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Abstract. In this paper, we study combinatoric convolution sums involving divisor functions.
First, we establish some explicit formulas for certain combinatoric convolution sums of divisor
functions derived from Bernoulli polynomials. Second, we show a formula of the fourth order of
convolution sums of divisor functions expressed by their divisor functions and linear combination
of Bernoulli polynomials.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The symbols N, Z and R denote the set of natural numbers, the ring of integers
and the field of real numbers, respectively. Over the years Bernoulli polynomials have
been used to prove important mathematical theorems. Since the 17th century, many
mathematicians in different fields have been interested in Bernoulli polynomials. The
Bernoulli polynomials By (x), which are usually defined by the exponential generating
function

te :in(x)tk,
e—1 &= k!

play an important and quite mysterious role in mathematics and various fields like
analysis, number theory and differential topology. The Bernoulli numbers Bj are
defined to be By := By(0).

The Bernoulli polynomial [7] is expressed through the respective numbers

B =Y (Z) B,

k=0
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n
B,(1—x) = (—1)"By(x) and
B,(14x) —B,(x) =nx""1,
For n € N and k € Z, we define two divisor functions

or(n) = de, 6 (n) := Z(—l)gfldk, oi(n):== Y da*.

dn d|n din

The identity
Y s01—8) = >oa(m) + (= — L) o)
= 12 2 2

for the basic convolution sum first appeared in a letter from Besge to Liouville in
1862 ([3]). Hahn [6, (4.8)] considered

36 Z 6(m)6(n—m) =

m<n

It is well-known that & (n) = oy (n) —20%(5) ([0, (1.13)]).
In this article, we are trying to focus on the combinatorial convolution sums. For
positive integers k, [, n, p and g the combinatorial convolution sums

k-1 2k n—1 . A
Z <25+ 1> ”;l Gok—25—1(m)&osp1(n—m)

{—36(n) +365(n), if n is odd, 0

—36(n) —563(n) +403(5), ifniseven.

s=0
and
21 N A A N\ A !/
Y 6a(m)Sy(p —m)S.(m')6a(q—m')
I <mep—1 a,b,c,d
1<m’'<g—1
a,b,c,d odd
a+b+c+d=2I

can be evaluated explicitly in terms of divisor functions and a sum involving Bernoulli
polynomials.

We are motivated by Ramanujan’s recursion formula for sums of the product of
two Eisenstein series [2] and its proof, and also the following identities ([1],[4],[9]):

k—1 2%k N—1
Ook—2s—1(m)C N—m
SZO<2s+1>le 201 (m)G2s1 (N — m)

 2k+3
 4k+2

Go+1(N) + (lg —N) G2—1(N)
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1 & (2k+1
e — By _2i(N).
+2k_|_1];2( 2 ) 2j02%+1-2j(N)

Using these new formulas and addition theorem of Bernoulli polynomials, we de-
rive the explicit formulas for quadnomial convolution sums of divisor functions. We
define Bo(1(n) that if n is even, then Zd\nszH(d) - 2Zd|%ng+1(d) and if n is
odd, then Zd\nBZkH(d)- Similarly, }§2k+1 (n) that if n is even, then Zd‘n]_@z/{“(d) -
2 Boi11(d) and if n is odd, then Y Bsi1(d). More precisely, we prove the
following results.

Theorem 1. Ifk > 1 and n > 2, then

k—1 2%k n—1 ) A
Z (2S+ 1) Z 62k—25-1(m) 6254 1(n —m)

s=0 m=1

1 1. 1 .
= 562k+1(7’l) - 562]‘(") - T_HBZHI(”)-

Theorem 2. Ifk > 2 and N > 1, then

k=1 2% O\ N1
Z <25+ 1) Z (_1)m62k72s71(m)62g+1(2N—m)

s=1 m=1
1 1 N
= N) — =65:(2N) — B 2N).
202k+1( ) 202k( ) %1 2k+1( )
Corollary 1. For N > 1, we have
2N—1
Z 6/—1(m)6(2N —m)
m=1
m odd
[ even
1 1 N
= — N 2N)| — =6;(2N) — ———B;_1(2N).
57 [6141(N) +6141(2N)] ;61(2N) 0+1) 1+1(2N)

