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Abstract. In this study we show that the systems of difference equations

Xn+1 = f_l (af(pnfl) +bf(qn72))7 Yn+1 = f_l (af(rnfl) +bf(sn72))u
for n € Ng, where the sequences p,, g,, r, and s, are some of the sequences x, and yj,
f:Dy — Risa“l—1” continuous function on its domain Dy C R, initial values x_;, y_;,
j €{0,1,2}, are arbitrary real numbers in Dy and the parameters a,b are arbitrary complex
numbers, with b # 0, can be explicitly solved in terms of generalized Padovan sequences. Some
analytical examples are given to demonstrate the theoretical results.
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1. INTRODUCTION

Firstly, recall that N, Ny, Z, R, C, stand for natural, non-negative integer, integer,
real and complex numbers, respectively. If m,n € Z, m < n the notation i = m,n
stands for {i € Z : m < i <n}.

Difference equations for which the solutions can be constructed explicitly are use-
ful due to numerous applications. As particular, difference equations related to Fibon-
acci, Lucas, Padovan, Tetranacci, Horadam, Pell, Jacobsthal, and Jacobsthal-Lucas
sequences and their generalizations are of much interest. Many related references can
be found, for example, in [5-7,10,11,17— ].

The equation

aXp—|Xp—k

Xptl = , n € Ny, (L.

bxp_pEcx,—g
where the initial conditions are arbitrary positive real numbers, k, [, p, g are non-
negative integers and a, b, c are positive constants, is one of the difference equations
whose solutions are associated with number sequences. Positive solutions of concrete
special cases of equation (1.1) have been studied by several authors. For the first
time, Elabbasy et al., in [6, 7], obtained positive solutions of some special cases of
equation (1.1) by using induction principle. In addition, they didn’t give theoretical
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explanation of how solutions were obtained. One of the special cases is

Xppg = —n=1tn=2 e N, (1.2)

Xp—1+Xn—2
whose solutions are associated with the well known Padovan numbers in literature.
Moreover, the multi-dimensional expansion of the concrete some special cases of
equation (1.1) can be seen in the literature (see, for example, [2—4, 8,9, 13, 14, 24]).

Another equation
b c
Xpt1 —=a+—+
Xn  XnXn—1
where the parameters a,b,c and initial values x_; and x( are complex numbers and
¢ # 0, which is one of these equations. The solutions of equation (1.3) are associ-
ated with number sequences, has been studied in [16]. Unlike the method used to
obtain solutions of some special cases of (1.1), by using convenient transformation
the equation in (1.3) reduce to the next third-order linear difference equation with
constant coefficients

, n € Np, (1.3)

Xpi1 = axp +bx,_1 +cx,_, n €Ny, (1.4)
which has actually the general solution
Xn = x0Sp +x-1 (Sp1—aSy) +cx_28,-1, n € Ny, (1.5)

where (Sy,),~_, of equation (1.4) satisfying the initial values S » =S| =0, Sp = 1.
Quite recently in [15], among other things, a generalization of (1.4) is treated as

Xo = f M af (xu1) +bf (Xn—2) +cf (xu—3) ), n € Ny, (1.6)

where f: Dy — R is a “1 — 17 continuous function on its domain Dy C R, para-
meters a, b, ¢ and the initial values x_3,x_, and x_; are real numbers. In addition, the
authors obtained the solution of the equation (1.6) in relation to the solution given in
(1.5).

On the other hand, one of the popular topics for system of difference equations is
also symmetric and close-to-symmetric systems such as

X1 = & (Pn—tk>qn—1), Ynt1 =& (Fn—k;Sn—1), n € No, (L.7)

where the sequences p,, g, s, S, are some of the sequences x,, and y, and k, [ are
fixed natural numbers. There are studies related to some special cases of the system
(1.7) (see, for example, [1,12,20,22]).

Motivated by this line of investigations, here we show that the systems of differ-
ence equations

Xt = f 7 (af (Pu-1) +0f (gn-2)), Yus1 =F "(af (ra1) +bf (sn—2)), (1.8)

for n € Ny, where the sequences p,,, g, r, and s, are some of the sequences x,, and
Yn» f: Dy — Ris a “1 —1” continuous function on its domain Dy C R, the initial
values x_j, y_j, j € {0,1,2} are arbitrary real numbers and the parameters and a, b
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are arbitrary complex numbers, can be solved. To do this, we will use the solutions
given in (1.5) and the solutions obtained by rearranging these solutions. In this way
we also give analytical examples for the general solution of special cases of system
(1.8).

