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1. INTRODUCTION

Let E be a separable Banach space with norm ||.||. For a segment / in R, we de-
note by €(/, E) the Banach space of continuous functions from / to E equipped
with the norm [|x(.)|leo := sup{|lx(?)||l:# € I}. For a positive number a, we put
€y :=€([—a,0],E) and for any ¢ € [0, T], T > 0, we define the operator 7' (¢) from
€([—a,T],E) to €, with (T (1)(x()))(s):=(T(t)x)(s) :=x(t+5), s € [—a,0]. For
a given nonempty subset K of E we introduce the set K¢ := {go(.) €C00)e K }

In this paper, we shall prove local existence of the solutions to the following func-
tional differential inclusions:

x(t)e F(t,T(t)x), a..on]0,T];
x(s) =¢(s), Vse[—a,o; (1.1)
x(t)eC(), VYte]|0,T];

x(t)e F(@t,T(t)x), ae.on]0,T];
x(s) =@(s), Vse€[—a,o; (1.2)
x(t) € P(x(s)), Vsel0,T], Vtels Tl

where F is a closed multifunction, measurable with respect to the first argument
and Lipschitz continuous with respect to the second argument, C and P are two
set-valued maps, and ¢ is a given function in €,.

This kind of problems was initiated by Haddad [5, 6], in the case when F' is glob-
ally upper semi-continuous and takes convex compact values and C is fixed. Then
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this line of research was pursued by several authors. Regarding the existence of
solutions in a separable Banach space, we refer to Syam [9], where two results are
given: the first one deals with a fixed convex constraint C and a globally measurable
multifunction F which is upper semi-continuous in its second argument, while in
the second one the constraint is convex and moving, but F is globally upper semi-
continuous. See also the work of Gavioli and Malaguti [4].

Duc Ha, in [3], established the existence of viable solutions of (1.1) without
memory in a Banach space when C is fixed and F is closed, integrably bounded,
measurable with respect to the first argument and Lipschitz continuous with respect
to the second argument. The author established a multi-valued version of Larrieu’s
work [7], assuming the following tangential condition:

h—0Tt

1 t+h
liminfze x—i—[ F(s,x)ds,C | =0, (1.3)
t

where e(.,.) denotes the Hausdorff excess. Duc Ha’s result has been extended by
Lupulescu and Necula [8] to functional differential inclusions, but under the same
hypotheses on F, assuming that C is always fixed. They used a suitable adapted
form of the tangential condition of (1.3).

Our work extends the results of [3, 8]. Indeed, we get existence results, in a sep-
arable Banach space, for functional differential inclusions, with a not necessarily
convex constraint which depends on time or on the variable x € E. The right-hand
side is not necessarily convex. As is known, viability problems need tangential con-
ditions. For problems (1.1) and (1.2), we shall use a tangency condition which is
weaker than the one used in [3, 8].

The paper is organized as follows. In Section 2, we recall some preliminary facts
that we need in the sequel. In Section 3, we give some auxiliary results. In Section
4, we prove the existence of solutions for (1.1), while in Section 4 we establish the
existence of monotone solutions for (1.2).

2. STATEMENT OF THE MAIN RESULT

For the purpose of measurability, £ (resp. £2 C E) is endowed with the o-
algebra B(E) (resp. B(£2)) of Borel subsets for the strong topology and [0, 1] is
endowed with Lebesgue measure and the o-algebra of Lebesgue measurable sub-
sets. For x € E and r > 0, let B(x,r) := {y € E;||y —x| < r} be the open ball
centered at x with radius r and let B(x,r) be its closure and put B = B(0,1). For
9() € € let Ba(p().r) 1= {¥() € Catllp() =¥ (oo < r} and let By(p().7)
be its closure. For x € E and for nonempty subsets A, B of E, we denote by
d4(x) or d(x, A) the real inf{||y —x|;y e A}, e(A,B) = sup{dB(x);x € A} and
H(A, B) = max {e(A, B),e(B,A)}. For a multifunction F' we denote by Gr(F) its
graph. A multifunction is said to be measurable if its graph is measurable. For more
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detail on measurability theory, we refer the reader to the book of Castaing-Valadier
[Z].

Let us recall the following Lemmas that will be used in the sequel. For the proofs,
we refer the reader to [10].

Lemma 1. Let 2 be a nonempty set in E. Assume that F : [a,b] x 2 — 2F isa
multifunction with nonempty closed values satisfying:
e Forevery x € 2, F(.,x) is measurable on [a, b];
e Foreveryt € [a,b], F(t,.) is (Hausdorff) continuous on §2.
Then for any measurable function x(.) : [a,b] — $2, the multifunction F(.,x(.)) is
measurable on [a,b].

Lemma 2. Let G : [a,b] — 2E be a measurable multifunction and y(.) : [a,b] —
E a measurable function. Then for any positive measurable function r(.) : [a,b] —
R, there exists a measurable selection g(.) of G such that for almost all t € [a,b]

lg@®) =yl =d(y(©).G®) +r ().

Let us introduce the following hypotheses which we shall use throughout this pa-
per.