Corollary 2. Fork > 2 and N > 1, we have

k—1 2% 2N—1 A . .
) <2s+ 1> Zl Gok—25-1(m)G2s1 1 (2N —m) =27 o3, | (N)
m=

s=1
m odd

1 1
— = N)+o 2N)| — =621(2N) +

Theorem 3. Letm € N, m > 1 and x,y € R. Then we have

mi"] 2m\ Bok+1(xX)Bam—2k+1(y) _
2k ) 2k 1)(2m—2k+1)  dm+4

éZk-&-l (2N)

{BZm+2 (y - x)
k=1

—Bomia(x+y)}— {xBam1(y) +yBam+1(x)}

1
2m+1
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1
dm+2 {BZm+l (x) +BZm+l(y) + (X+y - 1)BZm+l (x+)7)

+(x—y)Bons1(y—x)}.

_.I_

The following theorem gives a formula of the fourth order of convolution sums
of divisor functions expressed by their divisor functions and linear combination of
Bernoulli polynomials.

Theorem 4. Let [, p,q € N with greater than 1. Then

20 N\, o
Z < b d> Ga(m)&y(p —m)&e(m')Salg —m')
1<m<p-—1 Uy 0,y

1<m’'<g-—1
a,b,c,d odd
a+b+c+d=21

1

=sar it 1) +Bosi(qg—p+1)-B —Byi(g—
8(2l+1){ 2+1(g+p+1)+Buri(q—p+1)—=Bauyi(q+p) —Baui(g—p)

+ Z dd [Bz[+1 (d’—i-d-i— 1) —|—le+1 (d’ —d+ 1) —BQI_H (d’—i—d) _BZH-I (d/ —d)]
d|p
d'lq

=Y d[Bausi(qg+d+1)+ By (g—d+1) = Byr1(q+d) — By (g—d)]
dlp

=Y d' [Byi(d' +p+1)+Byii(d — p+1) = Byr1(d' + p) — Bas1 (d — p)] }
d'lq
1

—— B )+ B _
4(21+1){ 20+1(P+q) +Bat1(p—q) + Buti1(qg—p)

+

=Y d[Buyi(qg+d)+Bui(g—d)] =Y d [Buyi(p+d) +Basi(p—d)] }
dlp d'lq

1 A .
ATAT IS —1)B —a)B _
+2(21+1){(P+‘1 )Ba1(p+4)+ (P —q)Basi(q—p)

—(2p— 1)§21+1 (q)— (29— 1)§2z+1 (p)
+By11(p) [Gl(q) —00(q) + 200 (%)]

(@) [01(p) = o0(p) +200 (£ ]}
1

+ o001 (5)| [ona @) ~oata) +20u (3)]

+I§2z+1

+ {sz(}?) —62(p) +20 <§>} [icl(q) -0 (g)}
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s [Bualp+a)~ Buiala—p)
401 1) 20142\P T4 2+2\9—P)| -

2. PROPERTIES OF COMBINATORIC CONVOLUTION SUMS OF DIVISOR
FUNCTIONS DERIVED FROM BERNOULLI POLYNOMIALS

The purpose of this section is to give proofs of the main results. Also, we would
like to enrich this section with examples. To proof of the theorems, we need the
auxiliary results and lemmas.

