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Abstract. In this paper, we consider a nonlinear impulsive differential equation system with
piecewise constant mixed arguments and prove the existence and uniqueness of a solution. Moreover,
we obtain sufficient conditions for oscillation of the solution and give an example for it. Finally,
we show that the solution of the modified version of this equation is k periodic.
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1. INTRODUCTION

There has been increasing interest in the applications of various neural networks
in many areas, such as signal processing, image processing, pattern recognition, fault
diagnosis, associative memory, and combinatorial optimization ([8], [9], [11], [13],
[16D).

In addition, piecewise constant systems proposed by Busenberg and Cooke ([3])
exist in widely expanded areas such as biomedicine, chemistry, mechanical engin-
eering, physics, etc. Such systems are described as a combination of continuous and
discrete (hybrid dynamical systems) and so combine properties of both differential
and difference equations. Moreover, cellular neural networks with piecewise con-
stant argument have been investigated by some authors ([7], [10], [14], [15]) and also
the qualitative analysis of differential equations with piecewise constant arguments
of mixed type has been considered by some authors ([2], [5], [6]).

On the other hand, in the real world, many evolutionary processes are character-
ized by sudden changes at certain times. These changes are said to be impulsive
phenomena that take place in many areas, such as physics, chemistry, population
dynamics, optimal control, etc.

Most neural networks can be classified into two categories, either continuous or
discrete. However, they exhibit characteristics both continuous and discrete styles
in many real world systems and natural processes. So, the impulsive differential
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equations with piecewise constant argument which are named by Wiener ([15]) in
1993 have been important. Recently, impulsive cellular neural networks models with
piecewise constant argument have been studied in the papers ([ 1], [4], [12]).

Abbas and Xia [1] discussed the existence and uniqueness of almost automorphic
solutions of the following impulsive model of neural network with piecewise con-
stant argument. These kinds of solutions are more general than periodic and almost
periodic solutions. They gave several sufficient conditions for the exponential and
global attractivity of the solution.

L) a0mle) + Y. b)) + ilc"’mg’ (x’ (2 Hl] >)

Jj=1 J
+Il’(l‘ ),
Axi |i=g, = Je(xi(Ty ), i=1,2,...,n, k€N,
A1) = 3i(%) ~x(5, ), (T = lim xi(ri+h),
where Ty =2k — 1,7, =2k—1".
Chiu [4] introduced the following impulsive cellular neural network models with
piecewise alternately advanced and retarded argument. Some sufficient conditions

were established for the existence and global exponential stability of a unique peri-
odic solution.

d)zy) = —a;(t)x;(t) + { Zbij(f)fj(xj(t)) +cij(1)g; (Xj <2 [TD) } +di(r),

J
t£2%k—1,

Ax; |t:2kfl: Jk(xi(Zk— 1_)), i=1,2,...,n,keN.

Karakoc et al. [12] proved the existence and uniqueness of a solution of the fol-
lowing nonlinear impulsive differential equation system with piecewise constant ar-
gument and obtained sufficient conditions for the oscillation of the solution.

x (1) = —a(t)x(t) —x([t = 1]) £ (y([]) + ha (x([t])),

Y(t) = =b(t)y(t) = y([t = 1])g(x([1])) + ha(y([1])), t #n€ZT, 1 >0,
Ax(n) =x(n") —x(n") = cux(n),
Ay(n) =y(n") =y(n~) =duy(n), n€ Z".

In this paper, we consider the following nonlinear impulsive differential equation
system with piecewise constant mixed arguments:

/
/

X (1) + a()x(e) +x(ft = 1) AGD) +x (D L20(D) +x([e + 1) ()
—mi (x([1])) =0,
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Y () +b(0)y(t) +y([t — 1])g1 (x([1])) +y([]) g2 (x([¢]) + ([t + 1)) g3 (x([1]))
—ha(y([1])) =0,
t#neZ >0 (1.1)
with the impulse conditions
Ax(n) = opx(n) + B, (1.2)
Ay(n) =Yy(n)+8,, t=ncZ",
and the initial conditions
x(=)=x_1, x(0)=x0, y(=1)=y-1, y(0)=yo, (1.3)
where a, b : (0,00) — R are continuous functions, f;, g, hj € C(R,R),i=1,2,3, j =
1,2. o, Bu, Tu, and J, are sequences of real numbers such that o, # 1, ¥, # 1 for
alln > 1. Au(n) = u(n™) —u(n™), u(n™) = lim,_+ u(t), u(n™) = lim,_,,- u(z), [.]
denotes the greatest integer functions, and x_1, xp, y_1,yo are given real numbers.