2. MAIN RESULTS

In this section, we consider the eight special cases of systems (1.8), where the
sequences py, qn, n, Sp are some of the sequences x, and y,, for n > —2, and initial
values x_j, y_j, j € {0,1,2}, are arbitrary real numbers.

2.1. Case I: py =Xp, Gn = Xu, ¥n = Y, Sn = Yn

In this case, system (1.8) is expressed as

Xt = f7H(af (u1) +5f (2) )y yurr = £ (af (u-1) +5f (n-2)), 2.1
for n € Ny. Since fis “1 — 17, from (2.1)

f(xn+1> =af (xn—l) +bf (xn—Z)a f(yn-l—l) =af (yrt—l) +bf (Yn—2)7 (2.2)
for n € Ny. By using the change of variables
f(xn) =up, and f(y,) =vy, n> -2, (2.3)
system (2.2) is transformed to the following one
Upy1 = AUp—1 +Dbup_2, Vpy1 =avy—1+bv, 2, (2.4)
for n € Ng. By takinga =0, b=a, c=bin (1.4) and S, = J,,41, for all n > -2,
which is called generalized Padovan sequence, in (1.5), the solutions to equations in
(2.4) are given by
Up = upJp1 +u_1Jno +bu_2Jy,, (2.5)
Vi = vodni1 + V12 +bv_aJy, (2.6)
for n € Ny. From (2.3), (2.5) and (2.6), it follows that the general solution to system
(2.2) is given by
Xp = f N (x0) Tnst + f (1) Tug2 +bf (x2) J), n > =2, 2.7
Yo =F H(f00)Ins1 + f -1) Ins2 +bf (y-2) ), n > —2. (2.8)
2.2. Case 2: pn = Xp, Qn = Xpn, ¥'n = Xn, Sn = Xn

In this case, system (1.8) becomes

X1 = f N (af (1) +0f (n=2) )5 yus1 =f ' (af (um1) +bf (02)),  (2.9)

for n € Ny. It should be first note that from the equations in (2.9) it immediately
follows that x,, = y,, for all n € N. From (2.7), the general solution to system (2.9) is

Xn =Yn = f_l (f(XO)Jn+l +f(x71)-]n+2 +bf(x72)-]n)y neN. (2.10)
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2.3. Case 3: pp=Yn, Gn =Y ¥n = Yn» Sn = Yn
In this case, we obtain the system

X1 = FHaf 1) +0F n2))y Yus1 = F 1 (af (1) +bf (a2)), (2.11)

for n € Ny, which is an analogue of the system (2.9). By interchanging the variables
X, and y,, the system in (2.9) is transformed into (2.11). So, by interchanging x; and
yj for j € {0,1,2}, the formula in (2.10) is transformed into the formula

X0 =Yu =" (F 00) Jus1 +f (-1)Jus2+bf (y-2)Jn), n €N. (2.12)
2.4. Case4: py =Xn, Gn = Xu, ¥n = Yn, Sn = Xp
In this case, system (1.8) is written as in the form
Xpt = f 7 (af (tn1) +Bf (n=2)), Yus1 = F ' af Ono1) +Df (x0-2)], (2.13)
for n € Njy. Since f is “1 — 17, from (2.13)
fGng1) = af (xo1) +bf (xn-2), fnr1) =af (yu-1) +0f (xa2),  (2.14)
for n € Ny. By using the change of variables
fO) =t n>-2, and f(ys) =vp, n>—1, 2.15)
system (2.14) is transformed to the following one
Upy1 = QUp 1 + DUy 2, Vpy1 = avy 1 +bu, 2, (2.16)
for n € Ny. From (2.5), we can write the solution of the first equation in (2.16) as
Uy = uoJpyr1 +u—1Jys2 +bu_yJ,, n € Ny. (2.17)
By subtracting the second one from the first equations in (2.16), we have
U1 — Va1 = a(uy—1 —vy—1), n € Np. (2.18)
From (2.18) we see that the sequence (u, — Vn)nzfl satisfies the difference equation
Wy =awy_o, n > 1, (2.19)
from which it follows that
Uanti — Vansi = a1 (2 — via) (2.20)

forne Ny, ie{1,2}.
From (2.17) and (2.20), we get

n+1 n+1
Vopti = Uop+i— @ U2+ a Vi,

= upSon i1 +u—1Jansiva +bu_odonii—ad N ui o +a" vy, (2.21)
forn € Ny, i € {1,2}.
Employing (2.17) and (2.21) in (2.15) and after some calculation, we obtain