Lemma 1. ([5]) Let k,n be positive integers. Then
k <2k+1

Z 2j

>32j62k+1—21(”) = (2k+1)0%41(n)
=2

- (Zk;3)62k+1(n) - (k(2k6+1))62k1(n)

k—1 n—1
2%
—2k+1) Y Y G2y 1 (m)8gi1(n—m).
( )50<2S 1>m1 2k—2. 1( ) 2+1(n )

Lemma 2. ([5]) Let m € N and x,y € R. Then we have

@ % (1) et B )

= k+1 m—k+1
_ Bui1(x+y)  Buia(x+y) B2 (x) Bi2(y)
Sy ) T T T ) med) mr)mt2)
- m\ Bit1(x) Bu—k+1(y)
(b)kzg)(_l)k(k) k+1 m—k+1
— (e )Bm+1(y—x) Bui2(y—x) | Bui2(l—x) Biui2(y)
Y m+2  (m+D)(m+2)  (m+1)(m+2)

Now we are ready to prove the main results of the article.
Proof of the Theorem [. Consider

k
2k+1 R

T:=Y) . ) B2jG2ut1-24(n)

=2 2j

el k41 2k+1
— B:6 (n) — Br:i16 o
Z{)( j ) 62141 j(n) jg;)<2j+1> 2j+16201-(2j+1)(n)
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2k+1 . 2k+1 N
—< 0 >3002k+1(n)—( 5 >3252k+12(”l)-

It is well-known that Bo = 1, By = —%, B, = é and Byj11 =0 (j>1). Thus

A e 1\ L 2k+1\ .
T = Z < j >Bj02k+1—j(n)_< 0 >3002k+1(n)
j=0

2k+1 . 2k+1 .
—< . >Blczk(n)—< ) >Bzﬁzk—1(n)

2k+1 2k +1 . . 1\ . k(2k+1
=) < j >Bj62k+1j(n)—62k+l(n)+ <k+ 2> Gox(n) — (6)62k 1(n).
=0

@2.1)
Using B, (x) = Y/ (7)Bix"', we obtain
2k+1 2k+1 n
) < ) >Bj <62k+1</(n)—202k+1</ (5))
=0\ J
o2k +1 21— 21—
=Z< . >B,~ Y AT Y g
j=0 J dn e
=Y Boy1(d) =2 Byi(d)
din d|s
= Boi1(n).
2.2)
Combining (2.1), Lemma 1 and (2.2) we deduce that
2k+1 2%k + 1 . R 1., 2k+1
)y < i )Bj02k+1—j(n)—62k+1("l)+(k+ 5)62(n) — (6)sz 1(n)
=0
) . 1. k(2k+1)
= Bupr ()~ Gapa () + ke 3)omn) — S V)

(2K )0 () + <2"2+3) () + (M) 6mito)

1
—(2k+1) Z <2 +1> ZGZk 25-1(m) 82541 (n —m),
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and we obtain

s=0 m=1
St (m) — 36(n) — 5B (1)
== n)——= n)— n
5 O2%k+1 502k Dk ] D2k
O
Remark 1. With k =1 in Theorem 1, we recover (1.1).
Example 1. With k =1,2,3 in Theorem 1 look as
. 3 3 ]
(a) Bs(n) = 1(53(n) - Eﬁz(n) —-3Y 61(m)6(n—m),
m=1
R 5 5 =
(b) Bs(n) = 565(n) — 564(11) —40 ) 61(m)63(n—m),
m=1
. 7 7 ol
(c) B(n) = 50‘7(11) - 566(n) —84 ) &1(m)65(n—m)
m=1
n—1
— 140 Z 63(m)63(n—m).
m=1
Lemma 3. ([4]) Ifk > 1 and N € N, then
)2 (el D YR SERTCHE )= Lonam)
Gok_2s 1(2m—1)6251 (2N —2m+1) = *Gﬁk 1(2N).
= \2s+1) = * * 4t
Proof of the Theorem 2. Using Theorem 1, we obtain
k—1 2k 2N—1
Goi—25—1(m)6 2N —m 2.3
§)<2S+1> mzz,l 2251 (M) 62411 ( ) (2.3)
1 . | .
= E [62k+1 (ZN) — GZk(QN)] — Yy 1B2k+1 (QN)
Using (2.3) and Lemma 3, we get
(Sl L RSRCYY EIE S
Gok—25—1(2m)6&2511 (2N —2m (2.4)
s=1 2s+1 m=1
e 1 (V) + Gt (V)] — S600 (2N) — —— B 1 (2)
= 4 (021 2k+1 502k Dk 1 D2k .

