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1. INTRODUCTION

The study of various types of integral inequalities has been the focus of great atten-
tion for well over a century by a number of mathematicians, interested both in pure
and applied mathematics. One of the many fundamental mathematical discoveries of

A. M. Ostrowski [20] is the following classical integral inequality associated with the
differentiable mappings:

Theorem 1. Let f: [a,b] — R be a differentiable mapping on (a,b) whose deriva-
tive f': (a,b) — R is bounded on (a,b), i.e. ||f'||l.. = sup |f'(t)| < +oo. Then, we
te(a,b)
have the following inequality:

1

b a2
- [ o] < | 1+ )

4+(b—a)2] b—a)|f|.

for all x € [a,b]. The constant } is the best possible.

The Ostrowski inequality has applications in quadrature, probability and optim-
ization theory, stochastic, statistics, information and integral operator theory. Until
now, a large number of research papers and books have been written on Ostrowski
inequalities and their numerous applications, see [1-3, 5— - =23].
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Definition 1. Let f € L;[a,b]. The Riemann-Liouville fractional integrals J&, f
and J'_f of order o > 0 are defined by

X

I () = F(la)/(x—t)“—lf(t)dz, x>a

and
b
1 a—1
F((x)/(t—x) f(t)dt, x<b,

respectively. Here, ['(at) is the Gamma function and JO, f(x) =JY_f(x) = f(x).

Ty f(x) =

Hadamard fractional integrals given by as follows:

Definition 2 ([ 10, Page 110]). Let f € L; ([a,b]). The Hadamard fractional integ-
rals Hy, f and Hj; f of order o, > 0 with a > 0 are defined by

Hgif(x)—r(la)/x(l ;)a lf()dt x>a

a

and
1 b oc 1
H‘b*f F—/ f x < b,

respectively.

Definition 3 ([ 16, Page 99-100]). Let g: [a,b] — R be a positive increasing func-
tion on (a,b], having a continuous derivative g'(x) on (a,b). The left-side (/% of (X))
and right-side (Ig‘_;g f(x)) fractional integral of f with respect to the function g on
[a,b] of order o > 0 are defined by

F(0) J [gx) —g(0)]
and
b
o _ 1 g(0)f()
Ib_;gf(x) - F(OC) / ¢ —g(X) lf(xdn x <b,
respectively.

Hadamard fractional integrals of a function with two variables can be given as
follows:
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Deﬁnition 4. Let A = [a, b] [c,d] and f € L, (A). The Hadamard fractional in-

teglralsJ(HcJr , u+d f,Jb CJrfandeﬁd f of order o, > 0 with a,c > 0 are
defined by

Jgﬁw (xa)’):ma/xc/y<lnj)a_l(lni)ﬁ_lf(tts’s)dsdt, x>a, y>c,
x d _

a+d flx,y) = F(a)lr(ﬁ)//(ln);)al <ln;>B lf(tt;s)dsdt, x>a, y<d,
a 'y
b

st =gy | [ o2) (2) ey

and

b d
“Bd_f(x,y)zr(u)lr(ﬁ)//(ln;)a_l (1ni)ﬁlf<tt;s)dsdz, x<b, y<d,
y

respectively.

=

Now, we give the following generalized fractional integral operators:

Definition 5 ([4, Definition 6]). Let g: [a,b] — R be a positive increasing func-
tion on (a,b], having a continuous derivative g'(x) on (a,b) and let w: [c,d] — R
be a positive increasing function on (c,d], having a continuous derivative w'(y) on
(c,d). If f € L1(A), then for o, 3 > 0, the generalized fractional integral operators for
functions of two variables are defined by

il s

Qa,

ju+ c+3g, wf(x y Y (S)

O () —w(s)]

l_ﬁf(t,s)dsdt,

x>a, y>c;

Jaolﬁd e (5:) // (1) e V_Vv(:()y)]lﬁf(t,s)dsdt,
x>a, y<d

,7 c+gwf( // g;t(l a [W(y) V_V E:()s)]lﬁf(t,s)dsdt,
x<b, y>c
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and
0 (s)
a,B y) = 8 wis $\ds
el 9= 05 | | G T ot
x<b, y<d
respectively.