Xp = F N (0) Tnst + f (1) Tng2 +bf (x2) J), n > =2, (2.22)
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Va1 = (F (x0) sz + £ (x21) (Jansz —a™ 1) + b (x2) Jans1
+an+1f(y—1))7 nz= _17

yaniz = F 7 (f (x0) (Joniz — a1 4+ £ (x1) Jonsa +Df (x-2) Jansia
+a"+1f(yo)), n>—1.
2.5. Case 5: pn=Xn, qn = Yn, 'n = Yn, Sn = Yn
In this case, system (1.8) is expressed as

Xn+1 = f_l (af(xnfl) +bf (yn72))v Yn+1 = f_l (af ()’nfl) +bf (Yn72))a

699

(2.23)

(2.24)

(2.25)

for n € Ny. Note that system (2.25) is obtained from equations (2.13) by interchan-
ging the letters x and y, and hence all the statements concerning solutions to the

equations follow from the corresponding statements in Case 4.
The general solution to the system (2.25) is given

X1 = (F00) o2+ F (=1) (Jonsz —a™ 1) +bf (v_2) Jons1
+ad" f(xo)), n> -1,

Xoni2 = (F(00) (Jangs —a™ )+ f (v-1) Ponva+ bf (y-2) Jang
+d" M f(x0)), n> -1,
Y =F" (F Qo) Ins1 + f (=1) Jns2 +bf (y2)Ju), n > —2.
2.6. Case 6: pp = Yn, qn = Yn, F'n = Xn, Sn = Xn
In this case, we obtain the system
Xur1 = F 7N af Gno1)+bf On2)), yarr =F ' (af (xa1) +bf (xa2)),
for n € Ny. Since fis “1 — 17, from (2.29)
JGonr1) =af n1) +0f n-2), £ 1) =af (xn-1) +bf (xa—2),
for n € Ny. By using the change of variables
f () = tn, and f(yn) =va, n> -2,
system (2.30) is transformed to the following one
Un+1 = QVp—1 +bVp_2, Vay1 = auy—1 +buy2, n € No.
By summing the equations in (2.32) we get
Uns1 +Vpr1 = a(tn1+Va1) +b(Up2+ve2), n €Ny,
whereas by subtracting the second one from the first, we have

Up+l —Vntl = —a (unfl - anl) _b(un72 - anZ)y n € Ny.

(2.26)

2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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From (2.5), we can write the solution of equation (2.33) as
Up + V= (o +v0) Jns1 + (U—1 +v_1) Jns2 + b (u_2+v_2)Jy, (2.35)
for n > —2. On the other hand, by taking a =0, b = —a, ¢ = —b in (1.4) and

S, = (—1)"],’, e for all n > —2, which is called generalized Padovan sequence, in

(1.5), from (2.34), we also have
tp —vp = (=1)"((wo—vo) Jpy1 — (u—1 —v_1)Jpp +b(u2—v_3)Jy), (2.36)
for n > —2. From (2.36) we obtain

Uy — Vo = (u() — VO) Jén-}-l — (u,1 — v,l)JénJrz +b (I/LQ — V,2>Jén, (2.37)
for n > —1. From (2.35)
Uz +van = (o +v0) Jons1 + (-1 +v_1)Jony2 + b (u_2 +v_2) Jou, (2.38)

for n > —1. By summing the equations (2.37) and (2.38) we get
(‘]2"+1 +Jén+l) Uuo + (J2"+1 _JénJrl) vo+ (JZ”JFZ _Jén+2) U-1

Uzp = 2
+ (J2n+2 +J£n+2) v_i+b (JZn;‘JQn) u—+b (J2n - Jén) V-2 7 (2.39)
for n > —1. By subtracting equation (2.37) from equation (2.38), we have
Vo = (V241 =3 1) o+ (J2ns1 +£§n+1) vo+ (Jant2 +J40) U1
+ (J2n+2 - Jén+2) vo1+b (Jan_ Jo) -2 4b (Jon+J5,)v_2 7 (2.40)
for n > —1. From (2.36) we have
Uan1 = Va1 = — (o = v0) Sayyn + (Ut =v_1) Joy i3 = b (u—2 = v_2) 3,1, (241)

for n > —1. From (2.35)
Uzni1 +Vant1 = (o +vo) Janra + (U1 +v_1)Joni3 +b (U2 +v_2)Jant1, (242)
for n > —1. By summing the equations (2.41) and (2.42) we get
(V2u+2 =S5 0) o+ (Joni2 +Jin) Vo F (Jous3 +J3,05) i
2

o Va3 = Jyuis) vor b (anit =S )2 b (w1 #03,00) V-2

2 2 ’
(2.43)

