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Abstract. This study is an example of a solid connection between fractional analysis and inequal-
ity theory, and includes new inequalities of the Pdlya-Szegd-Chebyshev type obtained with the
help of Generalized Proportional Fractional integral operators. The results have been performed
by using Generalized Proportional Fractional integral operators, some classical inequalities such
as AM-GM inequality, Cauchy-Schwarz inequality and Taylor series expansion of exponential
function. The findings give new approaches to some types of inequalities that have involving the
product of two functions in inequality theory.
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1. INTRODUCTION AND PRELIMINARIES

Inequalities are a concept that contributes to the solution of many problems with
their applications in different disciplines such as engineering, physics, statistics and
economics as well as being used in many branches of mathematics. With the help
of convex, differentiable, integrable, continuous, limited, synchronous functions or
some other specially defined functions, many different types of inequality have been
proved in the inequality theory field. These inequalities were brought to the literat-
ure under different names and later became functional with their applications. We
will start by expressing Chebyshev inequality, one of the major inequality types of
inequality theory (see [2]):

bia/abf(x)g(x)dx— (bia/abf(x)dx> <b_la/abg(x)dx> (1.1)

The research of the first author has been fully supported by H.E.C. Pakistan under NRPU project
7906.

T(f7g) -

(© 2020 Miskolc University Press



718 SAAD THSAN BUTT, AHMET OCAK AKDEMIR, ALPER EKINCI, AND MUHAMMAD NADEEM

where f and g are two integrable functions which are synchronous on [a, ], i.e.

(f() =) (gx)—g(y) =0

for any x,y € [a, b], then the Chebyshev inequality states that 7 (f,g) > 0.

Chebyshev inequality has been proven for synchronous functions, and has been the
focus of researchers and many different versions have been obtained. We encourage
interested readers to review the following articles. Chebyshev inequality has been
proven for synchronous functions and has been the focus of researchers and many
different versions have been obtained. We encourage interested readers to review the
following articles [3, 14,21] and [15].

Another interesting inequality is the Pélya-Szego inequality, which gives boundar-
ies for two functions that can be integrated and their product. This inequality is given
as follows: (see [18])

2

PRwdcfP@@de 1 [MN  [mn

b > =3\ o TV
(J2 7 (8 dx)

This inequality is very useful in proving Griiss and Chebyshev type inequalities.

With the help of this inequality, a Chebyshev-Griiss type inequality is expressed by
Dragomir and Diamond as follows in [7]:

Theorem 1. Let f,g : [a,b] — R be two integrable functions so that
O<m<f(x)<M<eo
0<n<g(x)<N<oo
for x € [a,b]. Then we have

T(F.gia.8)] < i(M?/%—n) (bia/ubf(x)dx> <bia/abg(x)dx>(l .,

The constant % is best possible in (1.2) in the sense it can not be replaced by a smaller
constant.

Remark 1 (see [7]). Assume that the inequality in (1.2) holds with a constant ¢ > 0,
ie.,

e <O (L rar) (51 [ ewan)

We choose the functions as f = g with

a+b
2

cm, XE€ [a,

a+b
2

M

,  XE[——,D]
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where 0 < m < M < oo, then
mM < c(M—m)2 (1.3)

for any 0 <m < M < 0. If in (1.3) we considerm =1—¢, M =1+¢, € € (0,1),
then we get 1 — (€)? < 4c for any € € (0, 1), which show that ¢ > 1.

Although fractional analysis origin dates back to the beginning of classical ana-
lysis, it has developed quite rapidly in recent years. Many mathematicians who re-
searched in this field contributed to this development and made efforts to strengthen
the relationship between fractional analysis and other fields. With the introduction of
new fractional derivative and integral operators, the application opportunity for many
real-world problems has been revealed. The majority of the new operators came to
the fore with different features such as singularity, location and generalization, and
gained functionality thanks to their effective use in application areas (see the papers
[1,4-6,8-10,12,13,16,17,19,20]). Due to the intensive work on it, the Riemann-
Liouville integral operator is a prominent operator and is defined as follows.

