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Abstract. In this article, we introduce and investigate a new family of analytic and bi-prestarlike
functions by using the Horadam polynomials defined in the open unit disk U . We determine up-
per bounds for the first two coefficients |a2| and |a3| and solve Fekete-Szegő problem of functions
that belong to this family. Also, we point out several certain special cases for our results.
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1. INTRODUCTION AND PRELIMINARIES

Indicate by A the collection of analytic functions in the open unit disk U =
{z ∈ C : |z|< 1} that have the form:

f (z) = z+
∞

∑
n=2

anzn. (1.1)

Further, let S stand for the subclass of A containing of functions in U satisfying (1.1)
which are univalent in U .

A function f ∈ A is called starlike of order θ (0≤ θ < 1), if

Re
{

z f ′(z)
f (z)

}
> θ, (z ∈U).

For f ∈ A given by (1.1) and g ∈ A defined by

g(z) = z+
∞

∑
n=2

bnzn,
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the Hadamard product of f and g is defined (as usual) by

( f ∗g)(z) = z+
∞

∑
n=2

anbnzn, (z ∈U).

Ruscheweyh [14] defined and considered the family of prestarlike functions of order
θ, which are the functions f such that f ∗ Iθ is a starlike function of order θ, where

Iθ(z) =
z

(1− z)2(1−θ)
, (0≤ θ < 1,z ∈U).

The function Iθ can be written in the form:

Iθ(z) = z+
∞

∑
n=2

ϕn(θ)zn,

where

ϕn(θ) =
∏

n
i=2 (i−2θ)

(n−1)!
, n≥ 2.

We note that ϕn(θ) is a decreasing function in θ and satisfies

lim
n→∞

ϕn(θ) =


∞, i f θ < 1

2
1, i f θ = 1

2
0, i f θ > 1

2

.

According to the Koebe one-quarter theorem (see [6]) every function f ∈ S has an
inverse f−1 which satisfies f−1( f (z)) = z, (z ∈ U) and f ( f−1(w)) = w,
(|w|< r0( f ),r0( f )≥ 1

4), where

g(w) = f−1(w) = w−a2w2 +
(
2a2

2−a3
)

w3−
(
5a3

2−5a2a3 +a4
)

w4 + · · · . (1.2)

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent in
U . Let Σ stands for the class of bi-univalent functions in U given by (1.1). Srivastava
et al. [19] revived the study of analytic and bi-univalent functions in recent years,
was followed by such works as those by Bulut [4], Adegani and et al. [1], Caglar
et al. [5] and others (see, for example [15, 17, 18, 20]). We notice that the class
Σ is not empty. For example, the functions z, z

1−z , − log(1− z) and 1
2 log 1+z

1−z are
members of Σ. However, the Koebe function is not a member of Σ. Until now, the
coefficient estimate problem for each of the following Taylor-Maclaurin coefficients
|an|, (n = 3,4, · · ·) for functions f ∈ Σ is still an open problem.

Let the functions f and g be analytic in U . We say that the function f is said to be
subordinate to g, if there exists a Schwarz function w analytic in U with w(0) = 0 and
|w(z)|< 1 (z ∈U) such that f (z) = g(w(z)). This subordination is denoted by f ≺ g
or f (z)≺ g(z) (z ∈U). It is well known (see [13]) that if the function g is univalent
in U , then f ≺ g if and only if f (0) = g(0) and f (U)⊂ g(U).
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The Horadam polynomials hn(r) are defined by the following repetition relation
(see [8]):

hn(r) = prhn−1(r)+qhn−2(r) (r ∈ R,n ∈ N= {1,2,3, · · ·}), (1.3)

with h1(r) = a and h2(r) = br, for some real constant a,b, p and q. The charac-
teristic equation of repetition relation (1.3) is t2− prt−q = 0. This equation has two

real roots x = pr+
√

p2r2+4q
2 and y = pr−

√
p2r2+4q
2 .

Remark 1. For particular values of a, b, p and q, the Horadam polynomial hn(r)
reduces to several known polynomials listed below:

(1) the Fibonacci polynomials Fn(r) (a = b = p = q = 1).
(2) the Lucas polynomials Ln(r) (a = 2 and b = p = q = 1).
(3) the Pell polynomials Pn(r) (a = q = 1 and b = p = 2).
(4) the Pell-Lucas polynomials Qn(r) (a = b = p = 2 and q = 1).
(5) the Chebyshev polynomials Tn(r) of the first kind (a = b = 1, p = 2 and

q =−1).
(6) the Chebyshev polynomials Un(r) of the second kind (a = 1, b = p = 2 and

q =−1).

