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Abstract. In this article, we introduce and investigate a new family of analytic and bi-prestarlike
functions by using the Horadam polynomials defined in the open unit disk U. We determine up-
per bounds for the first two coefficients |a;| and |a3| and solve Fekete-Szegd problem of functions
that belong to this family. Also, we point out several certain special cases for our results.
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1. INTRODUCTION AND PRELIMINARIES

Indicate by A4 the collection of analytic functions in the open unit disk U =
{z € C: |z] < 1} that have the form:

flz)=z+ ianz". (1.1)
n=2

Further, let S stand for the subclass of 4 containing of functions in U satisfying (1.1)
which are univalent in U.
A function f € 4 is called starlike of order 8 (0 < 0 < 1), if

Zf’(Z)}
Re >0, (zeU).
{ f(2) et)
For f € 4 given by (1.1) and g € 4 defined by
g(Z):Z+ anzna

n=2
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the Hadamard product of f and g is defined (as usual) by
(f*8)(x) =2+ ) awbpd", (z€U).
n=2

Ruscheweyh [14] defined and considered the family of prestarlike functions of order
0, which are the functions f such that f x Iy is a starlike function of order 6, where

Io(z) =

o
(1 _2)2(1—0) ?

The function Iy can be written in the form:

0<B<l1,zel).

I(z) =z+ i 0,(0)7",

where
[T (i —26)
9) = L > 2.

(Pﬂ( ) (I’l _ 1)' ) n=z

We note that @, (0) is a decreasing function in 6 and satisfies
o0, ife<i
. _ . _ 1
lim @,(0) =41, if6=1
0, ife>1

According to the Koebe one-quarter theorem (see [0]) every function f € S has an
inverse f~' which satisfies f~'(f(z)) = z (z € U) and f(f~'(w)) = w,
(Iwl < ro(f),ro(f) = ), where

gw)=f'w)=w—aw’+ (243 —a3)w’ — (5a3 — Saraz +as) w*+---. (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. Let X stands for the class of bi-univalent functions in U given by (1.1). Srivastava
et al. [19] revived the study of analytic and bi-univalent functions in recent years,
was followed by such works as those by Bulut [4], Adegani and et al. [1], Caglar

et al. [5] and others (see, for example [15, 17, 18,20]). We notice that the class
¥ is not empty. For example, the functions z, =, —log(1 —z) and %log}—fi are

members of ¥. However, the Koebe function is not a member of ¥. Until now, the
coefficient estimate problem for each of the following Taylor-Maclaurin coefficients
|ay|, (n=13,4,--) for functions f € X is still an open problem.

Let the functions f and g be analytic in U. We say that the function f is said to be
subordinate to g, if there exists a Schwarz function w analytic in U with w(0) = 0 and
lw(z)| <1 (z€U) such that f(z) = g(w(z)). This subordination is denoted by f < g
or f(z) < g(z) (z € U). Itis well known (see [13]) that if the function g is univalent
in U, then f < g if and only if £(0) = g(0) and f(U) C g(U).
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The Horadam polynomials 4, (r) are defined by the following repetition relation

(see [3]):
hu(r) = prig—1(r) + ghy—2(r) (reR,neN={1,2,3---}), (1.3)

with hy(r) =a and hy(r) = br, for some real constant a,b, p and ¢g. The charac-
teristic equation of repetition relation (1.3) is > — prt — g = 0. This equation has two

pry/pAri+dq pr—y/p*r’+4q
5 .

real roots x = andy = 5

Remark 1. For particular values of a, b, p and ¢, the Horadam polynomial 4, (r)
reduces to several known polynomials listed below:
(1) the Fibonacci polynomials F,,(r) (a=b=p=q=1).
(2) the Lucas polynomials L,(r) (a=2andb=p=¢g=1).
(3) the Pell polynomials P,(r) (a=g=1and b= p=2).
(4) the Pell-Lucas polynomials Q,(r) (a=b=p=2andg=1).
(5) the Chebyshev polynomials 7,(r) of the first kind (¢ =b =1, p =2 and

q=-1).
(6) the Chebyshev polynomials U, (r) of the second kind (a =1, b = p =2 and
qg=-1).

These polynomials, the families of orthogonal polynomials and other special poly-
nomials as well as their generalizations are potentially important in a variety of dis-
ciplines in many of sciences, specially in mathematics, statistics and physics. For
more information associated with these polynomials see [7, 8, 10, 1.