Definition 1. Let f € L;[a,b]. The Riemann-Liouville integrals J¢, f and J;*_f of
order o0 > 0 with @ > 0 are defined by

A0 = g [ =2 . 1>

and ,
1
J* F(t :—/ x—1)* ' f(x)dx, t<b
respectively. Here I'(¢) is the Gamma function and its definition is I'(¢) = [;"e /" dx.
It is to be noted that JO, f(t) = J)_f(t) = f(t) in the case of & = 1, the fractional in-
tegral reduces to the classical integral.

We will continue with the Generalized Proportional Fractional integral operator,
which has been described recently and has been the main source of motivation for
many studies in the literature with its use in many areas, especially the inequality
theory. In [1 1], Jarad et al. identified the proportional generalized fractional integrals
that satisfy many important features as follows:

Definition 2. The left and right generalized proportional fracitonal integral oper-
ators are respectively defined by

1 Lo
a+‘~joc77»f(t) — }\w/a e[T(t—x)] ([ —x)a_lf(x)dx, r>a
and

b?:ja’}”f(l’) = }\Iul}@/tbg[kkl(x”] (x_t)“_lf(x)dx, 1< b

where A € (0,1] and o € C and R(at) > 0.
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The main aim of this study is to obtain new Pélya-Szeg6 type inequalities by using
Generalized Proportional Fractional integral operators. Taylor series expansion of
exponential function is used in addition to some classical inequalities to obtain main
results. The study is enriched by giving special cases of our results.

2. MAIN RESULTS

In this section, we prove certain Pélya-Szegdo type integral inequalities for positive
integral functions involving Generalized Proportional Fractional integral operator.

Lemma 1. Assume that f and g are two positive integrable function on [0,0). If
v1,Vv2, w1 and wy are positive functions such that

0<vi(7) < f(t) < (1) 2.1
0 < wi(1) < ¢(1) < wa(1)
fort € [0,x], x > 0, then we have the following inequality;

SPEIP [wiwy 2] (x) S 1P [vivag?] (x) 1

ST 2.2)
(gPFI“”" {(Vlwl +V2W2)fg} (X)> 4
where o € (n,n+ 1] andn=1,2,3,....
Proof. From (2.1) for t € [0,x],x > 0, we can write
nm O, 2.3
<mm> aw)- 2
and
ARG 2.4
(ao wxw>—' @9

If we multiply (2.3) and (2.4) side by side, we have

nE O\ (/60w
<mu> ﬂﬂ)(ﬂﬂ wxw>20
This implies the following inequality,

(m (T)w1(T) +v2 (T)wz(r)) Fg(1) = wi (w2 (1) (1) +vi (D2 (1)g2(x). (2.5)

Since all the functions are positive, p; € (0,1}, x > 7 and x > 0, by multiplying

p1—1
both sides of (2.5) by melpf(x_r) (x —1)%! and then integrating the resulting
inequality with respect to T over (0,x), we get

p?;(x) /Oxe”'pl_' (x—7) (x— 1)0‘*1 (v1 (Dwi(T) + Vz(T)W2(T))f(T)g(T)dT
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1 x P}T*l(xft) o
> e /0 e (=% (@ (1)/2(0) )t

r—1

+pi“1£(X) /oxeT(H) (x =) vi()va(v)g* (t)dr.

Namely,
§PE 1| (v +vawa) fe| () = G717 wiwa £ () + §7 1P ivag?] (). (2.6)

Applying the A.M-G.M inequality i.e (a+b > 2v/ab,a,b € R), we have

gPFIoc,pl [(vlwl + vzwz)fg} (x) > 2\/gPFIOL,p1 |:W]W2f2} (x)(C)}PFIOL,Pl [Vl ngz] (x).
This can be written as

1
1 071 0

Z (gPFI“”’l [(vlwl +vown) fg} (x))z.
O

Corollary 1. If we take into account vi = m,v; = m,w; =nand wy =N in (2.2),
then we have the following new inequality;

GPF ot.,plf2 (x) GPF jo,p1 ;2 (x) p— 2
(§rrrer ) (§7rere) Si(@*@)-
((g " 0"”lfg> (X)>