The aim of this study is to establish Ostrowski type integral inequalities for func-
tions of two variables involving generalized fractional integrals. The results presented
in this paper provide extensions of those given in earlier works.

2. SOME OSTROWSKI TYPE INEQUALITIES FOR GENERALIZED FRACTIONAL
INTEGRALS

Firstly, we define the following functions which will be used frequently:
[8(x) — g(a)* + [g(P) — g(x)]"

My (a,b;x) = NCES)
and 5 5
B e giy) = WO —w(e)]" + [wld) —w(y)]
Ny (e dy) = B ,
for (x,y) € A. Introduce M'(a,b) and NE (c,d) by actting
M%(a,b) = M%(a, b:a) = M%(a,b:b) = [g(é’)(a £ (1“))]
and 5
_ )= gy wld) —w(e)]
NB(¢c,d) = NB(c,d;c) = NB (c,d;d) = eI

By choosing g(¢) = Int, ¢ € [a,b] and w(s) = Ins, s € [c,d], we get representations

(1n]%+ [1n2]° )+ me]’

My} (a,b;x) = F(OH—I)X and Nl[i(c,d;y): TET1)
and
0 2" PN
w(a,b) = NCESH) and N (c,d)= TR

Throughout this paper, we denote the second partial derivative % by fis. We
assume also that g: [a,b] — R is a positive increasing function on (a,b], having a
continuous derivative g’(x) on (a,b) and w: [c,d] — R is a positive increasing func-
tion on (c,d], having a continuous derivative w'(y) on (c,d).

Now, we are in position to prove the following identity:
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Lemma 1. Ler f: A — R be a twice partial differentiable mapping on A° with
2
a<b,c<d. If% € L(A), then for o, > 0 we have the following equality:

1 o o
109) = St [l (@0) + 18 ()]
1
NE(e,dsy)

1
NP .
Mg {a bV e, d:)
g L SO R U ) N RO e S (X

I p )+ f )] +

xtyTigw xtytigw
= ! 5 I —L—-L+1L],
C(a+ DI+ 1)MH(a,b;x)Niw(c,d;y)
where
h= [ [ (5l6) = 8(@)*0w(s) = w(e))P i 5) s,
ax Ld
b= [ [ (6(6) = (@) (w(d) = w(s))P fislt,)dsa,
ay
by
= [ [ (5lb) = g(0)(w() = w(e)P it )dsc
and .
L= [ [(66) = g(t)"0(d) = w(s))P (e, 9)dsatr
Xy

Proof. By integration by parts, we have
Xy
I = //(g(z) —(a))*(w(s) —w(c))Pfs(r,5)dsdt 2.1)

— [ ()= g(@)® [(wls) ~wle)Pfitr. )|

y

B [ (0ls) )P (), s

c
X

— [ 0) - (a0 wl)P e

a
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X Yy
B[ [ (506~ (@) 0w(s5) = wle))P' W (s)f o, 9)dcr

X {(g(t) —g(a)*f(t,y) — Oc/(g(t) - g(a))“lg’(t)f(t,y)df]

X

X {(g(f) g(a))“f(w)za/(g(t)g(d))“lg’(f)f(m)dt] ds

a

= (w(y) —w(©))P(g(x) — g(@))*f(x,y) = T(a+ 1) (w(y) — w(c) PIE  f(a,y)
—T(B+1)(g(x) — (@)™ fx,c) + T(o+ DEB+1)IEP | f(a.c).

