p+q)− ˆ̂B2l+2(q− p)

]
.

2. PROPERTIES OF COMBINATORIC CONVOLUTION SUMS OF DIVISOR
FUNCTIONS DERIVED FROM BERNOULLI POLYNOMIALS

The purpose of this section is to give proofs of the main results. Also, we would
like to enrich this section with examples. To proof of the theorems, we need the
auxiliary results and lemmas.

Lemma 1. ([5]) Let k,n be positive integers. Then
k

∑
j=2

(
2k+1

2 j

)
B2 jσ̂2k+1−2 j(n) = (2k+1)σ∗

2k+1(n)

−
(2k+3

2
)
σ̂2k+1(n)−

(k(2k+1)
6

)
σ̂2k−1(n)

− (2k+1)
k−1

∑
s=0

(
2k

2s+1

) n−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(n−m).

Lemma 2. ([8]) Let m ∈ N and x,y ∈ R. Then we have

(a)
m

∑
k=0

(
m
k

)
Bk+1(x)

k+1
Bm−k+1(y)
m− k+1

= (x+ y−1)
Bm+1(x+ y)

m+1
− Bm+2(x+ y)

m+2
− Bm+2(x)

(m+1)(m+2)
− Bm+2(y)

(m+1)(m+2)
.

(b)
m

∑
k=0

(−1)k
(

m
k

)
Bk+1(x)

k+1
Bm−k+1(y)
m− k+1

= (x− y)
Bm+1(y− x)

m+1
+

Bm+2(y− x)
m+2

+
Bm+2(1− x)

(m+1)(m+2)
+

Bm+2(y)
(m+1)(m+2)

.

Now we are ready to prove the main results of the article.

Proof of the Theorem 1. Consider

T :=
k

∑
j=2

(
2k+1

2 j

)
B2 jσ̂2k+1−2 j(n)

=
2k+1

∑
j=0

(
2k+1

j

)
B jσ̂2k+1− j(n)−

k

∑
j=0

(
2k+1
2 j+1

)
B2 j+1σ̂2k+1−(2 j+1)(n)
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−
(

2k+1
0

)
B0σ̂2k+1(n)−

(
2k+1

2

)
B2σ̂2k+1−2(n).

It is well-known that B0 = 1, B1 =−1
2 , B2 =

1
6 and B2 j+1 = 0 ( j ≥ 1). Thus

T =
2k+1

∑
j=0

(
2k+1

j

)
B jσ̂2k+1− j(n)−

(
2k+1

0

)
B0σ̂2k+1(n)

−
(

2k+1
1

)
B1σ̂2k(n)−

(
2k+1

2

)
B2σ̂2k−1(n)

=
2k+1

∑
j=0

(
2k+1

j

)
B jσ̂2k+1− j(n)− σ̂2k+1(n)+

(
k+

1
2

)
σ̂2k(n)−

k(2k+1)
6

σ̂2k−1(n).

(2.1)

Using Bn(x) = ∑
n
l=0

(n
l

)
Blxn−l , we obtain

2k+1

∑
j=0

(
2k+1

j

)
B j

(
σ2k+1− j(n)−2σ2k+1− j

(n
2

))

=
2k+1

∑
j=0

(
2k+1

j

)
B j

∑
d|n

d2k+1− j −2∑
d| n

2

d2k+1− j


= ∑

d|n
B2k+1(d)−2∑

d| n
2

B2k+1(d)

= B̂2k+1(n).
(2.2)

Combining (2.1), Lemma 1 and (2.2) we deduce that

2k+1

∑
j=0

(
2k+1

j

)
B jσ̂2k+1− j(n)− σ̂2k+1(n)+(k+

1
2
)σ̂2k(n)−

k(2k+1)
6

σ̂2k−1(n)

= B̂2k+1(n)− σ̂2k+1(n)+(k+
1
2
)σ̂2k(n)−

k(2k+1)
6

σ̂2k−1(n)

− (2k+1)σ∗
2k+1(n)+

(
2k+3

2

)
σ̂2k+1(n)+

(
k(2k+1)

6

)
σ̂2k−1(n)

=−(2k+1)
k−1

∑
s=0

(
2k

2s+1

) n−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(n−m),
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and we obtain
k−1

∑
s=0

(
2k

2s+1

) n−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(n−m)

=
1
2

σ2k+1(n)−
1
2

σ̂2k(n)−
1

2k+1
B̂2k+1(n).