Lemma 2. Let f and g be two positive integrable functions on [0,0). Assume that
there exists four positive integrable functions vy,vy,w, and wy satisfying condition
(2.1). Then the following inequality holds:

SP 10 [oyv) (T 189 [wiwa] () x S 1P [RISP P[P 0) 2.7)
2
<3 (31 [ ACGE PP [wig) (x) + §7 197 v £ () ST 1 wag] <x>>

where o. € (n,n+ 1] and B € (k,k+1], n,k=0,1,2,3,....

v2(T) _@
wi(€)  g(§)

Proof. From (2.1), we get

0

Y

and




722 SAAD THSAN BUTT, AHMET OCAK AKDEMIR, ALPER EKINCI, AND MUHAMMAD NADEEM

Which leads to

(vl(r) i v2(T) ) f(7) > S (v) (2.8)
@ ~ £ '

wa(8)  wi(8) ) 8(8) ~ &8
Multiplying both sides of (2.8) by wi(§)w2(§)g*(&), we have
(D) f (w1 (§)8(E) +v2(0) f(T)w2(8)g(E) = wi ()w2(§) (%) +vi (D)2 (7)8” ((%)-9)
Multiplying both sides (2.9) by '
S WY
PT(0) pPr(p)

and integrating the resulting inequality with respect to T and § over (0,x)?, we get
L
p?r(a) B1“([3)
¥ oo Rl 8) o1, g\Bol
¢ 8 () (e - 8B (1) £ () (E)g (E)dad
R
< ) s (B)

/ / e 6% <x—5)(x—r)°‘*1(x—é)f”lw(T)f(T)Wz(ﬁ)g(é)dei

=0 F( ) pﬁF(B)

2}

//e TR 7(x*&)(x—t)°‘“(x—§)6_1W1(§)W2(§)f2(f)dfd§

+p‘f‘F< ) Bms)
[ e e D e )P () e,

If we re-write the above inequality with the help of the definition of operator, we get
G710 1 f()FT PP ] (x) + G 1P [ua f1 (0§ 1P P2 [wag] (x)
> G 1P 2] ()G 1P fwiwa] () + 6T 1P w2 ()67 1P [g7] ().
Applying the A.M-G.M inequality, we have
G717 i flOFPT PP wag)(x) + G TP [va £ (0§ 102 [wag) (x)

> 20 [SPF 1901 [ 2] (0)GPF 182 [wywa] () x GPF 19901 [y (1) PP B22[g2] ().

Which leads to the desired inequality in (2.7). The proof is completed. O
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Corollary 2. Ifwe set vi =M, vy =M, wy =n and wy = N in (2.7), then we have
(gPFIa,m fQ) (x) (gPFIBJ?ng) x)

the following inequality;
( 1( / v\’
mn
< . - —_
274 ( MN + mn )
((ff“’lw) () (§Pr1Preg) <x>>

Leta= p'p—Tl. The Taylor Series of exp(a(x — 1)) at the point x is given by

GPF 19071 (x)GF 1B ()

GPFIogpl (x) _ 1 /xep},f;l(xff)(x_,t)ocfld,c
‘ piT(a) Jo

k
1 v (a(x_1)> | a—1
- AP Ay M LSS

plr(a)/o kg;) P
1 = 1 dhx*tk

T PST(a) Ak itk
o ko Btk
(()?PFIBJ?z <x> _ 1 b 2x5+ 2
pEF(B) = k! (B+k2)

1 1 o gkitk e ko Btk
PO (ar) pEF(B) = (o kR A= (B ko )ko!

((C);PFIoc,plf2> (x) <gPFI[5,p2g2) (x)
2
((SPFla»plf) () (577 182 <x>>
2
)

Lemma 3. Let f and g be two positive integrable function on [0,0). Assume that
there exist four positive integrable functions vi,vy,w| and wy satisfying condition
(2.1) then the following inequality holds.

X

§r I WS B IR < 6 1 L8 g b2 E ). 20y

where o € (n,n+1], B € (k,k+1], n,k=0,1,2,3,....