With (2.4) and Lemma 3, we get

k—1 2%k 2N—-1
—1)"62k—2s— 62511 (2N —
T (1) X 1 Ganmaa(zy—m
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1 1.
= 062 11(N) — 62(2N) —

—B 2
3 5 Bk 1(2N).

2k+1

Example 2. With k =2,3,4 in Theorem 2, we have
(a)

40B3(x)B3(y) — 6[B3(x) + B3 (y)] = —12 [xBs(y) + yBs(x)]
+6[(x+y—1)Bs(x+y) + (x—y)Bs(y —x)] + 5 [Bs(y — x) + Bs (x + )],

(b)

Bs(x)Bs(y) + Bs (1)B (y) = -

16
3 B2 () + By ) + (e — DBy(+3) + (e~ )Br(y )],
(c)

B3(x)B7(y) 4+ B7(x)B3(y) =

By —x) ~ Bs(x-+3)] — 5 [¥Br(y) +yBr(x)

130[8 0(y—x) —B10(x+Y)]
L B 0) 3B ()] + o [Bo(

by~ DBox+3) + (x— ) By —x)] — 5 Bs()Bs ().

Proof of the Corollary 1. Using Theorem 1 and Theorem 2, we obtain

+Bo(y)

2N—1
2k Z 62k 1 )6(2N—m)
m odld
1 1 R
== = 2N) — 624 (2N) — B 2N). 2.
262k+1(N)+262k+1( N) —62(2N) T w+1(2N).  (2.5)
Replacing 2k by [ in (2.5), we get proof of the corollary. U

Proof of the Corollary 2. Let m is odd. Using Theorem 1 and Theorem 2, we
obtain
2N-1
(2]() Z 62k_1 (m)(AF(QN— m)

m=1
m odd

k—1 2%k 2N—1

+2Z( ) Z Gox—25-1(m)825+1(2N — m)
s=1 modd
1

5 [62k+1 (ZN) O2k+1 (N)] . (2.6)
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It is clearly known that 6} (2N) = 64(2N) — 6x(N) and 6} (2N) = 2¢G}(N). After we
used it in (2.6), we get proof of the corollary. O

Proof of the Theorem 3. Replacing 2m by m in Lemma 2, we get

< (2m\ Boi1(x)Bom-2k11(y)
Z <2k> (2/(:—1)(2171—2/::— 1)
= 2(2,,:_}_1) {(x+y_ I)BZm-i-l(x"‘y) + (x—y)B2m+1(y—x)}
1

T 2am+2)

k=0

{B2m+2 (y —)C) - BZm+2(x+y)} .

Using By (1 —x) = (—1)*Bi(x) with k > 0, we derive
”’21 <2m> Bojy1(%)Bam—2k+1(y) 1

2% ) Ck+1)(2m—2k+1)  4m—+4

1
_ m {)CBZm+1 (y) +yBZm+1 (x)} + ami2 {BZerl (x) +B2m+l (y)

++ x4y = DBami1(x+y) + (x=y)Bamr1(y —x)} -

{B2m+2 (y - x) - BZm+2 (x + y)}
k=1

Example 3. With m = 2,3,4 in Theorem 3, we have
(a)

40B3(x)B3(y) — 6 [B3(x) +B3(y)] = —12[xBs(y) + yBs(x)]
+6[(x+y—1)Bs(x+y)+ (x—y)Bs(y —x)] +5[Bs(y — x) + Bs(x +y)] ,

(b)

Ba(x)Bs(y) + Bs(0)B5(y) =~ [Bs(y —x) — Bs(x+)] — 5 [4B2(3) + yB1(x)
43 [B7(0) + By )+ (e = DByx-+3) + (= )Br(y )],