□

Remark 1. With k = 1 in Theorem 1, we recover (1.1).

Example 1. With k = 1,2,3 in Theorem 1 look as

(a) B̂3(n) =
3
4

σ3(n)−
3
2

σ̂2(n)−3
n−1

∑
m=1

σ̂1(m)σ̂1(n−m),

(b) B̂5(n) =
5
2

σ5(n)−
5
2

σ̂4(n)−40
n−1

∑
m=1

σ̂1(m)σ̂3(n−m),

(c) B̂7(n) =
7
2

σ7(n)−
7
2

σ̂6(n)−84
n−1

∑
m=1

σ̂1(m)σ̂5(n−m)

−140
n−1

∑
m=1

σ̂3(m)σ̂3(n−m).

Lemma 3. ([4]) If k ≥ 1 and N ∈ N, then
k−1

∑
s=0

(
2k

2s+1

) N

∑
m=1

σ̂2k−2s−1(2m−1)σ̂2s+1(2N −2m+1) =
1
4

σ
∗
2k+1(2N).

Proof of the Theorem 2. Using Theorem 1, we obtain
k−1

∑
s=0

(
2k

2s+1

) 2N−1

∑
m=1

σ̂2k−2s−1(m)σ̂2s+1(2N −m) (2.3)

=
1
2
[σ2k+1(2N)− σ̂2k(2N)]− 1

2k+1
B̂2k+1(2N).

Using (2.3) and Lemma 3, we get
k−1

∑
s=1

(
2k

2s+1

)N−1

∑
m=1

σ̂2k−2s−1(2m)σ̂2s+1(2N −2m) (2.4)

=
1
4
[σ2k+1(2N)+σ2k+1(N)]− 1

2
σ̂2k(2N)− 1

2k+1
B̂2k+1(2N).

With (2.4) and Lemma 3, we get
k−1

∑
s=1

(
2k

2s+1

) 2N−1

∑
m=1

(−1)m
σ̂2k−2s−1(m)σ̂2s+1(2N −m)



738 D. KIM AND N. Y. IKIKARDES

=
1
2

σ2k+1(N)− 1
2

σ̂2k(2N)− 1
2k+1

B̂2k+1(2N).

□

Example 2. With k = 2,3,4 in Theorem 2, we have
(a)

40B3(x)B3(y)−6 [B3(x)+B3(y)] =−12 [xB5(y)+ yB5(x)]

+6 [(x+ y−1)B5(x+ y)+(x− y)B5(y− x)]+5 [B6(y− x)+B6(x+ y)] ,

(b)

B3(x)B5(y)+B5(x)B3(y) =
1
16

[B8(y− x)−B8(x+ y)]− 1
7
[xB7(y)+ yB7(x)]

+
1
14

[B7(x)+B7(y)+(x+ y−1)B7(x+ y)+(x− y)B7(y− x)] ,

(c)

B3(x)B7(y)+B7(x)B3(y) =
3

120
[B10(y− x)−B10(x+ y)]

− 1
12

[xB9(y)+ yB9(x)]+
1
24

[B9(x)+B9(y)

+(x+ y−1)B9(x+ y)+(x− y)B9(y− x)]− 21
10

B5(x)B5(y).

Proof of the Corollary 1. Using Theorem 1 and Theorem 2, we obtain

(2k)
2N−1

∑
m=1

m odd

σ̂2k−1(m)σ̂(2N −m)

=
1
2

σ2k+1(N)+
1
2

σ2k+1(2N)− σ̂2k(2N)− 2
2k+1

B̂2k+1(2N). (2.5)

Replacing 2k by l in (2.5), we get proof of the corollary. □

Proof of the Corollary 2. Let m is odd. Using Theorem 1 and Theorem 2, we
obtain

(2k)
2N−1

∑
m=1

m odd

σ̂2k−1(m)σ̂(2N −m)

+2
k−1

∑
s=1

(
2k

2s+1

) 2N−1

∑
m=1

m odd

σ̂2k−2s−1(m)σ̂2s+1(2N −m)