Similarly, we get

b = —(g(x) — 8(a)*(w(d) = w(»)P £ (x,) (22)
+T(a+ D)(w(d) = w(y)PIE  f(a,y)
+T(B+1)(8(x) — g(a) ™I, f(x.d)
—D(a+ DTB+ 1), flad),
I = —(g(b) — 8(x))*(w(y) —w(c))P £ (x,y) (2.3)
+T (ot D (w(y) —w(e) IS £(b,y)
+T(B+1)(g(b) — ()P f(x,c)
—D(o+ DB+ DIED | f(b,0)

xty=igw

and

= (g(b) — 8(x))*(w(d) — w(x))P £ (x,y) (2.4)
— Do+ 1) (w(d) = w(y)PI% £ (B,)
—D(B+1)(g(b) — g(x)*J2%,, f (x.d)
+T(o+ DB+ 1)JIP,  £(b,d).

eryJr g W
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By equalities (2.1)—(2.4), we establish
L—bL—L+L=T(a+ )T+ 1)M*a,bx)NE(c,d;y) f(x,y)
—T(o+ DB+ DNE(e,dsy) [1% o flay) +9% o f(5,5)]

(ot DI+ DME(abi) [ flxe)+05 £ (b.y)]

+T(a+DHI(P+1)
(X,B (X7B G,B (X,,B
< D )+ I ad) I b+ I F(b.d)]
which gives the desired result. U

Theorem 2. Under assumptions of Lemma 1, if the function gj,c’vi, € Lo(A), then we
have the following Ostrowski type inequality for the generalized fractional integrals:

1
09~ g [ e ) 2, 0
1 [ B B 1

- e+ )| +

Np(e,dsy) " - M®(a,b;x)Ny (c,d; )
$ [T gt @+ Plad) + I p(b,c) I f (6.4

1
<M§‘“(a,b;X) B (c,d;y)‘ fis
M%(a,b;x)No(c,diy) 118 llas
where
‘ fis || _ g | Ss(08)
gw Aso  (t,5)EA g ()w'(s)
Proof. Using Lemma 1, we get
1
09 g [ e ) 2,09 23
L[ )+ p )] + !

- R, . — ) +iw )

NE(e,diy) B ’ Mg(a, b x)NY(c,ds )
x [Jg:§73g7wf(a’c) +J)?I§+agawf(a7d) +J$§7’g~vvf<b7c)+J;Xl§+’g7wf(b7d)i|‘

1

< (1] + || + |1 + [ 1a]] -

T(ot+ DI(B+ 1)M%(a, b;x)Nb (¢, d; y)
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By the assumptions of Theorem 2, we have

x Yy
1= || | (el = gl@)*(w(s) = wie))P sl s)dsc .6
< [ [ (60) = g(@) ws) ~w(e))P Ifisle,9) dds
x Yy
= —g(a))*(w(s) —w(c))P fis(t:5) | w(s)ds.
- / ] 60 ) 06) (&) | G | O s
Ji [ —g(a)*(w(s) —w(c))Pg ()W (s)ds
<zl Hw/g/@(r) 8(@)(w(s) — wle))Pg (0 ()dsds
_ ()~ 8(@)™ (ws) = wle)P | i
((X+1)(B+1) g'w [a.x]x[c,y],e0
and
x d
Bl =| [ [ (60~ gla)*(w(d) — w(s))P (e, )

(1) — 8(a))*(w(d) —w(s))P | fis(t,5)| dsdt

f,s(t,s)

2 (OW(s) g ()W (s)dsdt

j
yd
/(g@ —8(a))*(w(d) —w(s))P | fis(t,5)| dsdt
d

x d

la. )% [y,d] //(g(t)_g(a))a(w(d)_W(S))Bg'(f)wl(S)dsdt

ax]x[ydeoy )

 (g) — g(@)* (w(d) — w(y))P*!
(a+1)(B+1)

ts

< 7
8w

Jis

7
gw

[avx] X [Y7d] >
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In a similar way, we obtain