Proof. Using the condition (2.1), we get

£ < 29 ). @.11)

w1 (‘C)
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LI Ty

Multiplying both sides of (2.11) by me 71 (x —1)*! and integrating the
resulting inequality with respect to T over (0,x), we get

#/xep}ylil(xfr)(x_T)(x—le(,c)dT
piT(a) Jo

1 X pi-l (xfﬂc) o—1 T
< ; g1 28 d
< i e 2 st

£ I (7)) < § 10 28 ), 2.12)
1

Similarly, we can write

By a similar argument, we have

: /oxepizl(x_é) (=8P (8)ag

P5T(B)
Lty pypiw2(®)
3&@4 (=g s
Which implies
gPFIBJJz [gl] (x) < (();PFIBJ?z [W‘Z){g](x) (2.13)

Multiplying (2.12) and (2.13), we get then (2.10). Then the desired inequality is
obtained such that

§7F 1 )57 P[] (x) < §PF 1 P28 e o 28
1 1

O

Corollary 3. If we choose vi =m, vy = M,w; =n and wy = N in (2.10), then we
have the following inequality;

(5 )@ (7)) v

(gPFI(x7p1fg) (%) (gPFla,plfg) (x)  mn .

Theorem 2. Let f and g be two positive integrable function on [0,0). Assume that
there exist four positive integrable functions vi,vy,w; and wy satisfying condition
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(2.1) then the following inequality holds:

1 oo akl xOH—kl GPF 1B.p
P — P2
P (@) kéo kil ot ky (8717 re) o)

@b\
+<P§F(B) k;0k2!B+k2>(0 4 fg)(x)

= (e ) @) (67 1P g) (= (§ 105 ) (0 (7172 ()

)

1
< A1) () + Ao v va) )] ¢ A (g, 2) (5) + Ao, w2) ()
forae (nn+1], Be (k,k+1], n,k=0,1,2,3,..., where

1 < pk2 Btk >

Ap(u,v,w)(x) = (pgl“(f)) P k! B+ky

2
GPF 1oup1 (1 1w\l (¢
70 W) o

1 = gk %tk
Ap(u,v,w)(x) = ( Z )

p‘f‘l“(oc) =0 kil o+ ki

and

(gPFIB»Pz[(Ver)u](X))Z S oo
4gPF]B,pz[VW](x) _<0 I~ u)(x)<0 Jid u)(x).

Proof. Let f and g be two positive integrable functions on [0,c0) for 1,§ € (0,x)
with x > 0, we define H(t,§) as

H(tE) = () - £&)) (20) - ().

X

Namely

H(t,8) = f(1)g(t) + £(§)8(8) — f(1)g(8) — f(§)g(7). (2.14)

Multiplying both sides of (2.14) by
! ! o1 B-1, B =), B ()

xX—1 &P e e ”n )

PiT (o) Br(ﬁ)( T8

Then by integrating the resulting inequality with respect to T and § over (0,x)?, we
get

Br‘ [ [ e e Y ey o P H s e
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BF [
sr //Mll

1’1 X
sr Jode

/ /X 1’1 l
Br

I
: (pm) L

1 a1 otk orr
+ 0T ((y) PR ( Ivaz ) X

s 079 (e 1)@ (v — £)B F(n)g(t)ddt

B 0 (e e (v — )P (8 (E)dndt
— &P f(1)g(E)drat

67 (x-E) (x _ ,C)OL—I (x

— &P £(&)g(t)dndl

biz Btk > <gPF10L,p1fg) (x)

x—&) (x _ ,c)ocfl (x

~(§rrrer ) @) (87 1P ) o — (677 1P ) ) (67 1712 ().
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Applying the Cauchy—Schwarz inequality, we can write

BF // 12 (x— eﬁ(x f:)(x_T)afl(x_g)ﬁle(r,g)drd&

[ Br / / O 0 e (- )P P (t)dnde

plrm)pﬁrm)/o e g - P Eanat
2

1
2

BF [ <xi><x_r>a-1<x—@B*ﬂr)ﬂ&)drdé]