Hypothesis (H).

(H1) C : [-1,1] — 2F is a lower semicontinuous set-valued map with compact
graph and K : [—1,1] — €, is a set-valued map defined by K (¢) = {¢ €
Ca.0(0) € C(1)} ;

(H2) F:Gr(X)— 2F isaset-valued map with nonempty closed values satisfying

(1) t — F(t,v) is measurable,
(ii) There exists a function m(.) € L1([0,1],RT) such that for all ¢ € [0,1]
and Y1, 92 € K (1)

H(F(t,y1), F(t,¥2)) < m@lY1—¥2lloo,
(iii) There exists g(.) € L1([0,1],R") such that for all # € [0,1] and ¥ €
K (1)

I E@ )= sup |yl < g@).
YEF(1.9)

Hypothesis (A).
(Al) K is a nonempty compact subset in E and P : E — 2K is a lower semicon-
tinuous set-valued map satisfying
(i) Forallx € K, x € P(x),
(ii) For all x € K and all y € P(x) we have P(y) C P(x);
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(A2) F :[-1,1] x Ko — 2F is a set-valued map with nonempty closed values
satisfying
(1) For each ¢ € Ko, t — F(t,v) is measurable,
(ii) There exists a function m(.) € L'([0,1],R™") such that for all ¢ € [0, 1]
and for all ¥r1, ¥, € Ko

H(F(tvwl)’F(tva)) =< m(t)||w1_w2”007

(iii) There exists g(.) € L'([0,1],R™) such that for all ¢ € [0,1] and for all
¥ € Ko
IF @)l < g ().
In the rest of the paper, fix ¢ € €, such that ¢(0) € C(0) for Problem (1.1) and
¢(0) € K for Problem (1.2). For & > 0 set,

/tltz g(r)dr

< 8if|tl—t2|§p}. 2.1

< e o) —p)| < e

n(e) :=sup { 0 €]0,¢] :

/tltz m(t)dt

In the sequel we need the following notation. For given measurable functions
y():[0,1] = E and r(.) : [0,1] = R set

and

Sy (V) = {f e LY([-1,1],E): f(s) € F(s,¥) forall s € [-1,1] and

£ () =y ) = d(y(s). F(s,¥)) +r(s) forall s € [0, 1]}

where ¥ € €,. Remark that the set S (1) is nonempty if we take into account that
F satisfies the condition (H2) or (A2). Indeed, this fact can be trivially deduced from
Lemma 1 and Lemma 2.
We are now ready to introduce the tangential conditions used in this work.
(H3) (Tangential condition) For all measurable functions y(.) : [0,1] — E, r(.) :
[0,1] — R™ and for every € [0,1] and ¢ € K (1), there exists f € Sy (¥)
such that

| t+h
l}}gér}rfzd (W(O) +/t f(s)ds,C(t +h)) =0.

(A3) (Tangential condition) For all measurable functions y(.) : [0,1] — E, r(.) :
[0,1] — R and for every (,v) € [0, 1] x Ko, there exists f € Sy ,(¥) such
that

1 t+h
liminfzd (w(O) + / f(s)ds, P(w(O))) =0.
t

h—0+
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These tangential conditions are weaker than the ones used in [3, 8]. It is important to
notice here that, if F and C do not depend on time, (H3) and (A3) are equivalent to

F@)NTc(¥(0)) # 2 and F() N Tpy (o) (¥ (0)) # 2

respectively, where Tk (x) is the contingent cone at x to K and ¢(.) € €,. However,
in this case the condition (1.3) is equivalent to F(x) C T¢ (x).
In the next sections, we shall prove the following theorems.

Theorem 1. If assumptions (HI)-(H3) are satisfied, then for all (zo,¢) € E X
€y such that (0) = zg € C(0), there exist T > 0 and a continuous function x(.) :
[—a,T] — E which is absolutety continuous on [0, T] and it is a solution of (1.1).

Theorem 2. If assumptions (Al)-(A3) are satisfied, then for all (zg,¢) € K x Ko
such that ¢(0) = zo, there exist T > 0 and a continuous function x(.) : [—a,T] - E
which is absolutely continuous on [0, T and it is a monotone solution of (1.2).

3. PRELIMINARY RESULTS

In this section, we shall prove some auxiliary results that will be used in the next
sections. Consider first the following hypotheses which we shall use throughout this
section.

Hypothesis (C).
(C1) C :[-1,1] = 2F is a lower semicontinuous set-valued map with compact
graph;
(C2) F:Gr(C)— 2F is a set-valued map with nonempty closed values satisfying
(1) t — F(t,x) is measurable,
(ii) There exists a function m(.) € L1([0, 1], RT) such that for all ¢ € [0, 1]
and x1,x € €(¢)

H(F(t,x1), F(t,x2)) < m(1)|]x1 —x2]|,
(iii) There exists g(.) € L1([0, 1], R™) such that forall € [0, 1] and x € €(¢)
IF@.x0)| = g@):

(C3) (Tangential condition) For all measurable functions y(.): [0,1] = E, r(.):
[0,1] — R and for every ¢ € [0,1] and x € C(¢), there exists f € S} ,(x)
such that

1 t+h
liminf —d (x +[ f(s)ds,C(t +h)) =0.
t

h—o0+ h
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Hypothesis (L).