=
1
2
[σ2k+1(2N)−σ2k+1(N)] . (2.6)
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It is clearly known that σ∗
k(2N) = σk(2N)−σk(N) and σ∗

k(2N) = 2kσ∗
k(N). After we

used it in (2.6), we get proof of the corollary. □

Proof of the Theorem 3. Replacing 2m by m in Lemma 2, we get

m

∑
k=0

(
2m
2k

)
B2k+1(x)B2m−2k+1(y)
(2k+1)(2m−2k+1)

=
1

2(2m+1)
{(x+ y−1)B2m+1(x+ y)+(x− y)B2m+1(y− x)}

+
1

2(2m+2)
{B2m+2(y− x)−B2m+2(x+ y)} .

Using Bk(1− x) = (−1)kBk(x) with k ≥ 0, we derive

m−1

∑
k=1

(
2m
2k

)
B2k+1(x)B2m−2k+1(y)
(2k+1)(2m−2k+1)

=
1

4m+4
{B2m+2(y− x)−B2m+2(x+ y)}

− 1
2m+1

{xB2m+1(y)+ yB2m+1(x)}+
1

4m+2
{B2m+1(x)+B2m+1(y)

+ +(x+ y−1)B2m+1(x+ y)+(x− y)B2m+1(y− x)} .

□

Example 3. With m = 2,3,4 in Theorem 3, we have

(a)

40B3(x)B3(y)−6 [B3(x)+B3(y)] =−12 [xB5(y)+ yB5(x)]

+6 [(x+ y−1)B5(x+ y)+(x− y)B5(y− x)]+5 [B6(y− x)+B6(x+ y)] ,

(b)

B3(x)B5(y)+B5(x)B3(y) =
1
16

[B8(y− x)−B8(x+ y)]− 1
7
[xB7(y)+ yB7(x)]

+
1
14

[B7(x)+B7(y)+(x+ y−1)B7(x+ y)+(x− y)B7(y− x)] ,

(c)

B3(x)B7(y)+B7(x)B3(y) =
3

120
[B10(y− x)−B10(x+ y)]

− 1
12

[xB9(y)+ yB9(x)]+
1
24

[B9(x)+B9(y)

+(x+ y−1)B9(x+ y)+(x− y)B9(y− x)]− 21
10

B5(x)B5(y).
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3. Divisor functions and linear combination of Bernoulli polynomials

We consider the polynomial

∑
1≤m≤p−1
1≤m′≤q−1
a,b,c,d odd

a+b+c+d=2l

(
2l

a,b,c,d

)
σ̂a(m)σ̂b(p−m)σ̂c(m′)σ̂d(q−m′)

once more. Let’s call this polynomial C. Actually, the polynomials C are combina-
tions of Bernoulli polynomials and divisor functions.

Proof of the Theorem 4. We note that(
2m
2k

)(
2k

2s+1

)(
2m−2k
2s′+1

)
=

(2m)!
(2s+1)!(2k−2s−1)!(2s′+1)!(2m−2k−2s′−1)!(

2m
2s+1,2k−2s−1,2s′+1,2m−2k−2s′−1

)
=

(
2m

a,b,c,d

)
.

(3.1)

By Theorem 1 and (3.1), we obtain

C= ∑
1≤m≤p−1
1≤m′≤q−1
a,b,c,d odd

a+b+c+d=2l

(
2l

a,b,c,d

)
σ̂a(m)σ̂b(p−m)σ̂c(m′)σ̂d(q−m′)

=
l−1

∑
w=1

(
2l
2w

)[
w−1

∑
s=0

(
2w

2s+1

) p−1

∑
m=1

σ̂2w−2s−1(m)σ̂2s+1(p−m)

]

×

[
l−w−1

∑
s′=0

(
2l −2w
2s′+1

) q−1

∑
m′=1

σ̂2l−2w−2s′−1(m′)σ̂2s′+1(q−m′)

]

=
l−1

∑
w=1

(
2l
2w

){
1
2

σ2w+1(p)− 1
2

σ2w(p)+σ2w

( p
2

)
−∑

d|p

B2w+1(d)
2w+1

+2 ∑
d| p

2

B2w+1(d)
2w+1

×
{

1
2

σ2l−2w+1(q)−
1
2

σ2l−2w(q)+σ2l−2w

(q
2

)

−∑
d′|q

B2l−2w+1(d′)

2l −2w+1
+2 ∑

d′| q
2

B2l−2w+1(d′)

2l −2w+1

 .