-l gy 7l g _
70‘1“(1 Br/ e R e e g P ) e

sr A / T 08 (g (v )P (8 ddg

1
2

BF / / e <X—¢)(x_r)“1(x_§)ﬁlg(r)g(a)d»cda] .
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As a consequence

?Fl(oc ﬁr / /x Uk 1( -1 e”iz (x §)(x T)ail(x—a)ﬁilH(’C,&)d’ch_,

# bsz xB+ 2 GPF youp, 2
<p§r<f>> kzz_okz!mkz)(() ) @)

n 1 i akt xotki (GPFIB.szd)( )
T N ! X
PIT(0) =y kit oty ) \°

1

p

—

1 > bkz xB-‘rkz GPE 2
KpEF(B)kZOkz'Bm)( 171¢%) (x

4 1 i akl xOH-k] (GPFIB-m 2)( )
o ! X
PIT(a) = kil ot ky )\ &

1

—2(§7 g () (57710 g) <x>]

Applying Lemma | with w; (1) = wa(T) = g(t) = 1, we get

1 = b aPth GPF jo.p|
(PEF(B) kzokz' B+k2>( s )( )

2
L@ vk e\ (71 [ 4 v)fl )
< n .
‘( 2T(B) )

kzzoaﬁ—kkz 4gPFI°"P' [viva](x)

This implies that

1 & bl ibth
PAT(B) k=0 k2! B+ka

) (67717 12) () = (871 1) () (§7F 1P £ ) (0

2

( Lo xmkz)(g”l“’m (1 +v2)1()
<| —
br(p)

kzzoa[ﬂ'kz 4GPE 0Pt [y vy] (x)

- (gPFIa’plf) (x) (gPFIB’p2f> (x) =A1(f,v1,v2)

(2.15)
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and

1 ©o ki Otk
<p(lxl—~((x) kZ:’O % ;C—i—kl ) ((();PFIB-,P2f2> (x) o ((C)}PFIOL,mf) (x) (OGPFIB»P2f> (x)

( L e g etk ) (7 P +v2) A1)
<

T (o) klzom(X—FkI 45PE [B:p2[y1v,] (x)

— (7717 ) @ (6771 ) () = Ax(Fov1.2).

(2.16)
Similarly, applying Lemma 1 with v (t) = v,2(t) = f(t) = 1, we have
1 < pk2 Btk GPF
Y =[] )
0
<p§r<s> mokat Bk
(57712 g) ) (§7 1P7g ) (x) < Ar(g,w1,w2)
2.17)
and
o g RS
P (o) k=0 1o+ kg
(7712 ) () (67 128 ) (x) < Aa(g,w1,w2)
(2.18)
Using (2.15)-(2.18), we conclude the result. O

Theorem 3. Let f and g be two positive integrable function on [0,0). Assume that
there exist four positive integrable functions vi,vy,w| and wy satisfying condition
(2.1) then the following inequality holds:

1 42 N Gpega GPF jo GPF jo
W Z @a‘f'k] 0 I ’pl[fg](x)_ (0 1 ’plf)(x)(o 1 7plg)()()
ki=0"1"
(2.19)

1
2

< A(fvvl7V2)(X)A(g7W17W2>(X)

foro€ (n,n+1], p e (k,k+1], n,k=0,1,2,3,..., where
1 oo ki 04k
Aluyvyw) (x) = ( Y )

PIT(a) =kt otk
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2
671 (v w)u] (x) 2
GPF jQ.,
] Pl )
4GPF [P [y (x) (577 ) o
Proof. Setting o = 0 in Theorem 2, we obtain (2.19). O

Corollary 4. Assume that all the assumptions of Theorem 3 satify, then we have
the following inequality;
1 oo akl x(X+k1

PIT(o) = kr Lotk

S 1 fl() — (§7 10 £ ) () (§7 178) ()
1 & dht xRN (M —m) (N —n)
PT(a) Zokil otk ) 4y/MmNn

Proof. If we set vi =m, vo =M, w; =n and wp = N in (2.19), then the proof is
completed. We omit the details. O

X (§PF 1 £ ) (@) (§7F 18 ) (x).
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