2. EXISTENCE OF SOLUTIONS

Definition 1. A pair of functions (x(z),y(¢)) is said to be a solution of (1.1)-(1.2)
if it satisfies the following conditions:
(i) x:RTU{-1} > Randy: Rt U{—1} — R are continuous with a possible
exception at the points [¢] € [0,),
(i) x(r) and y(r) are right continuous and have left-hand limits at the points [¢] €
0,00),
(iii) x() and y(r) are differentiable and satisfy (1.1) for any # € R* with a possible
exception at the points [¢] € [0,0) where one-sided derivatives exist,
(iv) (x(n),y(n)) satisfies (1.2) forn € Z™.

Theorem 1. If o, # 1, ¥, # 1 for all n > 1 then the initial value problem (1.1)-
(1.3) has a unique solution (x(t),y(t)) on {—1}U[0,e0), which can be formulated on
the intervaln <t <n+1,neN=0,1,2,...,as

x5 (t) = e O Lx(m) + [—x(n— 1) fi () = x(n) fo(y(n)) = x(n+ 1) f5((m)
+ Iy (x(n))] /nt ehralduggy

ya(t) = e PN Ly () 4 [—y(n— 1)1 (x(n)) — y(n)ga (x(n)) = y(n + 1)g3 (X(ré)z) .

t s
+ha(y(n))] / el b gy

where (x(n),y(n)) is the unique solution of the difference equations system

x(n+1) = {e” () 4+ [—x(n— 1) fi (y(n)) — x(n) fo(¥())

1 — 0t
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—x(n+ 1 0() +h (x()] [ " epatnangy B} 2.2)

y(n+1)={ewh MLy (n) + [=y(n—D)gi(x(n)) = y(n)ga (x(n))

1- Yn+1
=30+ Datolo) + o) [ e 45,00

for n > 0 with the initial conditions (1.3).

Proof. Let (x(n),y(n)) = (x(¢),y(t)) be a solution of (1.1)-(1.2) on the interval
n <t <n+1. So, the system (1.1) can be written as

X (t) +a(t)x(t) = —x(n—1)fi(y(n)) —x(n) f2(y(n)) —x(n+ 1) f3(y(n)) + h1(x(n)),
Y (1) +b(t)y(t) = —y(n—1)g1(x(n)) = y(n)g2(x(n)) — y(n+1)g3(x(n)) + ha(y(n)),
n<t<n+4+1.

2.3)

(2.3) consists of two linear differential equations which can be solved separately. Let
us solve the first equation in system (2.3), the second one will be solved similarly.
Multiplying both sides of the first equation in system (2.3) with A = ehaldu gng
integrating both sides from 7 to ¢

elte0ine) —on) = [ Bl 1) (5(01)) =) o)
= (1 1)fs (1)) + n (x() .

Hence,

(1) = = B )+ [—x(n = D fi (5(m) = 2(n) o ()
—x(n+1)f3(y(n) + I (x /f udigs,

yalt) = e FUO )+ [y (= D1 () —y(gaaln)  24)
— o+ D (alm) +ha(al))] [ e ¥0as).

On the other hand, forn — 1 <t < n, we have

N1 (1) = e H S 3y — 1) 4 [x(n—2) i (v — 1)) —x(n— D fa(o(n— 1))
—x(AO— 1)+ (x(a— )] [ aewinag),