(L1) K is a nonempty compact subset in E and P : E — 2K is a lower semicon-
tinuous set-valued map satisfying
(1) Forall x € K, x € P(x),
(ii) For all x € K and all y € P(x) we have P(y) C P(x);
(L2) F :[—1,1]x K — 2F is a set-valued map with nonempty closed values sat-
isfying
(i) Foreach x € K, t — F(t,x) is measurable,
(ii) There exists a function m(.) € L1([0,1],RT) such that for all # € [0,1]
and for all x;,x, € K

H(F(t,x1), F(t,x2)) < m(1)|lx1 —x2]|,

(iii) There exists g(.) € L1([0,1],RT) such that for all ¢ € [0, 1] and for all
xekK

[F(.x)| = g():
(L3) (Tangential condition) For all measurable functions y(.) : [0,1] = E, r(.) :

[0,1] — R™ and for every (¢,x) € [0,1] x K, there exists f € S} ,(x) such
that

h>0+ h

1 t+h
liminf —d (x +/ f(s)ds, P(x)) =0.
t

In the following, let b €]0, 1] be fixed and, for all 7y € [0, b] set [to, bo] = [t0,%0 +
3(H1N0,b].

Lemma 3. If assumptions (C1)-(C3) are satisfied, then for all 0 < ¢ < a, tog € [0,b]
and for all measurable function y(.) : [0,b] — E, there exists n > 0 (n < &) such that
forall t € [tg,bo] and x € C(t), there exist | € Sy 2m()+1)e(X), he,x € [n, %n(%)]
and u € B such that

t+ht,x
(x—i—ht,xu—i-/ f(s)ds) e C(t+htx).
t

Proof. Let 0 <e <a, typ €[0,b] and y(.) : [0,b] — E be a measurable function.
Consider (s,z) € M :={(5,Z)/5 €[0,b] and Z € C(5)}. Note that if the subset M of
Gr(C) is closed then it is compact. By the tangential condition, there exists f; ; €
Sy, e (z) such that

1 s+h
liminf—d | z + / Jfs,z(v)dt,C(s+h) | =0.
s

hs0t h
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Then there exists /i ; €]0, min{%n(%), 1 — b}] satisfying

s—i—l;s,z _ _
d(z 4 f fs,z(r>dr,C(s+hs,z)) < sz
S

™

Consider the subset

N(s,z) = { (5.2) €l —hsz. 1 —hs 7 [XE :

§+1’;s.z - 'R &€
d z+[ Jsz(dp. CG+hsz) | <hszoq
S

Since C is lower semicontinuous, Corollary 1.2.1 in [1] shows that the function

S+hy. - _
G.2) > d (z 4 / foe (W CG + hs,z))

is upper semicontinuous. So the set N(s,z) is open. Moreover, since (s, z) belongs
to N(s,z), there exists 0 < ng,; < hg z such that |s —ns .5 + n5,7[ XB(2,ns,7) is
contained in N(s,z), therefore, the compact subset M can be covered by g such
subsets |s; —ns;,z;8i + Ns;,z; [XB(Zi . Ns; ,z; ). For simplicity, we set
hi:=hs 7, and n; i= 15, 2,0 =1,...,q.

Put n = min{h; /1 <i < g}, take t € [t9,bo] and x € C(¢), and let i € {1,...,q}
such that (¢,x) €]s; —ni,s; +ni[xB(z;,n;), hence (¢,x) € N(s;,z;). So there exists
fsizi € Sy,2(zi) such that

t+h; e
d x+/ S5,z (0)dT,C(t +h;) <h,~Z.
t

On the other hand, let f; € Sy, _ ’%(x). By (C2) we have for all t € [t,f + h;]

110 = for O £ oz, (0. Fe) + 5 S m(@)x =2+ 5 < him(x) + 2.

Hence by (2.1) we get
t+h; t+h; h: b Iy hi
/ T zi(r>||drshif m(z)de 4 ME < hiE | hie hie
. ’ . 4 =4 T4 =7

Thus
t+h;
d (x +/ fi(@)dT.Clt+ hl-))
t

t+h; t+h;
Sd(er/t fsi,z,-(f)df,C(IJrhi))Jr/t I fsiz: () = fi(D)lld T
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IA

h,-e +hi8
4 2
3h;e

A

4
Let x; € C(¢ + h;) such that

1 t+h; 1 t+h; &
— xi—x—/ fi()dz|| < —d x+/ fi(dr,C(t+hi) |+~ <e
hl' t hi t 4

Set

then u € ¢B and
t+h;
Xj = x+hiu+/ ﬁ(r)dr)eC(I+h,~).
t

Note that f; € S, (2m(.)+1)s(X). Indeed, one has
Ifi(@)=y@I = 1/i (@) = fsi.zi Ol + 1 fsi.,2: (1) =y (@l
<m(@hi+ 7 +d((@). F(@.2))+7

=m()h; + % +d(y(0), F(z,x)) +m(0) | x =z

<m(1)e+ 27:8 +d(y (1), F(t,x)) +m(1)h;
<d(y(v), F(r,x)) + (2m(z) + De.