by
1= | [ [ (66) = 8(0)*w(5) = ()P 1, 5) s Xy
_ (g(b) = g(x)) " (w(y) —w(c))P*" || fis
N (a+1)(B+1) gw [x,b] X [e.y] 00
and
b d
il =| [ [ (8(b) ~ ) vl ~ w(s))P it 5)dsc 8
_ (8(B) = g(0))** ! (w(d) —w())** || fis _
- (a+1)(B+1) W | (e b ¢ ) o
By using the inequalities (2.6)—(2.8) in (2.5), we get
1 o o
109) = Sy s (@) + I8 0)]
— ! B X,C B X !
i I8 1)+ 8 d) AT e
) [0 @)+ I flad)+ I f b+ rbd)|
1
: T(ot+ DI(B+ 1)M%(a, b;x)Nb (¢, d; y)
" (8(x) —g(@) ™ (w(y) —w(e))P || fis
((X+1)(B+1) g [a.x]x[c,y],eo
G —g(a)* ! (w(d) =w(y)P || fis
(a+1)(B+1) 8W | ] ¢ [yd] o0
L (8) —8(0))* T (w() —w(e)P || fis
(a+1)(B+1) W | b [ey] oo
(8(b) —&(x)* (w(d) —w(m)P*" || fis
(a+1)(B+1) 8W | ] ¢ ] oo
1 x) — o(a o-+1 —o(x o+1
< Mo 2B+ M@ N (erdsy) ((g(x) —g(a)™ "+ (g(b) — (x))*")
s (0900) ()P + () )P ) [ 22 ,
EW l[a,b]x[b,d] e
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which completes the proof. 0

By choosing g(t) =t, t € [a,b] and w(s) = s, s € [c,d] in Theorem 2, we get the
following Ostrowski type inequality for Riemann—Liouville fractional integrals.

Corollary 1. The following inequality holds:

C(a+1) oc o
f(x>y) - (x_a)a+ (b_x)oc [fof(a,y) +Jx+f(bay)] (29)

_@—gﬁiiﬂﬁﬂéﬂLd+¢f“”}
Fla+H)TC'(B+1)
(6 =)+ (b= |6 )f + (@ =]
X [J“B Fla,e)+ %% fla,d)+ 7P f(b,e)+ 128 £ (d, d)”
(=) (=0 [0 = )P (@ = )]
T @B+ [(x—a)*+ (=0 [6— )P +(d - )P

Remark 1. If we take oo = 3 = 1 in Corollary 1, then inequality (2.9) reduces to
the inequality established in [3, Theorem 2.1].

_l’_

} [ fesll o

By choosing g(7) = 1Int, t € [a,b] and w(s) = Ins, s € [¢,d] in Theorem 2, we get
the following Ostrowski type inequalities for Hadamard fractional integrals.

Corollary 2. The following inequality holds:

79 = iy e (@09) 02 F0)]
1 1

- 3 W flxd
Nb (c,d:y) [ ran 6+ dy I )} +M1°‘(a by x)NP (¢, d;y)
) I @) I Fad) I fb)+ I rba)|

MO‘H(a b, x)NB+1(c,d;y)
M{(a,b; x)NB(c,d;y)

gl W/

Theorem 3. Under assumptions of Lemma 1, if the function g,’v*‘v, €L, (A), then we
have the following Ostrowski type inequality for generalized fractional integrals:

1
f(x,)’)—m [ o f(a,y) + ;ﬁ;gf(b,)’)}
1

8
B p
ey Pl + st +

1
M¥(a,b;x)N, B(c d;y)
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XTYTigw x~“ytigw

[(80x) — 8(a))" 1 + (g(6) — g(x))*"7

X [J“;B, (a, c)—i—J bl lad) I f(o, c)+J;E+ng(b,d)H

(ag+1)sT(a+1)M¢a, b;x)
00w @ —w)] |
(Bg+ 1)s T(B+ 1)N(c.d:y) (&%) ey

1,1 _
where ;+§—1and

1Flla,= (//Ftspdsdt) < oo,

Proof. By Holder inequality and properties of the modulus, we have

| < // —w(e))B| (1, 5)| dsdr (2.10)

s
(gw')e

( / (g(t) - g(a))o“’g’(t)dt>

[ax]x[e.y)p

X (/(w(s) w(c))qu/(s)ds)

c

fis
(g'w')«

_ ((g(x) —gl@)*™! ); (<w<y> —w<c>>ﬁq+l> |

og+1 Bg+1

[a.x]x[e.y].p
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_ (g — (@)™ 1 (w») —w(e)* e || fi
((Xq—|- 1)6 (BCI+ 1)5 (glwl)g lax]x[c,y],p
Similarly, we get
_ ot} _ Bty
1] < B0 ~8(@)™  (w(d) = w(y) | fis_ e
(OCq—I— 1)6 (Bq+ ])E (glwl)a [ax]x[y,d].p
_ oty _ Bty
1) < ((6) =)™ () ~w(o)) i o)
((XQ+ l)q (BQ+ l)q (glw/)q [x,b]x[c.y],p
and
1) < B0 g™ e w(@) = w0 | i o)
(ag+1)s (Bg+ 1) (&'W) 4 bl x [yl p