Ya1(t) = e bWy 1) 4 [—y(n—2)g1 (x(n — 1)) — y(n — 1)ga(x(n— 1))
(2.5
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t S
~ym)gs(x(n— 1) +halx(n—D)] [ elatdegs).
n—1
From impulse conditions
Ax(n) =x(n") —x(n”) = ox(n) + Ba.
Since the solution is right continuous,
x(n7) = (1= 04)x(n) — By == xu—1(1) = (1= ) xn (1) — By- (2.6)
Taking t = n at (2.4), (2.5) and substituting (2.6),
(1= 0)x(n) = e~ 190 e(n = 1) 4+ [—x(n = 2) fi(y(n — 1)) = x(n— 1) fo(y(n = 1))
—x(m)fa(y(n = 1)+ (o= 1) [ eliedsy 4,

Dividing both sides with (1 — a,) and taking n — n+ 1, and following the same
procedure above for the other equation’s solution y(z), we get the following difference
system

4 1) = g {0+ [ DA~ o)
—x(n+1)f3(y(n)) + i (x(n))] / " eatingg g, } 2.7)
(4 1) = g LB )+ = D x00) = )

for n > 0. Take n = 0, then

x(1) = — {e_ﬁ)l N Le(0) + [x(=1) /1(3(0)) = x(0) /2(¥(0))

- 1—o0y

~H{A00) O] | sy 41 |

Since we know x(—1), x(0), y(0), we can solve x(1) uniquely and the same way can
be applied for y(1) also. So, step by step we can find solutions. Hence, the solution
of the difference system and also the solution of the system (1.1)-(1.2) is unique. [J

Remark 1. In the case of a(t) = a, b(t) = b in the system (1.1), the solution (2.1)
of (1.1)-(1.2) and the difference equations system (2.2) are reduced to the following
forms, respectively:

%) = &= {x(n) + [=x(n = 1) fi (v()) = x(n) f2((n)) = x(n + 1) f3(v(n)
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ea(tfn) 1

+hl(x(n))}(T)}a

alt) = e N y(n) + [~y (n—1)g1 (x(n) — y(n)g2(x(n)) — y(n+ 1)g3(x(n))

eb(tfn) _

()} @8

and
1 _
4 1) = g a0+ x( = 1 00) =50 20(0)

Y1) = L =Yt

~y(nt Dgsa(n) +ha ()¢ ‘1>}+an+1}. 2.9)

3. MAIN RESULTS

Definition 2. A solution x(¢) and y(z) of the first and second equations of system
(1.1), respectively are said to be oscillatory if x(z) and y(¢) have arbitrarily large
zeros. Otherwise, it is said to be nonoscillatory.

Definition 3. The solution of system (1.1)-(1.2) is called oscillatory if x(¢) and
y(t) are oscillatory.

Definition 4. A solution x(n) (or y(n)) is said to be oscillatory if it is neither
eventually positive nor eventually negative. Otherwise, it is said to be nonoscillatory.

Theorem 2. Assume that there exists M; > 0 and N; > 0 such that fi(u) > M; and
gj(u) >Ny, i,j=1,3, fo(u), g2(u) > 0 for all u € R, uhy(u) < 0 and uhy(u) < 0 for
u#0,and o, < 1,v, < 1l and B, =0,38, =0 forn € Z". If the following conditions
are satisfied, then all solutions of system (2.2) are oscillatory:

n+1 s
lim sup[/ (1 — o, )eln-1adug
n

n—yoo

1 ) )
+M; / " e hatwdu g / " elhatidugg € (3.1)
n n—1 Ml

n—soo

n+1 .
lim sup[/ (1 — ) eln-1Pdugg

n+l ¢ n " 1
—I-N3/ el b(”)d”ds/ eli-1b@dug g N (3.2)
n n—1 1
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Proof. Let (x(n),y(n)) be a solution of difference equation system (2.2). Suppose
that x(n) > 0, x(n—1) >0, and x(n —2) > 0 for n > N, where N is sufficiently large.
From the first equation of (2.2), taking n — 1 in place of n, we have

(1=l 1@y f(yn—1)) [ ebireigsjainy
— 3= 1)+ [—x(n—2)fi (51— 1)) —x(n— D fs(o(n— 1))
+hy (x(n—1))] /il elnalw)du g

<x(n—1).