The proof of the next Lemma is similar to that of Lemma 3.

Lemma 4. If assumptions (L1)-(L3) are satisfied, then for all 0 < ¢ < a, for all
to € [0,b] and for all measurable function y(.) : [0,b] — E, there exists n >0 (n < €)
such that ¥(t,x) € [to,bo] x K, there exist f € S, 2m()+1)e(X), ht,x € [n,%n(%)]
and u € B such that

t+ht,x
(x +hyxu +/ f(s)ds) € P(x).
t

We need the following Propositions in the next sections.

Proposition 1. If assumptions (C1)-(C3) are satisfied, then for all 0 < ¢ < a,
to € [0,b], zo € C(to) and y(.) € L'([0,b], E), there exist a continuous mapping
z() : [to.bo] = E, a step function 0(.) : [to,bo] — [to,bo] and f(.) € L' ([to.bo], E)
such that
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() z(to) = zo, [f(t) € F(t.z(0(1))), 0=<t—0(t) < in(%) and z(0(1)) €
C(0(1)), forallt € [ty,bo];
() | f@)—y@)| < d(y(1). F(t,z(0(1)))) + (2m(t) + Ve for all t € [tg, bo]:

(iif) Hz(z)—z(to)—ftf(r)dr“ < et —to) for all t € [tg, bo).
to

Proof. Let0 <e <a,ty€[0,b], z9 € C(ty) and y(.) € L1([0,b], E) be fixed. By
Lemma 3, there exist kg € [n, %n(%)], Jfo €Sy, 2m()+1)¢(20) and ug € &B such that

to+ho
Zo+houo+/ fo(s)ds | € C(to + ho).

to
Set
to+ho
Z1 =Zo+h0u0+/ fo(s)ds and t1 =g+ ho
to
We reiterate this process for constructing finite sequences (h;); C [1.31(£)],
(fi()i ()i, (uj); CeB, and (z;); satistfying the following assertions for i > 0:
@) tig1=ti+h;and z; 41 € C(ti+1)
ti41
(b) ziv1 =zi +hiui+ [ fi(s)ds:

Ui
(© fi €Sy, @m()+1)e(2i)-

It is easy to see that for i = 0 the assertions (a)-(c) are fulfilled. Let now i > 1.
Assume that (a)-(c) are satisfied for any i = 1,...,q. If bp <1441, then we stop the
process of iterations and we get that (a)-(c) are satisfied with 7, < bg < #441. In the
other case, for (f;41,24+1), by Lemma 3, there exist hg41 € [n,%n(%)], Jq+1 €
Sy, 2m()+1)e(2g+1) and ug 41 € eB such that

tg+1thg+1
Zg+1 T hg+1ug+1 +/ Ja+1(9)ds | € Clig+1+ hg+1).
Tg+1
Set
tg+1+hg+1
Zg+2 = Zg+1 +hgt1ug+1 +/ JSa+1(s)ds and 1442 = 1441 + hg+1.
Ig+1

Thus the conditions (a)-(c) are satisfied fori = ¢ + 1. Since A; > 1 > 0, there exists an
integer s such that #; < by < ty+1. Now, we define the function 8(.) : [to, bo] — [to,bo]
and f(.),u(.) € L([to,bo], E) by setting for all € [t4,15+1[N[t0,bo]

0@) =tq, f(1) = fq(0), u(t) =ug,
0(bo) = bo, f(bo) = fs+1(bo), u(bg) = ug41 if ts41 = bo.
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Also we define the function z(.) : [to,bo] — E by z(t9) = z¢ and

t t
z(t) = z(to) +/t f(s)ds +/t u(s)ds, vt € [to, bo].

0
These definitions will enable us to derive assertions (i) and (ii). Moreover, we have
for all ¢ € [tg, bo]
<e(t —19).

t
|Z(f)—Z(f0)— /, F(s)ds

The proof of Proposition 1 is complete. U

The same proof of Proposition 1 holds for the following Proposition.

Proposition 2. If assumptions (L1)-(L3) are satisfied, then for every e €]0,a],
to €10,b], z0 € K and y(.) €~L1([O,b], E), there exist
2() € €(fto, +00[, E).0(),8() : [to,+00[— [t0, +00[ and () € L' ([to. bol. E)
such that
() z(to) =20, f(1) € F(t.2(01)). 0=<1—60(t) < gn(§). 0=<0()~1 <
(%) and z(O(1)) € P(z(6(1))) for all t € [to, bo];
(i) [ f(O) =yl < d(y). Ft,2(0(1)) + @m(t) + e for all t € [to, bo];

(iii) Hz(t)—z(to)—ftf(f)dr“ < &(t —to) for all t € [to, bo)].
to

Remark that, in this case, 6 and 0 are defined as follows: 5(t) =tg+1and 0(t) =14
forall 7 € [tg,t5+1[.