Consider the terms of C, we obtain

C(1) :=
1
4

l−1

∑
w=1

(
2l
2w

)
σ2w+1(p)σ2l−2w+1(q),
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C(2) :=−1
4

l−1

∑
w=1

(
2l
2w

)
σ2w+1(p)σ2l−2w(q),

C(3) :=
1
2

l−1

∑
w=1

(
2l
2w

)
σ2w+1(p)σ2l−2w

(q
2

)
,

C(4) :=−1
4

l−1

∑
w=1

(
2l
2w

)
σ2w(p)σ2l−2w+1(q),

C(5) :=
1
4

l−1

∑
w=1

(
2l
2w

)
σ2w(p)σ2l−2w(q),

C(6) :=−1
2

l−1

∑
w=1

(
2l
2w

)
σ2w(p)σ2l−2w

(q
2

)
,

C(7) :=
1
2

l−1

∑
w=1

(
2l
2w

)
σ2w

( p
2

)
σ2l−2w+1(q),

C(8) :=−1
2

l−1

∑
w=1

(
2l
2w

)
σ2w

( p
2

)
σ2l−2w(q),

C(9) :=
l−1

∑
w=1

(
2l
2w

)
σ2w

( p
2

)
σ2l−2w

(q
2

)
,

C(10) :=−1
2 ∑

d|p

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w+1(q),

C(11) :=
1
2 ∑

d|p

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w(q),

C(12) :=−∑
d|p

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w

(q
2

)
,

C(13) :=−1
2 ∑

d′|q

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w+1(p),

C(14) :=
1
2 ∑

d′|q

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w(p),

C(15) :=−∑
d′|q

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w

( p
2

)
,

C(16) := ∑
d| p

2

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w+1(q),
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C(17) :=−∑
d| p

2

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w(q),

C(18) := 2 ∑
d| p

2

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
σ2l−2w

(q
2

)
,

C(19) := ∑
d′| q

2

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w+1(p),

C(20) :=− ∑
d′| q

2

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w(p),

C(21) := 2 ∑
d′| q

2

l−1

∑
w=1

(
2l
2w

)
B2l−2w+1(d′)

2l −2w+1
σ2w

( p
2

)
,

C(22) := ∑
d|p
d′|q

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
B2l−2w+1(d′)

2l −2w+1
,

C(23) := 4 ∑
d| p

2
d′| q

2

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
B2l−2w+1(d′)

2l −2w+1
,

C(24) :=−2 ∑
d| p

2
d′|q

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
B2l−2w+1(d′)

2l −2w+1
,

and

C(25) :=−2 ∑
d|p
d′| q

2

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
B2l−2w+1(d′)

2l −2w+1
.

From the binomial theorem,
l−1

∑
w=1

(
2l
2w

)
d′2l−2wd2w =

1
2

[
(d′+d)2l +(d′−d)2l

]
−d′2l −d2l,

we obtain

C(1) =
1
8 ∑

d|p
d′|q

d′d[(d′+d)2l +(d′−d)2l]− 1
4 ∑

d|p
d′|q

dd′2l+1 − 1
4 ∑

d|p
d′|q

d2l+1d′.

By the property of Bernoulli polynomial,

Bn(x+1)−Bn(x) = nxn−1,
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we get

C(1) =
1

8(2l +1) ∑
d|p
d′|q

d′d
[
B2l+1(d′+d +1)+B2l+1(d′−d +1)

−B2l+1(d′+d)−B2l+1(d′−d)
]
− 1

4
[σ1(p)σ2l+1(q)+σ2l+1(p)σ1(q)] .