Hence,

(1= o)elf 1ot (5 (1)) [ elireigs]an) < (n—1)

n—1

Multiplying both sides of this inequality by — f; (v(n)) fn"H elnaldugs < ( and adding
x(n) + hy (x(n)) [ elna@dugy 1o both sides, we obtain from (2.2) that

— (1= om)eli e (y(u—1)) [

n+l ¢
el dsia(n) i (y()) [ el
n+1 ¢
+x(n)—|—h1(x(n))/ elnatwdugg

—x(n— D fi(y(n)) / " el gg () 4y (x(n) / " e hratudng
> x(n) + [—x(n—1) fi(y(n)) —x(n) 2(y(n)) + hy (x(n))] /nn+1 elnatdugy

n n+1 S
— (1= )l (o)) [ el 1)
> 0.

Hence,

—[(1—Otn)ef”n*‘a(”)d"+f3(Y(n—1>)/n el ggx(n) fy (y(n))

n—1
n+1 ¢ n+1
: / el ds  x(n) + Iy (x(n)) / ehadigs >0 (3.3)

Since x(n) > 0, n > N, and hy(x(n)) < 0, and dividing to x(n) to both sides of (3.3)
we get

n+1l ¢ n ) nrl
1> (1 —OCn)/ efg,la(u)duds+M3/ efn,la(u)duds/ ol a(”)d”ds]Ml
-1 n

n n
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So, we have

1 n+l ¢
— > lim sup[(1 — o) / ol alu)dugg

1 n—oe n
1
+M; /n e-f'lsla(”)d”ds/n+ elnadugg)
n—1 n

which contradicts (3.1). If x(n) <0, x(n—1) <0, and x(n —2) < 0 for n > N, then
we obtain the same contradiction. So, the component x(n) of the solution (x(n),y(n))
is oscillatory. Similarly, we can show that the component y(n) is oscillatory under
condition (3.2). Hence, the proof is complete. g

Corollary 1. Under the hypotheses of Theorem 2, all solutions of system (1.1)-
(1.3) are oscillatory.

Remark 2. In the case of a(t) = a, b(t) = b in the system (1.1), the conditions (3.1)
and (3.2) reduce to the following conditions:

1 1 e e—1 1
. _a M > —
Jim sup{(1 = o) (= =)+ Ma(= =) > 3.
. e — et e’ —1 2 1
im sup[(1 =) (= =) +Ns (= =) > 5

Theorem 3. Assume that there exists K, K, > 0, M; > 0 and N; > 0 such that
filu) > M; and gi(u) > N;, i =1,2,3, for all u € R, uh;j(u) <0, j=1,2 foru#0,
o <1—Kj, ¥, <1—K; and B, =0, 8, = 0 for n € N. Suppose that the following
conditions are satisfied.:

n+l ¢ n+l ¢ "
(M, liminf el aWdugg 1) < 4M; liminf e adugg(k, limingelt atdn

n—eo  Jp n—eo  Jp n—soo

n+l ¢
+M; liminf el aduge) < oo,
n—yoo n
(3.4)
n+1 ¢ n+l ¢ n
(N, liminf elnb@dtgg 1) < 4N, liminf e b0 g (K Timinfelh b

n—o n—e  Jp, n—soo

n+l ¢
+Ns liminf elnPudugg) < oo,
n—o0 n
3.5)
then all solutions of (2.2) are oscillatory.
Proof. Let (x(n),y(n)) be a solution of (2.2). We need to show that under condition

(3.4), x(n) is oscillatory. Assume that x(n) > 0, x(n— 1) > 0 for n > N, where N is
sufficiently large. From the first equation of (2.2) we obtain that

_ x(n+1)

x(n)

1 (1 . (anrl)ef,fH a(u)du




A NONLINEAR IMPULSIVE SYSTEM WITH PIECEWISE CONSTANT MIXED ARGUMENTS 741

Hn 1) Knt ) )] [
20 )+ o) + 2D iy ) - PR [ttt
Letv, = . ():’L(i)l) . Since v, > 0, lim,,_, infv, > 0, we have

n+1 1 n+1 s
L >vu (1 - Ocn+1)ef"Jr au)du + [\TMI +M> + Vn+1M3] / efn a(u)duds‘
n

n

(3.6)

So, we need to consider two cases.
Case 1. Let liminfv, = v = +oo. Then, from (3.6) we get
n—oo