4. PROOF OF THEOREM 1

Set ¢(0) = z¢ and let 71 > 0 be such that

T,
/ m(t)dt < 1. 4.1
0

Put T = inf{Ty,b}.
We shall show the following Proposition. It will be used in order to obtain a
sequence of approximated solutions.

Proposition 3. If assumptions (HI)-(H3) are satisfied, then for all 0 < ¢ < a and
forall y(.) € L} ([0,b], E), there exist a continuous mapping z(.) : [—a,T] — E, step
functions 6(.),0(.) :[0,T] = [0,T], ['():[0,T] — €4 and f(.) € L'([0,T], E) such
that

1) f@) € F(¢t,I'(t)) and z(8(t)) € C(0(t)), forallt € [0,T] and z = ¢ on
[—a,O];
(i) 0<t—0(t) < in(€)and 0 <t—0(t) < $n(£) forall t € [0,T];
(i) | f@)=y@)| < d(y(@), Ft,T(2))+ 2m(t) + e forall t € [0, T];
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(iv) Hz.(t)—z(O)—ftf(r)drH < ¢t forallt €0, T].
(v) Forallt €0, 79]

20O+ +9) —a<s<—1in)

Fns = { —E5Z00)+ (1 + 552000 43 =5 0.

Proof. Let0 <& <a and y(.) € L'([0,b], E) be fixed. Set #o = 0 and put
z(t) = ¢(t), Vt € [—a,0].
Consider the function Iy : E — €, defined by

z(to+ (%) +5) —a<s<—yn(%)

I =
0(x)(s) —ﬁ%)z(to)Jr(lJr,,‘(‘—%))x —In(¢) <s =<0,

for all x € E. The set-valued map Gy : Gr(C) — 2F defined by Go(f,x) =
F(¢t,Ih(x)) satisfies all assumptions (C1)-(C3). Then by Proposition 1, there ex-
ist a continuous mapping Zo(.) : [fo,f0 + %n(%)] N[0,T] — E, astep function () :
[t0,20 + 30(PIN[0,T] = [0, 20+ 31(5IN[0,T] and fo() € L' (10,10 + zn(5)]N
[0,T1], E) such that
() zo(t0) = 2o, fo(t) € F(t,To(zo(6o(1)))), 0 <t—6o(1) < gn(§) and
20(6o(1)) € C(Bo (1)), forallt € [to.10 4+ 31(5)] N[0, T]:
(i) [[fo() = y@)| < d(y(), F(t,To(z0(00(1))))) + (2m(t) + 1)e for all t €
[to.20 + $1(£)] N[0, T7;

(iif) Hz()(t)—zo(to)—ffo(r)drH < e(t —tg) forall £ € [fg. to + Ln(£)] N[0, T].
to

Setty1 =t + %n(%) and z(¢t) = zo(¢), forall ¢ € [tg, 1] N[0, T].
We reiterate this process for constructing sequences z;(.) : [t;,t;i+1] N[0, T] — E,
0; () [ti i1 N[0, T] = [ti,1; 1] N[0, T], I} - E —€q and fi (1) € L' ([ti,ti41] N
[0,T], E) and a continuous function z(.) : [—a,t;i+1] N [—a,T] — E satisfying the
following assertions fori > 0:
@ z(t) =zi(t). fi(t) € F(t.Ii(zi(6;(1))). 0<t—6i(t) <n(§) and
zi(6;(t)) € C(6;(t)), forallt € [t;,t;+1] N[0, T];
®) /i) =yl = d(y@), Ft,T;(zi(0:(1))))) + 2m(t) + e for all ¢ €
[ti,ti 1] O[O0, TT;

© (z,-(t)—zi(z,-)—ftﬁ(r)dzﬂ < e(t—1;) forall 1 € [t;,111] N[0, T].
i
(d) Forall x e E

2(ti +qn(§) +59) —a<s<—gn(§)
I =
1)) {—%z(ti)Jr(lJrn‘(‘g))x —in(§) =5 =<0,
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The assertions (a)-(d) are fulfilled for i = 0. Let now i > 1. Assume that (a)-(d)
are satisfied forany i = 1,...,q. If T < 1441, then we stop this process of iterations
and we get that (a)-(d) are satisfied with 7; < T" < f441. In the other case 7541 < T,
consider the function Iy 41 : E — €, defined by

2tg+1+ In(2) +9) —a<s<—n(3)
I, x)(s) = 4 4 1
q+1( )(s) _ﬂ(%)z(tq+l)+(1+7l(%))x —Zﬂ(% =s =0,

for all x € E. The set-valued map G441 : Gr(C) — 2E defined by Ggt1(t,x) =
F(t,Iy41(x)) satisfies all assumptions (C1)-(C3). Then by Proposition 1, there exist
a continuous mapping zZg+1(.) : [fg+1.tg+1 + %r)(%)] N[0,T] — E, a step function
6410 gttt + 30NN, T] = g1, g1+ 2n($HIN(0. T and fy11() €
LY([tg+1,tq+1 + %r](%)] N[0,T], E) satisfying the assertions (a)-(d) fori = g + 1.
Settg4o =tg41+ %n(%) and z(t) = z¢41(¢) forall t € [ty41,1442] N[0, T]. Thus
the conditions (a)-(d) are satisfied for i = g + 1. Since t;4+1 —t; = %n(%), there
exists an integer s such that #t; < T < fg41. Further on, we define the functions
0(.),6(.):[0,T] = [0,T], " : [0,T] = €, and f(.) € L'([0,T], E) by setting for
all t € [tg,t441[N[0,T]