Similarly, we derive that

C(2) =− 1
8(2l +1) ∑

d|p
d′|q

d
[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
+

1
4
[σ1(p)σ2l(q)+σ2l+1(p)σ0(q)] ,

C(3) =
1

4(2l +1) ∑
d|p
d′| q

2

d
[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
− 1

2

[
σ1(p)σ2l

(q
2

)
+σ2l+1(p)σ0

(q
2

)]
,

C(4) =− 1
8(2l +1) ∑

d|p
d′|q

d′ [B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
+

1
4
[σ0(p)σ2l+1(q)+σ2l(p)σ1(q)] ,

C(5) =
1

8(2l +1) ∑
d|p
d′|q

[
B2l+1(d′+d +1)+B2l+1(d′−d +1)

−B2l+1(d′+d)−B2l+1(d′−d)
]
− 1

4
[σ0(p)σ2l(q)+σ2l(p)σ0(q)] ,

C(6) =− 1
4(2l +1) ∑

d|p
d′| q

2

[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
+

1
2

[
σ0(p)σ2l

(q
2

)
+σ2l(p)σ0

(q
2

)]
,

C(7) =
1

4(2l +1) ∑
d| p

2
d′|q

d′ [B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
− 1

2

[
σ0

( p
2

)
σ2l+1(q)+σ2l

( p
2

)
σ1(q)

]
,
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C(8) =− 1
4(2l +1) ∑

d| p
2

d′|q

[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
+

1
2

[
σ0

( p
2

)
σ2l(q)+σ2l

( p
2

)
σ0(q)

]
,

C(9) =
1

2(2l +1) ∑
d| p

2
d′| q

2

[
B2l+1(d′+d +1)+B2l+1(d′−d +1)−B2l+1(d′+d)

−B2l+1(d′−d)
]
−
[
σ0

( p
2

)
σ2l

(q
2

)
+σ2l

( p
2

)
σ0

(q
2

)]
.

We obtain

C(10) =−1
2

l−1

∑
w=1

(
2l
2w

)
∑
d|p

B2w+1(d)
2w+1

σ2l−2w+1(q)

=− 1
2(2l +1)

l−1

∑
w=1

(2l +1)(2l)!
(2w+1)!(2l −2w)! ∑

d|p
d′|q

B2w+1(d)σ2l+1−2w(q)

=− 1
4(2l +1) ∑

d|p
d′|q

d′ [B2l+1(d +d′)+B2l+1(d −d′)
]

+
1
2

σ1(p)σ2l+1(q)−
1
4

σ0(p)σ2l+1(q)+
1

2(2l +1)
σ1(q)∑

d|p
B2l+1(d).

Similarly, like C(10), we get

C(11) =
1

4(2l +1) ∑
d|p
d′|q

[
B2l+1(d +d′)+B2l+1(d −d′)

]

− 1
2

σ1(p)σ2l(q)+
1
4

σ0(p)σ2l(q)−
1

2(2l +1)
σ0(q)∑

d|p
B2l+1(d),

C(12) =− 1
2(2l +1) ∑

d|p
d′| f racq2

[
B2l+1(d +d′)+B2l+1(d −d′)

]
+σ1(p)σ2l

(q
2

)

− 1
2

σ0(p)σ2l

(q
2

)
+

1
2l +1

σ0

(q
2

)
∑
d|p

B2l+1(d),

C(13) =− 1
4(2l +1) ∑

d|p
d′|q

d
[
B2l+1(d′+d)+B2l+1(d′−d)

]
+

1
2

σ2l+1(p)σ1(q)
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− 1
4

σ2l+1(p)σ0(q)+
1

2(2l +1)
σ1(p)∑

d′|q
B2l+1(d′),

C(14) =
1

4(2l +1) ∑
d|p
d′|q

[
B2l+1(d′+d)+B2l+1(d′−d)

]
− 1

2
σ2l(p)σ1(q)

+
1
4

σ2l(p)σ0(q)−
1

2(2l +1)
σ0(p)∑

d′|q
B2l+1(d′),

C(15) =− 1
2(2l +1) ∑

d| p
2

d′|q

[
B2l+1(d′+d)+B2l+1(d′−d)

]
+σ2l

( p
2

)
σ1(q)

− 1
2

σ2l

( p
2

)
σ0(q)+

1
2l +1

σ0

( p
2

)
∑
d′|q

B2l+1(d′),

C(16) =
1

2(2l +1) ∑
d| p

2
d′|q

d′ [B2l+1(d′+d)+B2l+1(d −d′)
]
−σ1

( p
2

)
σ2l+1(q)