These polynomials, the families of orthogonal polynomials and other special poly-
nomials as well as their generalizations are potentially important in a variety of dis-
ciplines in many of sciences, specially in mathematics, statistics and physics. For
more information associated with these polynomials see [7, 8, 10, 11, 21].

The generating function of the Horadam polynomials hn(r) (see [9]) is given by

Π(r,z) =
∞

∑
n=1

hn(r)zn−1 =
a+(b−ap)rz
1− prz−qz2 . (1.4)

2. MAIN RESULTS

We begin this section by defining the subclass NΣ(δ,λ,θ,r) as follows:

Definition 1. For δ≥ 0, 0≤ λ≤ 1, 0≤ θ < 1 and r ∈ R, a function f ∈ Σ is said
to be in the class NΣ(δ,λ,θ,r) if it satisfies the subordinations

(1−δ)

[
(1−λ)

z( f ∗ Iθ)
′ (z)

( f ∗ Iθ)(z)
+λ

(
1+

z( f ∗ Iθ)
′′ (z)

( f ∗ Iθ)
′ (z)

)]
+δ

λz2 ( f ∗ Iθ)
′′ (z)+ z( f ∗ Iθ)

′ (z)
λz( f ∗ Iθ)

′ (z)+(1−λ)( f ∗ Iθ)(z)
≺Π(r,z)+1−a

and

(1−δ)

[
(1−λ)

w(g∗ Iθ)
′ (w)

(g∗ Iθ)(w)
+λ

(
1+

w(g∗ Iθ)
′′ (w)

(g∗ Iθ)
′ (w)

)]
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+δ
λw2 (g∗ Iθ)

′′ (w)+w(g∗ Iθ)
′ (w)

λw(g∗ Iθ)
′ (w)+(1−λ)(g∗ Iθ)(w)

≺Π(r,w)+1−a,

where a is a real constant and the function g = f−1 is given by (1.2).

Theorem 1. For δ≥ 0, 0≤ λ≤ 1, 0≤ θ < 1 and r ∈ R, let f ∈ A be in the class
NΣ(δ,λ,θ,r). Then

|a2| ≤
|br|
√
|br|√

2
∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2

]
br2−2qa(1−θ)2 (λ+1)2

∣∣∣
and

|a3| ≤
|br|

2(1−θ)(3−2θ)(2λ+1)
+

b2r2

4(1−θ)2 (λ+1)2
.

Proof. Let f ∈NΣ(δ,λ,θ,r). Then there are two analytic functions u,v : U −→U
given by

u(z) = u1z+u2z2 +u3z3 + · · · (z ∈U) (2.1)
and

v(w) = v1w+ v2w2 + v3w3 + · · · (w ∈U), (2.2)
with u(0) = v(0) = 0, |u(z)|< 1, |v(w)|< 1, z,w ∈U such that

(1−δ)

[
(1−λ)

z( f ∗ Iθ)
′ (z)

( f ∗ Iθ)(z)
+λ

(
1+

z( f ∗ Iθ)
′′ (z)

( f ∗ Iθ)
′ (z)

)]
+δ

λz2 ( f ∗ Iθ)
′′ (z)+ z( f ∗ Iθ)

′ (z)
λz( f ∗ Iθ)

′ (z)+(1−λ)( f ∗ Iθ)(z)
= Π(r,u(z))+1−a

and

(1−δ)

[
(1−λ)

w(g∗ Iθ)
′ (w)

(g∗ Iθ)(w)
+λ

(
1+

w(g∗ Iθ)
′′ (w)

(g∗ Iθ)
′ (w)

)]
+δ

λw2 (g∗ Iθ)
′′ (w)+w(g∗ Iθ)

′ (w)
λw(g∗ Iθ)

′ (w)+(1−λ)(g∗ Iθ)(w)
= Π(r,v(w))+1−a.