0(t) = 04(1), f(1) = fq(t), 0(t) = tg, T'(t) = Iy (24(64(1)))
andiftg4 =T

O(T) = Os41(T), f(T) = fs41(T). 0(T) = T. I'(T) = Fy41(z541(Os41(T))).

Moreover, for all ¢ € [0,T7], there exists 0 < g < s such that ¢ € [t;,1441] N[0, T].
Then

z(t)—zo —/0 f(s)ds

=

+

z(t) —z(tq) —/t Jq(s)ds

2(tg) — 20 —/ " F(s)ds

t

z(t;) —z(ti—1) — fi—1(s)ds

ti—

q
§S(I—tq)+z

i=1

q

<e(t—1g)+ Zs(li —ti—1)
i=1

<et.

Hence the proof of Proposition 3 is complete. (|

Now we are prepared to prove our Theorem 1. Let (¢,),>1 be a strictly decreas-
ing sequence of positive scalars such that 0 < &, <a foralln > 1and Y ;2 &, <
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co. In view of Proposition 3, we can define inductively sequences (f,(.))n>1 C
LY([0,TLE), (za(az1 C €([~a,TLE), (In())az1 C €([0,T],€) and
(B (Nn>1,(0n())n>1 € S([0,T],[0, T]) where S([0,T],[0,T]) denotes the space of
step functions from [0, T'] into [0, 7'] such that
(1) fu(t) € F(t,I(t)) and z,(0,(2)) € C(0,(2)), forallt €[0,T]and z, = ¢
on [—a,0];
(2) 0<t—0,(t) < in(Z)and 0 <t —0,(t) < 1n(&) forall € [0, T];
3) ”fn—i—l(t)_ fn(t)“ = d(fn(t)7 F(, Fn—i—l(t))) + (2m(t) + 1)ep41 forall 7 €
[0.77];

) Zn(l)—ZO—ftfn(f)dr“ < gqt forall £ € [0, T7].
(5) Forall ¢ € [0, 7(1]

| zaBa )+ In(3) +9) —a <s<—gn(%
Fn(f)(s)—§ — i O (0) + 1+ 585z G —dn(§) <5 <0.

From (1) and (3), we deduce for all € [0, T]

o1 ) = fu @I < H (F@Tu0), F(t Ter (0)) + @m(0) + D
=mOFG(0) =1 ]loo + 2m(D) + Depyr. (4.2)
Claim 1. Forallt €[0,T],

o [ 1(t) = Tn+1Mlloo < 120 () =Zn+1()lloo + 12&.
o |[T(t)zn—I%(t)|loo < 8en.
Proof. First, remark that for all 7,7 € [—a, T] and p > 0 such that |t — 7| < n(p) we
have ||z, (¢) —zn(?)|| < 2(en + p). Indeed, let 7,1 € [—a, T] such that |t — ]| < n(p).
Ifz,¢ € [0,T] and ¢ <1, one has

1zn () = za @)l

t f
< |zn(®) =20~ /0 £26)ds| + |20 @) — 20— /0 fuls)ds

4 /t | fo(s)ds

t

< éut +8nf+[ g(S)dS
t
<2 +p.
If z,¢ € [—a,0], by construction, we have

120 (@) = zn Ol = o) — @@l < p-.
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If 1 € [0,T] and t € [—a,0] one has |¢| < n(p) and || < n(p). Then
20 (@) = za @)l

=

t
()= 20— /0 fuls)ds

<éept+p+p

+llo@) -] +f0 I/n(s)llds

Hence we conclude that for all ¢, € [—a,T] such that |t —f| < n(p), we have
20 (1) =2 (@)l < 2(en + p).
Now, letr € [0,T] and —a <s < —%n(%”). We have

sr () + ln(g”“)+s—én<t>— s

< V1 () — 1] + 16 (t)—r|+ n "“)+1n(8—”)

L en
< T 4 o+

Thus

[ +1 () () = I (@) (5]

= Jens1Gasa(c) + ln(g”“)+s)—zn<<9n(r) + ) +9)]

En+1

_ 1 &,
< Dot o1 O+ 1) 49 21 Ga )+ 30T 4 9))

+ ||zn+1<9n<z>+Zn(;)ﬂ)—zn(én(m I+ 9l

&
<2(en+1+ In) + ”Zn—l—l(') _Zn(~)||oo
<den+1zn+10) =20 ()] oo-

If —4n(2) <5 < —4n(2EL) we get

én+1(t>+in(8”+1)+s—9n(z) < Bg1 (1) — 1]+ 16n (1) — r|+ n( ”“)+|s|
1 en
< L 4 o i+

&n
< 7)(?)-
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l

Then
[ T+1@)(s) — () ()

= a1 G0+ gu( 45 )+—n0f) Zn(Bn(0) — (14 ( )G )

1 " _
= ||Zn+1(9n+1(t) + 477(8 1 ) +8) = Zn(On @) + 120(On (2)) — 20 (On () ||

n+1

< lant G O+ 1) +.9) =20 s O+ 500 +9)]

En+1

2 ) +8)=2n(On (@) + ”Zn(én(t)) —Zn(@n ()

- 1
+ 120 (Onr1 () + Z’?(

e e
<llzn+1() —zZn()loo +2(en + ?n) +2(en + Tn)
< zn+1() =22 () lloo + 8én.