1 > liminfv,,; iminf(1 — 04, ) liminfeh  adn
n—oo n—oo n—roc0
1 n+l ¢
+M; liminf — liminf el awdugg
n—oo VY, n—e [,
n+1 s
+M, liminf elnatwdu g
n—oo  J,
n+1 ¢
+M;liminf v, ; liminf el awdugg
n—yoo n—oo  J,

which is a contradiction. So, we consider the second case.
Case 2. Let liminfv, = v < co. If the first equation of (2.2) is divided by x(n— 1),
n—oo

then we have

X(I’l) X(I’l +1 ) 7 a(u)du
= 1 —_ n n
x(n—1) x(n—l)( O1)e
x(n) x(n+1) _ i(x(n))
[ aom)+ o) + 5 ) - 2
n+l ¢
. / plhatwydu o
and then we obtain that
" n+l ¢
Vi = ViV (1 — Obypg )ef" *a(u)du + (M1 + vy My + vy 1 M3) / elnalw)dugg

3.7

Taking the inferior limit on both sides of inequality (3.7), we get

v > V2 liminf(1 — oy, ) liminfeh 9% 4 (M +vMy +v2M5)
n—oo n—oo
n+1

-liminf elnatwdugg
n—eo  Jp
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Let liminfeli " @0 = A and liminf ["*! e/i9@dugs = B Then the last inequality
n—oo n—soo

can be written as

v > v liminf(1 — 04,41)A + (M) +vM, +v*M3) B. (3.8)

n—soo
Now, we consider two subcases: (i) If liminf(1 — o,41) = oo, then we have a contra-
n—soo

diction from (3.8). (ii) Assume that 0 < K; < liminf(1 —0,41) < oo. Then from (3.8)
n—yoo

we have
(K\A+M3B)W? + (MyB—1)v+MB<0
or
MB—1 5,  —(MyB—1)>+4MB(K\A+ M;3B)
K\A+M3B <0.
(KA+M:B) | v+ S gy T A(K\A+ M3B)? =

Since A > 0, K; >0, M3 > 0, and B > 0, we have

—(MyB —1)% +4M,B(K\A + M3B) <0
4(K1A +M3B)2 -7

which contradicts condition (3.4). In the case of x(n) < 0, x(n—1) < 0 for sufficiently
large n > N, the proof is similar, and we obtain the same contradiction. On the
other hand, if we assume that y(n) is a nonoscillatory sequence, then we have a
contradiction to condition (3.5). Hence, (x(n),y(n)) is an oscillatory solution of the
system (2.2). O

Corollary 2. Under the hypothesis of Theorem 3, all solutions of system (1.1)-
(1.2) are oscillatory.

Remark 3. In the case of a(t) = a, b(t) = b in the system (1.1), the conditions (3.4)
and (3.5) reduce to the following conditions:

et —1 et —1 et —1
(Kie® + Ms( ) > (Ma( p

)_ 1)27
b—1 e’ —1 e’ —1
—1)%
. “h)s e
Theorem 4. The solution of the system in the case of a(t) =a, b(t) = b, o, =
o By =B,V =7,0,=08in(1.1)-(1.2) is k periodic, k € N— {0}, if and only if
x(0) =x(k), y(0) =y(k), x(—=1)=x(k— 1), y(—=1) =y(k—1), (3.9)

here x(n) and y(n) are solutions of the equations in (2.2).

4M,

e
4N (Kze® + N3 (

Proof. If x,(t) is periodic with period k, then
Xjin(t) =x(t —k), k+n<t<k+n+1,n=0,1,2,...
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This implies that the equalities (3.9) are true. For the proof of sufficiency case, as-
sume that (3.9) is satisfied. So, for n = 0, we should see

xe(t) =xo(t —k), k<t <k+1.
Taking n = 0 in (2.8),

xo(t) = e “{x(0)

+ [=x(=1)/i(¥(0)) = x(0)./2(¥(0)) = x(1).f3(¥(0)) + k1 (x(0)) )(

e —1

)}
(3.10)

and writing t =t — k in (3.10), then

Xolt — k) = ¢~ {x(0) + [—x(— 1)1 (+(0)) — (0) /2(3(0)) —x(1) /5(5(0))
o)<y
Now taking 7 = k in (2.8),
50(t) = R [a(k) + [k — 1) fi (5(6)) — £(0) 2 0(8))
e D AGE) + (), G3.11)

Under the assumptions (3.9), we need to show that x(1) = x(k+ 1). Taking t = 1 in
(3.10), we get

e {x(0) + [~x(~1) /i (6(0)) — x(0) oy (0)] (.