(©

By(x)B1(0) + B (x)B3() = 135 [Bioly ) ~ Biol-+)]

L B() +Bo(0)] + o [Bo() +Bo()

12
by~ DBox+3) + (x—)Bo(y )] — 5 Bs()Bs ().
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3. Divisor functions and linear combination of Bernoulli polynomials

We consider the polynomial
21 > N N A N\ A /
64(m)6p(p —m)6.(m')6a(q —m')

lﬁﬂgpfl (a,b,c,d

1<m’'<g—1

a,b,c,d odd

atbtc+d=21

once more. Let’s call this polynomial €. Actually, the polynomials ¢ are combina-
tions of Bernoulli polynomials and divisor functions.

Proof of the Theorem 4. We note that
2m 2k 2m—2k\ (2m)!
2k J\2s+ 1)\ 2¢+1 )  (2s+1)1(2k—25s—1)!(25' +1)!(2m — 2k —25' —1)!

2m _ 2m
2s+1,2k—2s— 1,28 +1,2m—2k—2s'—1) \a,b,c,d)’

3.1
By Theorem 1 and (3.1), we obtain

21 . N A A
c- (o) Bl =)t~ )
1<m<p-—1 a, ’C’d
1<m’'<q—1
a,b,c,d odd
a+b+c+d=2l

:li_‘i (22511) [Wgz <2S+1> 262W 25-1(m) 62511 (p — m)]

N

[—w—
/
[ g <2s +1) Z 6212wy 1(m)8ag 41 (qg—m')

¥ (3 ){ O201(p) — 3020 (p) 0 () - 3 P2t

w=1 dlp

Bay+1(d) 1 1 g
o et [Tl TR - (3)
* U;‘ 2w+ 1 X 202’ 2w+1(9) 2021 2w(q) + 622w >
2

B By _ d’

Z 22w+ ( )+ZZ 2-2w+1(d")

2l -2w+1 e 20 —-2w+1

2
Consider the terms of €, we obtain

1= /a1
€y = 4 Z (2w> G2 +1(P)02-20+1(9),

w=1
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~1
Z (225‘}) Gow+1(P)02-2w(q

= W) G20 (P)02-2w+1(g

12 721
= ( )sz(P)GleW(Q)a
152 /o1 q
=3 <2W> 621 (P)02-2w (5)
12 /a1 p
: 5 <2w> O2w <§> 02/ —2w+1 (61)7
1

(e (ot

2d|pw:1 2w/ 2w+1
XY (),
- —2w

A=l 2w/ 2w+1

1« & (20 Baawsi(d)
=L ) 2w) 20— 2w+l °

1« o (20 By—awii(d')
=5) <2w> 22wt o)

21 > Boi—oyw+1(d’)

),

o 21 q
= 5 <2W> 0-2w+l(p)0-21—2w (5) 3
1

),

)

= (21 By 1(d)
L (o) i P avnia)

2w+1 (p)a

5)
20— 2wt 1 sz(z ’

741
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=8 120\ Bayi1 (d)
Chap=-2 ), <2W> mﬁzmw@,

v

Cg) == 2;5;2; (;i) B;::jr(f) 202w (2) ;
€(19) 1= d% ;Zjl (;i) Imﬁzwﬂ (p),
€a9) = —d% ;z_i (22vlv> WGZW(P%
g ()5 )

¢ ‘221—1 21\ Bayy1(d) By 2y 41(d")
@) dwtl 20—2w+1’

-1 !
Coy=4Y Y <2Z>Bzw+1(d) By _oy41(d")

mE\w) 2wkl 22w
|4
¢ ) Z - <2l ) B2w+1 (d) B2172w+1(d/)
24) = — ,
24 S \aw) 2wl 22w
d'lq
and
-1 !
21\ Byyy1(d) By—2y41(d")
9:(25) =2 ( ) .
dzpv‘;l 2w/ 2w+1 2[—-2w+1
|4