If —1n(®4H) <5 <0 one has

[T +1 () (s) = T () (5)|
4fs| 4ls|

8n+l)nzn+4<9n+4(z)) et GO+ s s

g_,,) ”Zn(én ()= zn(Bn (1))l
4

= (e
+1zn+1(On+1(0) =20 (On () ||

< lznt+1Gnt10) = Znt 1 Ong 1 O + 1120 (B (£)) — 2 (Bn (1))
+12n+1On+1()) — 22 (0n (1)) ||

&n &n

<2(en+1+ T) +2(en + Z)

+12n+10n+1(0)) = Zn+1On )| + 120 +1(0n (1)) — 20 (00 (1)) ||
&n

<8y +2(en+1+ T) +lzn+1() =20 (oo

< lzn+10) = z2n()lloo + 12&5.

Thus we conclude that || 17+1(8) — () [loo < |2n+1(.) —2a(. )”oo + 12¢,.
By the same arguments as above, for ¢ € [0,T], if —a <s < ——r)( ) we have

() + 1) 5=t =] < B0~ 11+ gy

| 1 &4
< _n(= _n(==
= D+

En
<n(—).
_77(4)

Then
IT()zn(s) =L (D))l
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- 1 &,
= ”Zn(t +S)_Zn(9n([)+ ZU(Z)"‘S)”
&
52(8,1—{—?”)
<d4eg,.

If —1n(%) <5 <0 we get

—z—s(<|e (t)—t]+1s|

<+
8n)

n(4

So
IT(@)zn(s)— T (l)(S)II

= llzn(t +9) + —5=~2n (G (1) = (1 +

(s,,) (gn))zn((? n ()l

< 12n(t +5) = 20O O) | + 122 (0n (1)) — 22 (Bn (1))
€ €

<2(en+ _n) +2(en + _n)
4 4

< 8¢y.

Thus we conclude that | T(t)z, — [ (?) || co < 8¢n.
Now, Relations (4.1), (4.2) and Claim 1 yield for all ¢ € [0, T']
[2n+1(1) —zn @)

=

t t
an1 (0) 20— [0 forr(s)ds| + /0 | for () — fu(s)llds

t
n(t)— 20— /0 fuls)ds

t t
<ént1l +ent +[12n() —2n+10) oo m(S)dS+128n/ m(s)ds
0 0

t
+2en+41 / m(s)ds +1tep41
0

T
<2ent + ||zn () —zn+1(.)||oo/ m(s)ds +12&, +2¢e, +tey
0

T
< Ten + 120 () = 2nt1 Olloo /0 m(s)ds.
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It follows that

17¢,
1-L°
where L = fOT m(s)ds. Therefore we have, forn < m

122 () = 2n+1()lloo = (4.3)

17 m—1
1z2m () —z2n( Voo = 1-L Zgi-
l=n

Thus the sequence (2,(.))n>1 converges uniformly on [—a,T] to a function x(.).
Also, since all functions z,(.) agree with ¢(.) on [—a,0], we have x(.) = ¢(.) on
[—a,0].

Additionally, observe that z, (6, (¢)) converges uniformly to x (¢) on [0, T']. Indeed,
fort € [0,T], we have |t —0,(1)] < %n(%”) then

&
20 (1) = 20 (On (D)) [| < 2(en + Tn)

<4g,.
Hence ||z, () — 21 (6, (2))]|| converges to 0 as n — oo. Since

122 (On (1) =x @) = 22 (1) =20 On (D) + 12 (1) —x @)

and (z,(.)) converges uniformly to x(.), it follows z, (6, (¢)) converges uniformly to
x(t) on [0, T]. By construction, we have z,(6,(t)) € C(6,(t)) for every t € [0,T]
and the graph of C is closed, then x(¢) € C(¢) for all ¢ € [0, T]. Furthermore, the
uniform convergence of z,(.) to x(.) on [—a, T] implies that 7T (¢)z, converges to
T (¢t)x uniformly on [—a,0]. From Claim | we deduce that

I, (¢) convergesto T'(¢t)x in €,. 4.4)

Now, we return to Relation (4.2). By Claim 1 and Relation (4.3) we have for all
t€l0,T]

[ fr41(0) = fa O < Mm@ Tn (1) = a1 (D lloo + 2m(t) + Denta
< m(t)(llzn(.) —Zn+1() oo + 1zen) +@2m(t) + e,
17¢y,

Sm(t)(l—L

< <m(f)<%+l4)+l)8n.