(1) = et —1 ¢
L+eaf3(y(0))( )

a
and from impulse condition for n = 1, n = k+ 1, respectively, we have
xo(1) = (1—o)xi (1) —B,
xe(k+1)=(1—a)xpr1(k+1)—P.
Writing t = k—+1 in (3.11), we obtain

e () + [=x(k — 1) /i () (k) fo (6(K)) =y (x(h)) )
xk(k—i- 1) = ea 1 a
L+emf3(y(k))( )
Since x(0) = x(K), »(0) = y(k), x(~1) = x(k— 1), y(~1) = y(k— 1), we find x(1) =
x(k+1). Similarly, it can be shown that y(1) = y(k+ 1). So, we conclude that

xe(t) =xo(t —k), k<t <k+1.

)}

)
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Now, taking n =1, =t —k and n = k+ 1 in Eq. (2.8), respectively, then
x1 (1= k) = UV E(0) + [=x(=1) 1 ((0)) — x(0) f2(y(0)) — x(1) £3(¥(0))

ea(tfkfl) -1

O},

a1 () = e CHF DL (k4 1) + [=x (k) Ay (K +1)) —x(k +1) f2(y(k+ 1))

ea([—k—l) 1
—x(k+2)f3(y(k+1)) + b (x(k+ 1) | (————

Hence, we find

a

Xep1(t) =x1(t —k), k+1<t<k+2.
From (3.9) and x(1) = x(k+ 1), if we show that x(2) = x(k+2), then we can say

X1 (1) =x1(t —k), k+1<t<k+2.
From impulse conditions for n = 2,
x1(2) = (1- ) (2) - B.
Take n =1 and r = 2 in (2.8) for x;(2)

e {x(1) + [=x(0)£1 (y(1)) = x(1) L2 (y(1)) = x(1)f3(¥(1)) + 1 (x(1))]( )}
— (1-o)x(2)—B.
So, we can write x(2) in terms of x(0), x(1), y(1) and similarly for n = k+2,
X1 (k+2) = (1 — a)xpya(k+2).
Takingn=k-+1 and r = k+2 in (2.8), then
e Yalk+ 1)+ [—x(k) fi(y(k+1)) —x(k+ 1) L2 (y(k+ 1)) = x(k+2) f3(y(k+ 1))
(s D))} = (1 - oa(k+2) =B
x(k+2) is written in terms of x(k), x(k+ 1) and y(k + 1). By induction,
Xign(t) = x,(t — k), k+n<t <k+n+1.

et —1

Q

One can show that
Vien(t) =yt —k), k+n<t<k+n+1
by using the steps above. g

Example 1. We consider the nonlinear impulsive differential equations system
with piecewise constant argument and variable coefficient

K0+ 22(e) +x(l = 1) (e 20 4 3) - 2([]) e 2 +2)

+x([t+1]) (e 1) —x([1]) = 0,
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32 ) )
my(t) +y([t = 1) (= ([#]) +3) +([e]) (x([¢]) +2) (3.12)

(1) () +1) = (1) =0,
t#ncZt>0

y () +

with the impulse conditions
Ax(n) =3""x(n) (3.13)
Ny(n)=5"y(n), t=neZ".
It is clear that this satisfies all hypotheses of Theorem 2. So, all solutions of system
(3.12)-(3.13) are oscillatory. The solution (x,(¢),y,(t)) of system (3.12)-(3.13) with
initial conditions x(—1) = 0.5, x(0) = —10, y(—1) = —0.5, y(0) = 0 is shown in
Figure 1.

x(t)

10F
L — y@

—-10 ;

~15F

FIGURE 1. Oscillatory solutions of system (3.12)-(3.13) with the
initial conditions x(—1) = 0.5, x(0) = —10, y(—1) = —0.5, y(0) =0.
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