Or, equivalently

(1−δ)

[
(1−λ)

z( f ∗ Iθ)
′ (z)

( f ∗ Iθ)(z)
+λ

(
1+

z( f ∗ Iθ)
′′ (z)

( f ∗ Iθ)
′ (z)

)]
+δ

λz2 ( f ∗ Iθ)
′′ (z)+ z( f ∗ Iθ)

′ (z)
λz( f ∗ Iθ)

′ (z)+(1−λ)( f ∗ Iθ)(z)
= 1+h1(r)+h2(r)u(z)+h3(r)u2(z)+ · · ·

(2.3)

and

(1−δ)

[
(1−λ)

w(g∗ Iθ)
′ (w)

(g∗ Iθ)(w)
+λ

(
1+

w(g∗ Iθ)
′′ (w)

(g∗ Iθ)
′ (w)

)]
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+δ
λw2 (g∗ Iθ)

′′ (w)+w(g∗ Iθ)
′ (w)

λw(g∗ Iθ)
′ (w)+(1−λ)(g∗ Iθ)(w)

= 1+h1(r)+h2(r)v(w)+h3(r)v2(w)+ · · · .

(2.4)

Combining (2.1), (2.2), (2.3) and (2.4) yields

(1−δ)

[
(1−λ)

z( f ∗ Iθ)
′ (z)

( f ∗ Iθ)(z)
+λ

(
1+

z( f ∗ Iθ)
′′ (z)

( f ∗ Iθ)
′ (z)

)]
+δ

λz2 ( f ∗ Iθ)
′′ (z)+ z( f ∗ Iθ)

′ (z)
λz( f ∗ Iθ)

′ (z)+(1−λ)( f ∗ Iθ)(z)
= 1+h2(r)u1z+

[
h2(r)u2 +h3(r)u2

1
]

z2 + · · ·

(2.5)

and

(1−δ)

[
(1−λ)

w(g∗ Iθ)
′ (w)

(g∗ Iθ)(w)
+λ

(
1+

w(g∗ Iθ)
′′ (w)

(g∗ Iθ)
′ (w)

)]
+δ

λw2 (g∗ Iθ)
′′ (w)+w(g∗ Iθ)

′ (w)
λw(g∗ Iθ)

′ (w)+(1−λ)(g∗ Iθ)(w)
= 1+h2(r)v1w+

[
h2(r)v2 +h3(r)v2

1
]

w2 + · · · .

(2.6)

It is quite well-known that if |u(z)|< 1 and |v(w)|< 1, z,w ∈U , then

|ui| ≤ 1 and |vi| ≤ 1 f orall i ∈ N. (2.7)

Comparing the corresponding coefficients in (2.5) and (2.6), after simplifying, we
have

2(1−θ)(λ+1)a2 = h2(r)u1, (2.8)

2(1−θ)(3−2θ)(2λ+1)a3−4(1−θ)2 (λδ(λ−1)+3λ+1)a2
2

= h2(r)u2 +h3(r)u2
1, (2.9)

−2(1−θ)(λ+1)a2 = h2(r)v1 (2.10)

and

2(1−θ)(3−2θ)(2λ+1)(2a2
2−a3)−4(1−θ)2 (λδ(λ−1)+3λ+1)a2

2

= h2(r)v2 +h3(r)v2
1. (2.11)

It follows from (2.8) and (2.10) that

u1 =−v1 (2.12)

and
8(1−θ)2 (λ+1)2a2

2 = h2
2(r)(u

2
1 + v2

1). (2.13)

If we add (2.9) to (2.11), we find that

4(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]a2
2 = h2(r)(u2 +v2)+h3(r)(u2

1 +v2
1). (2.14)



1610 ABBAS KAREEM WANAS AND PÁLL-SZABÓ ÁGNES ORSOLYA

Substituting the value of u2
1 + v2

1 from (2.13) in the right hand side of (2.14), we
deduce that

a2
2 =

h3
2(r)(u2 + v2)

4
[
h2

2(r)(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]−2h3(r)(1−θ)2 (λ+1)2
] . (2.15)

If we make further computations using (1.3), (2.7) and (2.15), we obtain

|a2| ≤
|br|
√
|br|√

2
∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2

]
br2−2qa(1−θ)2 (λ+1)2

∣∣∣ .
Next, if we subtract (2.11) from (2.9), we can easily see that

4(1−θ)(3−2θ)(2λ+1)(a3−a2
2) = h2(r)(u2− v2)+h3(r)(u2

1− v2
1). (2.16)

In view of (2.12) and (2.13), we get from (2.16)

a3 =
h2(r)(u2− v2)

4(1−θ)(3−2θ)(2λ+1)
+

h2
2(r)(u

2
1 + v2

1)

8(1−θ)2 (λ+1)2
.