Up41 =

for n > —1. By subtracting equation (2.41) from equation (2.42), we have

(J2"+2 + J£n+2) uo + (J2"+2 B Jén+2) vo+ (J2"+3 — Jén+3) “-1
2

Vont+1 =
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+ (‘I2n+3 +Jén+3) vo1+b (‘]2”+1 +Jén+l) U-2 + b (‘]2”+1 — Jén-‘rl) V-2

2 Y
(2.44)

for n > —1. Employing (2.39), (2.40), (2.43), (2.44) in (2.31) and after some calcu-
lation, we obtain

- ( (Jant1 +5,11) £ (%0) + (Jans1 = J5,1) f (0)
Xon = f

2
+ (J2n+2 - Jén+2) f(x*l) + (J2n+2 +J§n+2) f(yfl) +b (J2n +J£") f<x*2)
2
b —ngn)f (y—z)) 7 (2.45)
_ ot (Vo =Ta00) £ (50) + Fanis +0301) £ (0)
Yon = 2
- (V2nt2 +usa) f (1) + (Jons2 = guga) £ -1) + 5 (Jon — J3,) f (x2)
2
L bl +J§2,,)f (y-2) ) (2.46)
N ( (Jans2 — o) £ (x0) + (Fans2 + ) £ (30)
2n+1 — 2
n (J2n+3 +J£n+3) f(xfl) + (J2n+3 _Jén+3) f(yfl)
2
. b (Jonp1 —Iiy) f(x-2) szb (Jans1+5,01) f(y2)> 7 (2.47)
and
=f! (on2 +512) f (x0) + (Jons2 = J5,10) f (0)
Yont+1 = 2
o3 = Pauis) £ )+ (onss +-03013) £ (1)
2
Dt +05) £(52) erb (Vant1 = 5i1) £ (V-2) ) (2.48)
for n> —1.

2.7. Case7: pn=Yn, Qn =>2n, ¥'n =Xn, Sn =Yn
In this case, system (1.8) is expressed as
Xnt+l = f_l (af (ynfl) +bf (xn72) )7 Yn+1 = f_l (le (xnfl) +bf (yn72) )7 (2.49)
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for n € Ny. Since fis “1 — 17, from (2.49)
JGng1) =af (ona1) +0f (n—2), fn1) =af (xa—1) +bf (yn—2),

for n € Ny. By using the change of variables

F () = ttn, and f(y,) = v, n>—2,
system (2.50) is transformed to the following one

Upi] = aVp_1 +buy_o, Vi) =auy,_1+bv, 2, n € Ny.
By summing the equations in (2.52) we get
Uni1+Vpp1 = a1 +vp_1) +b(Up2+v,_2), n €Ny,
whereas by subtracting the second one from the first, we have
Uni1 —Vpr1 = —a(Up—1 —Vp1) +b (U2 —Vvy2), n€Np.

From (2.5), we can write the solution of equation (2.53) as

Up+Vvp = (MO+VO)Jn+1 + (”—1 +V—1)Jn+2+b(”—2+v—2)‘lm

for n > —2. On the other hand, by takinga =0, b= —a, c=bin(1.4)and S, =

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

/
n+1°

for all n > —2, which is called generalized Padovan sequence, in (1.5), from (2.54),

we also have that
tn — v = (g —v0) Jyyy + (-1 =vo1) Sy p +b(u2—v_2)J,,
for n > —2. By summing the equations (2.55) and (2.56) we get
= In+1 erfr'm o & Int1 ;JZH Vot Int2 ;LJ;HM

Jn+2 ZJ,QH Jn+J), I ;J,’l ains 2.

By subtracting equation (2.56) from equation (2.55), we have

v_1+b

U_r+b

Tni1 =i Ity I —J
V= Uo v
2 2 2
I+ J,—J J,+J
+%v,l+b ”2 "w_o+b nt Ty s n>—2.