+
1
2

σ0

( p
2

)
σ2l+1(q)−

1
2l +1

σ1(q)∑
d| p

2

B2l+1(d),

C(17) =− 1
2(2l +1) ∑

d| p
2

d′|q

[
B2l+1(d +d′)+B2l+1(d −d′)

]
+σ1

( p
2

)
σ2l(q)

− 1
2

σ0

( p
2

)
σ2l(q)+

1
2l +1

σ0(q)∑
d| p

2

B2l+1(d),

C(18) =
1

2l +1 ∑
d| p

2
d′| q

2

[
B2l+1(d +d′)+B2l+1(d −d′)

]
−2σ1

( p
2

)
σ2l

(q
2

)

+σ0

( p
2

)
σ2l

(q
2

)
− 2

2l +1
σ0

(q
2

)
∑
d| p

2

B2l+1(d),

C(19) =
1

2(2l +1) ∑
d|p
d′| q

2

d
[
B2l+1(d′+d)+B2l+1(d′−d)

]
−σ2l+1(p)σ1

(q
2

)

+
1
2

σ2l+1(p)σ0

(q
2

)
− 1

2l +1
σ1(p) ∑

d′| q
2

B2l+1(d′),
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C(20) =− 1
2(2l +1) ∑

d|p
d′| q

2

[
B2l+1(d′+d)+B2l+1(d′−d)

]
+σ2l(p)σ1

(q
2

)

− 1
2

σ2l(p)σ0

(q
2

)
+

1
2l +1

σ0(p) ∑
d′| q

2

B2l+1(d′)

and

C(21) =
1

2l +1 ∑
d| p

2
d′| q

2

[
B2l+1(d′+d)+B2l+1(d′−d)

]
−2σ2l

( p
2

)
σ1

(q
2

)

+σ2l

( p
2

)
σ0

(q
2

)
− 2

2l +1
σ0

( p
2

)
∑
d′| q

2

B2l+1(d′).

From Lemma 2, then we get

C(22) = ∑
d|p
d′|q

l−1

∑
w=1

(
2l
2w

)
B2w+1(d)

2w+1
B2l−2w+1(d′)

2l −2w+1

=
1

2(2l +1) ∑
d|p
d′|q

[
(d +d′−1)B2l+1(d +d′)+(d −d′)B2l+1(d′−d)

−(2d −1)B2l+1(d′)− (2d′−1)B2l+1(d)
]

− 1
4(l +1) ∑

d|p
d′|q

[
B2l+2(d +d′)−B2l+2(d′−d)

]
,

C(23) =
4

2(2l +1) ∑
d| p

2
d′| q

2

[
(d +d′−1)B2l+1(d +d′)+(d −d′)B2l+1(d′−d)

−(2d −1)B2l+1(d′)− (2d′−1)B2l+1(d)
]

− 4
4(l +1) ∑

d| p
2

d′| q
2

[
B2l+2(d +d′)−B2l+2(d′−d)

]
,

C(24) =− 2
2(2l +1) ∑

d| p
2

d′|q

[
(d +d′−1)B2l+1(d +d′)+(d −d′)B2l+1(d′−d)

−(2d −1)B2l+1(d′)− (2d′−1)B2l+1(d)
]
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+
2

4(l +1) ∑
d| p

2
d′|q

[
B2l+2(d +d′)−B2l+2(d′−d)

]
,

C(25) =− 2
2(2l +1) ∑

d|p
d′| q

2

[
(d +d′−1)B2l+1(d +d′)+(d −d′)B2l+1(d′−d)

−(2d −1)B2l+1(d′)− (2d′−1)B2l+1(d)
]

+
2

4(l +1) ∑
d|p
d′| q

2

[
B2l+2(d +d′)−B2l+2(d′−d)

]
.

Summing C(i)(i = 1, ...,25), we drive the Theorem. □

Example 4. In Theorem 4, for l = a = b = c = d = 1 and p = q = 2, we get

∑
1≤m≤p−1
1≤m′≤q−1
a,b,c,d odd

a+b+c+d=2l

(
2l

a,b,c,d

)
σ̂a(m)σ̂b(p−m)σ̂c(m′)σ̂d(q−m′) = 4!.
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