By substituting the inequalities (2.10)—(2.13) in (2.5), we establish

'f<x,y> g [ @) 28 1)

4
1 B B 1
- |J_. , J f(b,
Ni(c,d:y) o)+ 27 0) +M§°<a,b;x)NB(c,d;y>
< I @)+ I ad) I pbe)+ I rb.a)]|
1
<
© (o DI(B -+ DMEa,bix)No(e, d:)
| g0 —g(@) s 0wi) —w(e)P o || i
(aq—i_ 1)5 (Bq+ 1)6 (glwl)g [a,x]x[c,y],p
(800 —g(@)™ s (wld) —w))P*e || i
(aq+ 1)6 (Bq+ 1)6 (glwl)g lax]x[y,d],p
 (8(6) g7 () —w(e)P 7 | i
((XC]+ 1)5 (BQ+ 1)3 (g/wl)5 [x,b]x[c.y],p
| (8(b) = g(x) "o ow(d) —w()P7 | g
(ag+1)e (Bg+1)q (&'W) 4 e bl x [yl p
< ! Jis
" (ag+1)7 (Bg+1)e T(a+ DB+ 1M (a,bx)N(e.diy) | (§W)7 ||y pyiea
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 [(o(0) — (@) + (s(6) — ()]

1 1
x [ 0() = w(@))P7 4 (w(d) — ()P ]
This completes the proof. U
By coosing g(t) =1, t € [a,b] and w(s) = s, s € [c,d] in Theorem 3, we get the

following Ostrowski type inequality for Riemann—Liouville fractional integrals.
Corollary 3. The following inequality holds:

B I'(a+1)
f(x,y) (xia)och (bix)(x

— CB+1) p X,C p X

Pt e s
Fa+H)TC'(B+1)

(=) + (b= [ &) + (@ )]

Jﬁﬁ,f@ucy+195+fgudy+J%f,fa%cy+1ﬁﬁ+fandﬂ’

X X

((x=a)* 0+ (b—x) 4] [(y— )P0 + (a )P 7]

U f(a,y) +J5 f(b,y)] (2.14)

_l’_

X

—

< i i [ fisllap-
(0g+1)7 (Bg-+1)7 [(x—a)*+ (b -] [r—cP+ (@)
Remark 2. 1f we take oo = 3 = 1 in Corollary 3, then we have
b d
1 1
f(x,y)—ﬁ/f(t,y)dt—ﬁ/f(x,s)ds
| b d
+(b_a)(d_c)/c/f(t,s)dsdt
(=a) i (b= (=) o+ (@ )]
< [ fisllap-

2

(b—a)(d—c)(g+1)

By choosing g(7) = Int, t € [a,b] and w(s) = Ins, s € [c,d] in Theorem 3, we the
following Ostrowski type inequality for Hadamard fractional integrals.

Corollary 4. The following inequality holds:

1
'f(m) - ME@ED RISWICRORS CONIUR0]
1

B B 1
_ I fxe)+ T, flx,d)| +
Nb (¢, d:y) is a |

M2 (a,b;x)NP (¢, dsy)
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I @)+ I @ d) I fb)+ I b,

[(lng)‘”% + (lng)(”ﬂ [(ln%)[”é + (ln%)ﬁﬁ] e

I I I
(ag+1)7 (Bg-+1)7 T(a+ 1)T(B+ )M (@, b:x)Np (¢, d53) | ()7 |l pjx et

)

where

(1]
(2]

(3]

(4]

(5]

(6]
(7]
(8]

(9]

[10]

[11]
[12]
[13]
[14]
[15]

[16]

1
h(t,s) = —.
(t,8) ==
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