From (2.51), (2.57) and (2.58) and after some calculation, we obtain

A Ta T Joi1 —J'
Xp=f 1<"+”+1f(x0)+"+”“f(yo)

U_|

2 2
Jpio +J' -
+%f(x71)+%f(y4)
J,+J J,—J
+b "2 Lf(x_a)+b "2 ”f(yz)>, n>-2,

(2.56)

(2.57)

(2.58)

(2.59)
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and

. 1—.]/ J, 1+JI
Vo= Ff 1<"+”+1f(x0)+"+’””f(yo)

2 2
Iy 2—.]/ J, z—i-]/
%f(xfl)‘i—%f(yq)
J,—J J,+J
+b ”2 Lf(x_2)+b er "f(y_z)), n>-2. (2.60)

2.8. Case 8: pn=Xn, @n =Yn, ¥'n = Yn, Sn = Xn
In this case, system (1.8) is written as in the form
Xort = £ (af (1) +5F (n2) )y Vst = £ (@f Out) +bf (xa2) ), (2.61)
for n € Ny. Since fis “1 — 17, from (2.61)
FGust) = af (%aot) +5F Gn2) s fOurt) = af Guot) +bf (Gaz),  (2.62)
for n € Ny. By using the change of variables
£ () =1y, and f(yn) = v, n> -2, (2.63)
system (2.62) is transformed to the following one
Uptl = auy_1 +bvy_2, Vi1 =av,—1 +bu,_o, n € Ny. (2.64)
By summing the equations in (2.64) we get
Uni 1+ Vg1 = a(Up1 +Va-1) +b(p2+va2), n €N, (2.65)
whereas by subtracting the second one from the first, we have
Uns1 — V1 = a(up—1 —vy—1) —b(Up—2 —vp—2), n € Ny. (2.66)
From (2.5), we can write the solution of equation (2.65) as
Up + v = (g +v0) Ty 1 + (u_1 +v_1)Jus2+b(u_2+v_2)Jy,, (2.67)

for n > —2. On the other hand, by taking a =0, b =a, ¢ = —b in (1.4) and
Sy = (—1)"Jy41, for all n > —2, which is called generalized Padovan sequence, in
(1.5), from (2.66), we also have that

Uy —Vy = (—1)"( (o —vo) Jps1 — (u—1 —v_1)Jns2+b(u_p — v,z)Jn), (2.68)
for n > —2. From (2.68) we have
uon — van = (o —vo) Jons1 — (u—1 —v_1) Jony2 +b(u_2 —v_2)Joy, (2.69)
forn > —1 and
U1 — Vont1 = — (o —v0) Jons2 + (u—1 —v_1)Jony3 — b (—2 —v_2) Jons1, (2.70)
for n > —1. From (2.67)
Uz + Vo = (o +v0) Jons1 + (u—1 +v_1) Jony2 + b (u—2+v_2) Joy, (2.71)
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for n > —1. By summing the equations (2.69) and (2.71)
uzp = uoJont1+v_1Joni2 +bu_oJy, n > —1. (2.72)
By subtracting equation (2.69) from equation (2.71), we have
Von = VoJoni1 +u—_1Jon2 +bv_2Jyy, n > —1. (2.73)
From (2.67)
Wn1 + Vo1 = (o +v0) Jonso + (u—1 +v_1)Jonp3 + b (u—2+v_2) Jons1, (2.74)
for n > —1. By summing the equations (2.70) and (2.74) we get
Uzni1 = VoJonsa +u_1Jon3+bv_2Jopy, n> —1. (2.75)

By subtracting equation (2.70) from equation (2.74), we have

Vo1 = uoans2 +v_1Jony3 +bu_obopyr, n > —1. (2.76)

From (2.63), (2.72), (2.73), (2.75), (2.76) and after some calculation, we obtain
xon = [ (f (50) Jans 1+ (1) Jansa +bf (x-2) Jn), > —1, 2.77)
yoan = (f (00) o1 + £ (x21) Jons2 +bf (y-2) Jou), n> =1, (2.78)

i1 = FH(F 30) oz + f (x21) Jonsz +bf (y-2) Jons1), n > —1, (2.79)

and
Yot = f 7 (F (x0) Jonso + £ (v-1) Jonts +bf (x_2) Jous1)sn > —1. (2.80)
3. ANALYTICAL EXAMPLES

In this section, we give examples for Case 1, 4 and 7. Examples for the other cases
can be constructed similarly.