Thus applying (1.3), we obtain

|a3| ≤
|br|

2(1−θ)(3−2θ)(2λ+1)
+

b2r2

4(1−θ)2 (λ+1)2
.

This completes the proof of Theorem 1. �

In the next theorem, we discuss the Fekete-Szegő problem for the subclass
NΣ(δ,λ,θ,r).

Theorem 2. For δ≥ 0, 0≤ λ≤ 1, 0≤ θ < 1 and r,µ∈R, let f ∈A be in the class
NΣ(δ,λ,θ,r). Then

∣∣a3−µa2
2

∣∣≤

≤



|br|
2(1−θ)(3−2θ)(2λ+1)

;

f or |µ−1| ≤

∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣

b2r2(1−θ)(3−2θ)(2λ+1)
,

|br|3 |µ−1|∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣ ;

f or |µ−1| ≥

∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣

b2r2(1−θ)(3−2θ)(2λ+1)
.

Proof. It follows from (2.15) and (2.16) that

a3−µa2
2 =

h2(r)(u2− v2)

4(1−θ)(3−2θ)(2λ+1)
+(1−µ)a2

2

=
h2(r)(u2− v2)

4(1−θ)(3−2θ)(2λ+1)
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+
h3

2(r)(u2 + v2)(1−µ)

4
[
h2

2(r)(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]−2h3(r)(1−θ)2 (λ+1)2
]

=
h2(r)

4

[(
ψ(µ,r)+

1
(1−θ)(3−2θ)(2λ+1)

)
u2

+

(
ψ(µ,r)− 1

(1−θ)(3−2θ)(2λ+1)

)
v2

]
,

where

ψ(µ,r) =
h2

2(r)(1−µ)

h2
2(r)(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]−2h3(r)(1−θ)2 (λ+1)2 .

According to (1.3), we find that

∣∣a3−µa2
2
∣∣≤


|br|
2(1−θ)(3−2θ)(2λ+1)

, 0≤ |ψ(µ,r)| ≤ 1
(1−θ)(3−2θ)(2λ+1)

,

1
2
|br| |ψ(µ,r)| , |ψ(µ,r)| ≥ 1

(1−θ)(3−2θ)(2λ+1)
.

After some computations, we obtain
∣∣a3−µa2

2

∣∣≤

≤



|br|
2(1−θ)(3−2θ)(2λ+1)

; f or |µ−1| ≤

≤

∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣

b2r2(1−θ)(3−2θ)(2λ+1)
,

|br|3 |µ−1|∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣ ;

f or |µ−1| ≥

≥

∣∣∣[(1−θ) [2λδ(1−θ)(1−λ)+2θλ+1]b−2p(1−θ)2 (λ+1)2
]

br2−2qa(1−θ)2 (λ+1)2
∣∣∣

b2r2(1−θ)(3−2θ)(2λ+1)
.

�

Putting µ = 1 in Theorem 2, we obtain the following result:

Corollary 1. For δ≥ 0, 0≤ λ≤ 1, 0≤ θ < 1 and r ∈R, let f ∈ A be in the class
NΣ(δ,λ,θ,r). Then ∣∣a3−a2

2
∣∣≤ |br|

2(1−θ)(3−2θ)(2λ+1)
.

Remark 2. Special cases are shown below:
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(1) If we put λ = 0 and θ = 1
2 in our Theorems, we have the results for well-

known class S∗
Σ
(r) of bi-starlike functions which was studied recently by

Srivastava et al. [16].
(2) If we put λ = 1 and θ = 1

2 in our Theorems, we have the results for the class
KΣ(r) which was considered recently by Magesh et al. [12].

(3) If we put δ = 0 and θ = 1
2 in our Theorems, we have the results for the class

MΣ(λ,r) which was investigated recently by Magesh et al. [12].
(4) If we put λ= 0, θ= 1

2 , a= 1, b= p= 2, q=−1 and r−→ t in our Theorems,
we obtain the results for the class S∗

Σ
(t) of bi-starlike functions which was

introduced recently by Altınkaya and Yalçin [3].
(5) If we put δ= 0, θ= 1

2 , a= 1, b= p= 2, q=−1 and r−→ t in our Theorems,
we have the results for the class M ∗

Σ
(α, t) which was considered recently by

Altınkaya and Yalçin [2].
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