This implies (as above) that (f,(¢)),>1 is a Cauchy sequence and (f,(.))n>1 con-
verges point-wisely to f(.). Further, since || f,,(z)|| < g(¢), by (4) and by the Le-
besgue dominated convergence theorem, we have

+126,) + @m(1) + Dey

t t
x()= lim z,(t) = lim (zo—l—/ fn(s)ds> = zo—l—/ f(s)ds.
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Finally, observe that by (1),

d(f@.F@.TOx) < 1 /0) = fa@) |+ H(F . T, 0), F.T(0)x))
= 1£©) = fu @l +mOI T () = TO)x oo

Since f,(¢) converges to f(¢) and by (4.4) the last term converges to 0. So that
x(t)= f(t) € F(¢t,T(¢t)x) a.e in [0, T]. The proof is complete.

5. PROOF OF THEOREM 2

Set ¢(0) = zo. We emphasize that the choice of T and 7(¢) are as in the last
sections.

The same proof of Proposition 3 holds for the following Proposition. We shall
apply it in order to construct a sequence of approximated solutions.

Proposmon 4. If assumptions (L1)-(L3) are satisfied, then for all 0 < ¢ < a and
y(.) € L([0, b), E), there exist a continuous mapping z(.) : [-a,+oo[— E, step
funcnons 0(.),6(.).0() : [0,400[— [0,400, T'() : [0,T] = €4, and f() €
LY([0,T), E) such that

(1) f@) € F(¢,I'(t)) and Z(é(t)) € P(z(0(2))), forallt €[0,T] and z = ¢
on [—a,0];
(i) 0<1—60(1) < In(5),0<0()—1 < in(E)and 0 <1 —0(t) < In(%) forall
tel0,T];
(i) | f()—y@l < d(y@).F@t.I(t)))+ @2m(t)+ 1)e forall t €[0,T];

(iv) Hz(r)—z(O)—ftf(f)dr“ < et forallt €0, T].
(v) Forallt €0, 79]

200 + () + 9 —ass<
" ‘”“):% @)+ (1 )200) (s <

<=3
s <0.

Now, let (g,),>1 be a strictly decreasing sequence of positive scalars such that
0O<ey <aforalln >1and Zn 1 &n < 00. In view of Proposition 4, we can define
inductively sequences ( f,(.))n>1 C L1([0,T], E) (Zn(Dn=1 C E([—a,+oo[. E),
(In(n=1 € €(0.T1.€4) and (Bp(Nnz1. On(Dnz1. On(Dn=1 C S0, +o0],
[0, +00[) such that

(1) fu(t) € F(t,I,(¢)) and Zn(6,()) € P(2(6,(2))), forall ¢ € [0,T] and
Zn = ¢ on [—a,0];

(2) 0<1=0a(t) < §0(5), 0= 0u (1) =1 < gn(5) and 0 < 1 =6, () < gn(5)
forallt € [0,T];

3) |[|fn+]1(t)_fn(t)” < d(fu(®), F(t, Tpg1(1))) + (2m(t) + Dep1 forall r €
0,T];
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@) ‘Z,n(t)—zo—ftfn(r)dr“ < gqt forall 7 € [0, T].
(5) Forall ¢ € [0, 7(1]

2n(0n (6) + 1(%) +5) —a <s<—3n(%)
Fn(@)(s) = { —ﬁ)zn(i(z)‘)ﬁr (4 5 By)anBa0)  —5n(%) <5 <0,

We can apply the same technique as above to prove that (z,(.))»>1 converges uni-
formly to an absolutely continuous function x(.) and we can deduce that, for almost
allt €[0,T], x(¢t) € F(t,T(t)x). To complete the proof of Theorem 2, it remains to
prove that x(¢) € P(x(t)), forall t € [0,T] and if ¢’ < ¢ then x(¢) € P(x(¢')). Since
2n (0 (1)) € P(zn(6,(1))) C K forallz € [0,T] and K is compact, we conclude that
x(t) € K for all ¢ € [0, T]. Then by (A1), x(¢) € P(x(¢)) for all ¢ € [0, T]. Next, let
t',t €[0,T] such thatt’ < t. Then for n large enough we can find p,q € {0, ..., s} such
thatg = p+i where 1 <i <s,t' € [t;‘,tl’71+l[ andt € [tg,tg+1[, where 77" is defined
in the proof of Proposition 4. By construction, we have z, (tg_l) € P(zn (13_2)),
which together with (A1) gives

P(Zn(tg—l)) - P(Zn(tg—z))-
Similarly,
P(zn(tg_5)) C P(zn(ty_3)).
If we continue for i — 1 steps, we obtain
P(zn(ty—1)) € P(zn(ty)).
By the fact that z,, () € P(zn(t;_)). we have z,(1g) € P(za(1y)). This means that

Zn(Bn(t)) € P(24(6,(t))). By letting n — 400, we get x(¢) € P(x(¢’)). The proof
is complete.
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