Example 1. Let
f) =t (3.1)
Then, Dy = R and system (2.1) becomes
Xpp1 = aXp—1+bXp 2, Ypi1=ayn—1+by, 2, n€Noy. (3.2)

Here we can also assume that parameters a, b and initial values x_», x_1, Xo, y—2, Y_1,
and y are complex numbers, since function (3.1) is “1 —1” on Dy = C. Function
(3.1) is obviously an involution:

[0 =r@), 1eDy.
We see that formulas (2.7) and (2.8) hold. Using (3.1) in (2.7) and (2.8), we obtain
that the general solution to system (3.2) is
Xo = f 7 (f (%0) Js1 4+ f (k1) Jusa +bS (x-2) Jy)
= xont1+X_1Jnt2 +bx 2y, n > =2, (3.3)
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Yo = F 7 (F 00) Jusr + F (1) 2 +bf (y-2) Jn)
= yOJnJrl +y71~]n+2 +by72-]na n> —2. (34)

Example 2. Let

f)=-. (3.5)
Then Dy =R\ {0} and system (2.13) becomes

a b\ ! a b\ !
Xng1 = < + > y Y1l = < + > , n € No. (3.6)
Xn—1 Xpn—2 Yn—1 Xpn—2

Here we can also assume that parameters a, b and initial values x_j, x_1, X9, y—1 and
yo are complex numbers, since function (3.5) is “1 —1” on Dy = C\ {0}.

Clearly, function (3.5) is an involution. We see that (2.22)—(2.24) hold. Using
(3.5) in (2.22)—(2.24), we obtain the general solution to system (3.6):

X =N (f (%0) st +f (1) T2 + b (x-2) Jn)

1 1 b\
= 7Jn+l + 7Jn+2 + 7Jn
X0 X1 X_2
= Tt > -2, 3.7)
X_1X2Jpy1 +x0X_2Jpi2 + bxox_1J,

Y1 = 7 (f (30) sz + f (x21) (Jangz — @) +bf (x22) Japsr +a" T f (v-1))

1 1 b a1\ !
= <J2n+2 +— Pz —d") + —Jopy1 + >
X0 X X2 y-1

n+l)

B <X1X2Y112n+2 +x0x2y-1 (Jan3 —a
XoX—1X-2Y—1

n+1 -1
n bxox_1y_1Jop1+a XOXIXZ) n> 1, (3.8)

X0X—1X-2Y—-1
yaniz = FH(F (x0) (Jansz —a" ) 4 £ (x1) Jonsa +bf (x-2) Jons2 +d" T £ (o))

1 1 b a7
= < (]2n+3 - an+1) + Jonta+ Joni2+ )
X X X_o

0 —1 — Yo
n+1)

B <x1x2y0 (Jans3 —a"*) +xox_2y0Jansa
X0X—1X-2)0

n+1 -1
xox””) >l (3.9)

n bxox_1y0J2n12 +a
X0X_1X_2)0

Example 3. Let
fi(t) =1 ke N,. (3.10)
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Then Dy, = R and system (2.49) becomes

1
2k+1 2k+l
Xpr] = (ay,%k+1 bxik_+21> s Ynil = (a)CZk+1 +b 2"“) , n€Ng. (3.11)

Here we can also assume that parameters a, b and initial values x_», x_1, Xo, y—2, Y—1,
Yo are complex numbers, since function (3.10) is “1 —1” on Dy = C.
Function (3.10) is an involution:

7N =17, reDy,.

We see that (2.59) and (2.60) hold. Using (3.10) in (2.59) and (2.60), we obtain the
general solution to system (3.11):

1+J, Joi1 —=J!
X = f7 <"+2+1fk (x0) _i_%fk (yo) +

2
Jpi2 =1,
L s )

— Jnit + 0 2k+1 e 2k+1+]"+2+J+2 2k+1
“\T 3 M 5 ) |

Jn 2 +J
TR (k)

Jn+

fk (X 2) +bJ

(3.12)

1
Jpio—J Jo+J) o —J, %A1
" n+22 n+2y2_kl+1+b n‘; 2k+1_|_b y2_k2+1> ’

forn > -2,

. 1—]/ J, 1+Jrll J, 2—.]/
Yo = f, 1<"+2“1fk(m)+n+2+1fk(yo)+n+2"+2fk(x_1)

Ju J! n
+%f (v —1)+bJ fk( —2)+bJ y fk(y 2))

_ Jn+1_Jr/L+1 2k+1 ‘]n+l+-] +1.2k+1 Jni2 — ‘]n+2 2k+1
I T T

1
Jnt +J! — Iy J 2+T
i 22 nt2 2k+l+b n 2kt g e + y2_k2+l> ’ (3.13)

forn > —2.
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