The generating function of the Horadam polynomials £, (r) (see [ ]) is given by

= Y (2t = AT b ap)r (1.4)

1—pre—qz®
2. MAIN RESULTS

We begin this section by defining the subclass Ag (8,7, 0,r) as follows:

Definition 1. For 6> 0,0<A <1,0<06 < 1and r € R, a function f € X is said
to be in the class Az (3,A, 0, r) if it satisfies the subordinations

B 21 (2) 2(f+1o)" (2)
(1=9) {“ M) ) “‘(” (f*ha)())]

2 (fx1p)" (2) +2(f x1p) ()
Az (f*Io) (z) + (1 —A) (f xIp) ()

<(rz)+1-a

and

w(gx1lp)' (w) i (1 n W((g*le)” (W)ﬂ

(1=9) [“‘” (g 1o) (w) glo) (w)
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Mw? (gx1p)" () +w (g *1p)" (w)
Aw (g+1p)" (W) + (1= 1) (g+1o) (w)
where a is a real constant and the function g = f~! is given by (1.2).

Theorem 1. Ford>0,0<A<1,0<0<1landreR, let f € A be in the class
A5 (8,A,0,r). Then

<II(r,w)+1—a,

|br| /|br|

laz| <
\/2‘ [(1 —0)[2A8(1—0)(1 —A) +20A+1]b—2p(1—0)2 (A+ 1)2] b2 —2ga(1—8)> (A+1)

and
|br| b*r?

S =020 @+ 1) a8 1)

Proof. Let f € Nz(8,A,0,r). Then there are two analytic functions u,v: U — U
given by

u(z) =uz+m? +w+--- (zeU) (2.1)

and
v(w) = viw+vaw? fvaw +--- (wel), (2.2)
with #(0) =v(0) =0, |u(z)| < 1, [v(w)| < 1, z,w € U such that

T2 Q) (F )" ()
(1-9) {“ M Feto) @) “‘(” (o) 2) )]
A2 (fdo)" () +2(F*lo) () 4
e h) @)+ (=N ey (@) @)
and
_ oy w(gxle) (w) w(g*Ip)" (w)
(1=9) {“ M v To) W) ”‘(” (g To) (W) ﬂ

M2 (g 1p)" (w) +w (g x1o)" (w)

0w g o) (w) + (1 —A) (g 1) (w)

=II(r,v(w))+1—a.

Or, equivalently
B 0 2(fx 1) (2) 2(f*1s)" (2)
(1=9) [“ M) @) “‘(” U+lo) @ )]

A (fxIp)" (2) +z(fxe) (z) X
Az (fxlp) (2)+(1—A) (fxlo) (z) 1+ hi (1) + ha(r)u(z) + ha(r)u(2) +(2 )

+9d

and
Y

(g+1o) (W) (g%1o)" (w)
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M? (gx1p)" (w) +w (g 1) (w)

= r rv(w W (W) -
v (g To) (W) £ (1) (g Ty () L () H(r)v(w) s (r)v(w) +

24
Combining (2.1), (2.2), (2.3) and (2.4) yields
1—8 1—2 Z(f*]e),<Z) 7\,(1 Z(f*[e)”(Z)>:|
1-8 0-n3E (1
A (fxlo)" (D) +2(f*le) (2) ST
R ) @ (Wl (g RO e ]
(2.5)
and
T wlesh) (w) wig+h)" (v)
R I (e sy )]
M2 (gx1g)" (W) +w(gxlp) (w) B
g () £ (1 M) (gelg) ) | 12000 oy st we
(2.6)
It is quite well-known that if [u(z)| < 1 and |[v(w)| < 1, z,w € U, then
lu;)| <1 and |vi| <1 forallieN. (2.7)

Comparing the corresponding coefficients in (2.5) and (2.6), after simplifying, we
have

2(1 — 6)(k+ l)az = hz(}’)u], (2.8)

2(1—0)(3—208)(2A+ 1)az —4(1—0)* AS(A—1) +3A+1)d3
=hy(Puy +hs(r)u?, (2.9)
—2(1=0)(A+1)az = ha(r)v (2.10)
and
2(1—6)(3—20)(2A+1)(2a3 —a3) —4 (1 —0)* (AS(A— 1) + 3%+ 1) a3
= ha(r)va+h3(r)vi. (2.11)
It follows from (2.8) and (2.10) that
U= —vy (2.12)

and
8(1—0)> (A4 1)%a3 = h3(r)(ud +12). (2.13)
If we add (2.9) to (2.11), we find that
4(1—0)[2A8(1 —0)(1 —A) 4+ 20\ + 1] a5 = ho(r) (uz 4+ v2) + h3(r) (uF +v3). (2.14)
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Substituting the value of u% —|—v% from (2.13) in the right hand side of (2.14), we
deduce that

13(r) (12 +v2) .
4 [hg(r)u —0) [2A8(1 —0)(1 — ) + 201+ 1] —2A3(r) (1 — 8)* (A + 1)2]

a5 = (2.15)