From the binomial theorem,

)| 1
Z < )d/zzzwdzw = {(d’—i—d)zz—i— (d/_d>21] 3?2

= \2w
we obtain
1 1 1
Q:(l) _ g Zd/d[(d/ +d)ZZ + (d/ _d)ZI] _ Z de/21+1 _ Z Zd21+ld,.
dlp dlp dlp
d'lq d'lq d'lq

By the property of Bernoulli polynomial,
Bu(x+1) —By,(x) = nx"" !,
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we get

1

Cpn=-———Y dd[By(d+d+1)+Byii(d —d+1
(1 8(21—}—1)2 [Bo1(d +d+1)+Boyi( +1)

dlp
d'lq
—Ba1(d' +d) =By (d' —d)] — i [61(p)o21+1(q) +0211(p)o1(9)]-

Similarly, we derive that

1
=————Yd|B d+d+1)+B d—-d+1)—B d+d
¢ 8(2l+1)dzp [Bars1(d' +d + 1)+ Ba i1 ( +1) = By11(d' +d)
d'lq
1
—By1(d' —d)] + 7 [61(p)o2(q) +02411(p)oo(q)],
1
=——— %Y d|B d+d+1)+B d—-d+1)—B d +d
¢ 4(2l+1)dzp [Bars1(d +d+1)+ By ( +1) = Boy1(d +d)
a4
1
—By1(d' —d)] - 3 [01(19)621 (g) +62+1(P)00 (g)] ;
1
Cuy= -7 2 d [Bupi(d' +d+1)+Byy1(d —d+1) =By (d' +d)
8(2+1) &
d'lq

~By1(d —d)] + % [60(p)02+1(q) +02(p)o1(q)],
1

Bl — B d+d+1)+B d—d+1
<) 8(214—1);[ 21 (d +d+ 1)+ By ( +1)
d'lq
1
—Bo41 (d/ +d) —le+1(dl —d)] 3 [60(p)o2:(q) +02(p)oo(q)],
1
B B d+d+1)+B d—d+1)—B d+d
(e) 4(2l+1)dzp[ 2t1(d +d+1)+ B ( +1) = Boyt1(d' +d)
a4
1
—Bo1(d’ —d)} + 5 [00(19)621 (g) +62(p)oo (g)} ,
1
¢y = 55— 4 [Bui(d' +d+1)+Byy1(d —d+1) = By 1 (d' +d)
42+1) &
d'lq

1

—By1(d' —d)| - 3 [GO (%) 621+1(q) +0u (g) o (61)} ;
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Q:(g) = Z le+1 d +d+ 1) +le+1(d —d+ 1) le+1(d +d)

21+1 )

2

d'lq

1
—Boy1(d' —d)] + 3 {Go (%) 62(q) + 02 (g) GO(CI)} :
1
Co) =

———— Y [Bysi(d'+d+1)+ By (d —d+1) —Bys1(d' +d
2(21+1)Z[ 241(d" +d + 1)+ By ( +1) = Byy1(d" +d)