If we make further computations using (1.3), (2.7) and (2.15), we obtain

| < |br|\/|br|

\/2‘ [(1-6) 223(1 —)(1-2) + 260+ 1]~ 2p (1 - ) (h-+ 1)%| br2 ~ 2qa (1 - ) (h+ 1) |
Next, if we subtract (2.11) from (2.9), we can easily see that
4(1-0)(3—20)(2A+ 1)(az —a3) = hy(r)(us —va) + b3 (r) (3 —v3).  (2.16)
In view of (2.12) and (2.13), we get from (2.16)
ha(r) (uz — v2) h3(r) (u +v})
4(1-6)(3-20)2A+1)  8(1— 9)2 (A+ 1)2'
Thus applying (1.3), we obtain

a3z =

as| < |br| N b*r?

a .
N=2(1-0)3-20)2A+1)  4(1-0) (A +1)2

This completes the proof of Theorem 1. O

In the next theorem, we discuss the Fekete-Szegd problem for the subclass
A5 (8,A,0,r).

Theorem 2. For5>0,0<A<1,0<0<1landrucR, let f € 4 be in the class
Nz (8,A,0,r). Then ‘a3 —ua%‘ <

|| .
2(1-0)(3—-20)2A+ 1)

‘ [(1 —0)[2A8(1—0)(1—A) +20A+1]6—2p (1 —8)> (A+ 1)2] b2 —2ga(1—8)2 (A+1)2

for lu=1] < PR 8)(3-20)(2A+ 1) ’
<
[orf |u— 1 ,
H(l —0)[2A8(1 — 8)(1 —A)+20A+1]b—2p(1 —e)z(x+1)2} br2 —2ga(1—6) (x+1)2"
H(l —0) [2A8(1 — 0)(1 — &)+ 20+ 1]b—2p (1 — ) (x+1)2] b2 —2ga(1—8)2 (A+ 1)
for ju—1]> .

P2r2(1-0)(3—20)(2A+1)
Proof. It follows from (2.15) and (2.16) that
ho(r)(up —va)
1-0)(3—-20)(2A+1)
_ hy(r) (uz — v2)
4(1-0)(3—20)(2A+1)

a3_:ua%:4( +(1_Iu)a2
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h3(r) (u2 +v2) (1 — )
4 [h (r)(1—8) [2A8(1 —B) (1 — &) + 20\ + 1] — 2h3(r) (1 — 6)> (A + 1)2}

2
2
ha(r) 1
=2 [(w(u’rH(1_9)(3_29)(2“1))”2

4
* <"’("’r> DR 7129)(2“ 1)) Vz] ’

where
_ h3(r) (1 —p)
R3(r) (1 —8)[2A8(1 — 8)(1 —A) 4+ 20A+ 1] — 2h3(r) (1 —0)* (A +1)*
According to (1.3), we find that
lr L o<yl < ! ,
2(1-6)(3—28)(2A+1) (1—0)(3—20)(2A+1)

W(u,r)

\as—ua%|§ |
Vil 2 oG-t 1)

2 lorl[w(e ),

After some computations, we obtain ‘a3 — ya%! <

|br|
2(1-0)(3—20)(2A+ 1)

s for [u—1] <

( [(1 —0)[2A8(1—6)(1 —A) + 200+ 1]b—2p(1—8)2 (A + 1)2] b2 —2qa(1—0)2 (A + 1)2(

= 21— 0)(3—_20)(2h £ 1) !
< brf lu—1| ,
- ‘ [(1 —0)[2A8(1—8)(1 —A)+26A+1]b—2p (1 —0)* (A + 1)2} br2 —2qa(1—8)* (A + 1)2"

for ju—1]>

N ( [(1 —0) [2A8(1—8)(1 — 1) +26A+1]b—2p (1 — 0)* (A + 1)2] b2 —2ga(1—0)* (A + 1)2(

b2r2(1—0)(3—20)(2A+ 1)
O
Putting 4 = 1 in Theorem 2, we obtain the following result:

Corollary 1. Ford>0,0<A<1,0<0<landreR, let f € A be in the class
A5 (8,A,0,r). Then
‘a3—a2‘ < [br]
2= 2(1-0)(3-20)(2A+1)°

Remark 2. Special cases are shown below:
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(1) If we put A =0and 6 = % in our Theorems, we have the results for well-
known class S3(r) of bi-starlike functions which was studied recently by
Srivastava et al. [16].

2) IfweputA=1and 6 = % in our Theorems, we have the results for the class
%z (r) which was considered recently by Magesh et al. [12].

(3) If we putd=0and 6 = % in our Theorems, we have the results for the class
My (A, r) which was investigated recently by Magesh et al. [12].

4) IfweputA=0,06= %,a: 1,b=p=2,qg=—1and r —> ¢ in our Theorems,
we obtain the results for the class S5 (¢) of bi-starlike functions which was
introduced recently by Altinkaya and Yalgin [3].

(5) Ifweputd=0,0= %,a: 1,b=p=2,g=—1and r — ¢ in our Theorems,
we have the results for the class My (o, ¢) which was considered recently by
Altinkaya and Yalcin [2].
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