1 721 By 1(d)
w5

G2/—2w+1 (61)
IS 2w+ 1
-1

(214 1)(
B w — LW
21+1 Z’ 2w+ 1)! 217 Z 2+1(d)021:+1-2(4)
d’lq
1
=———— Y d By, (d+d)+By,i(d—d
4(21"’_1)[12;, [Bar1( )+ Borii( )]
d'lq
L61(P)ous1 (@)~ 500(P)on (@) + 55 B
+261 P)02+19g —460 P)o2+1\9g (2l+1 de 2u+1(d
Similarly, like € ¢, we get
1
=—— Y By (d+d)+Byi1(d—d
) 4(21+1)[§;;[ 2+1(d+d') + Bosi )]
d'lq
— ~61(p)ou(g) + 100(p)ou(q) - (@YB
2117 201\g 40P 21\q 2(2l—l—1 = 21+1
1 q
o) = N dzp [Bai1(d+d')+Boy1(d—d')] +01(p)ou (§>
d/|fracq2
1 q
_560(”)021() 2z+1 ()ZBZ’“
1 , , 1
i3y = TN %d [Bys1(d' +d)+ By (d' —d)] + 5021+1(P)01(61)
d'lq
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1
—1621+1(p)GO(Q) (21+1 d’zk}ByH
_ 1 , , 1
Cay = TETES) dzlz; [Bars1(d' +d) +Boy1(d —d)] 502(p)o1(q)
d'lq
1
+1021(P)00(Q) m dZ;BZZH
1 p
¢ = B d+d)+B d—d =
(15) 2(2l+1);2,[ 21+1(d +d) + Boi ( )]+021<2>01(Q)
d'lq
1 p
—5021 (5) Go(q) + 2l+1 ( )ZBZHI
1 p
i) = 20011 & Y d' [Byii(d +d)+Byyi(d—d')| - <*> c2+1(q)
d’\q
1 p
+§Go <§> G2+1(q) — 2 1 L;Bzzﬂ
1 p
¢ = B d+d)+B d—d =
(17) 2(2”1);;,[ 2+1(d+d') + Baryi( )]+61(2)Gzz(q)
d'lq
1 p
~300(3) a0

q) Y Bu:1(d)
d|%

&
&
|
&
+
—_
&M

[Bat1(d+d")+ By (d—d')] — 20, (g) 02 (g)

X
Rt

+G°(§>02’(%> 21+1 ()ZB”“

1 q
€9y = 220+ (%d [Byi1(d' +d)+Ba1(d' —d)] — 6211(p)oi (5)
44
1 q
+56211(P)00 (§> 2 p) Y Buii(d

d/|q
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1
€r0) = —

! /!
Z(ZZ_H)dlZp [Ba1(d' +d)+ By 1 (d' —d)| +6u(p)oi <2>
it
1 q
- 5021(17)00 <§> 2l+1 ;Bzzﬂ
and
1
oy = ZIH[% [Byy1(d' +d)+Ba1(d —d)| — 20y (g) o (%)
&
p q
+0u <§> 0 (5) N 2!+ ( )dzl;, 2141

From Lemma 2, then we get

pE ()

2w+1 21—-2w+1
d’\q
1
=201 T) Y [(d+d —1)Byii(d+d')+(d—d")Byyi(d —d)
dlp
d'lq
—(2d = 1)Byy1(d') — (2d" = 1)Bay 11 (d)]
1
- m Z [le+2(d+d/) —Byya(d' — d)] )
dlp
d'lq
4
€3 = ST Y [(d+d —1)Byyi(d+d")+(d—d")Byi(d —d)
d|?
i
—(2d = 1)By41(d") — (2d' — 1)Byy41 (d)]
4
- m Z [BZH-Z (d + d/) - BZH—Z(d/ - d)] )
p
Zlf‘fz

Coay = — 2I+1 Y [(d+d —1)Byii(d+d")+(d—d')Byyi(d' —d)
g

H

—(2d = 1)By11(d') -

Q‘Q.

(2d'~1)Ba+1(d)]
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2
+ 4(”1); [Byii2(d+d") — By (d —d)],
2
d'lq
2
=—— d+d —1)B d+d)+(d—d)B d—d
6(25) 2(2[4_1)de[( + ) 21+1( + )+( ) 21+1( )
4
—(2d = 1)By41(d") — (2d' — 1)By41 (d)]
2
——— Y [Byja(d+d')—Byyr(d —d)).
+4(l+1) dz“:,[ us2(d+d) = Bataa )
d'4
Summing & (i = 1,...,25), we drive the Theorem. O

Example 4. In Theorem 4, forl=a=b=c=d=1and p=¢g =2, we get

20 N\, . -
Z ( >Ga(m)(5b(p—m)GC(m’)(sd(q_m’) =4!.
1<m<p-1 a,b,C,d
1<m'<g—1
a,b,c,d odd
a+b+c+d=21
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