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Abstract. Third-order Jacobsthal polynomial sequence is defined in this study. Some properties
involving this polynomial, including the Binet-style formula and the generating function are also
presented. Furthermore, we present the modified third-order Jacobsthal polynomials, and derive
adaptations for some well-known identities of third-order Jacobsthal and modified third-order
Jacobsthal numbers.
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1. INTRODUCTION

The Jacobsthal numbers have many interesting properties and applications in many
fields of science (see, [1]). The Jacobsthal numbers (J,,),>0 are defined by the recur-
rence relation

Jo=0,J1=1, Jyo=Jp1+2J,, n>0. (L.1)
Another important sequence is the Jacobsthal-Lucas sequence. This sequence is
defined by the recurrence relation j, > = ju+1 + 2j,, where jo =2 and j; = 1.

In Cook and Bacon’s work [5] the Jacobsthal recurrence relation is extended to
higher order recurrence relations and the basic list of identities provided by A. F.
Horadam [9] is expanded and extended to several identities for some of the higher

order cases. In fact, the third-order Jacobsthal numbers, {J,53)},120, and third-order
Jacobsthal-Lucas numbers, { j,(f) }n>0, are defined by

I =8 g9 4 20P gY —0, 0P = =1, n>0, (1.2)
and
=i 2 i =2 i =1 ) =5 n>0, 13
respectively.

Some of the following properties given for third-order Jacobsthal numbers and
third-order Jacobsthal-Lucas numbers are used in this paper (for more details, see
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[2-5]). Note that Egs. (1.7) and (1.11) have been corrected in [3], since they have
been wrongly described in [5]. Then, we have

30 4 j) =2 (1.4)
W =30 =210 n >3, (1.5)
@3 4,03 _ ) —2 if n=1 (mod 3)
Invz =4 _{ 1 if n#1 (mod3) ’ (1.6)
iSh i) =315, (17)
1 if n=0 (mod 3)
=% =% —1 if n=1 (mod3) , (1.8)
0 if n=2 (mod 3)
2
(i) +307 57 =, (1.9)
n A3) :
ZJI?): (.3])nJrl ?f n#0 (mod 3) (1.10)
k=0 Jn+1_1 if n=0 (mod 3)
and 5 )
() =9 (4) =220 n =3, (1.11)

Using standard techniques for solving recurrence relations, the auxiliary equation,
and its roots are given by

x3—x2—x—2:0;x:2, and x =

—1+iV3
—

Note that the latter two are the complex conjugate cube roots of unity. Call them
®; and @, respectively. Thus the Binet formulas can be written as

3 2 3+2iV3 3-2iV3
and
8 3+2iV3 3-2iv3
8 (3123 ol + 3-2v3 o, (1.13)
7 7 7
respectively. Now, we use the notation
2 if n=0 (mod 3)
A0 — Bw}
Z, =20 7%% ) 3 i =1 (mod3) | (1.14)
o1 —® 1 if n=2 (mod 3)

where A = —3 — 2, and B = —3 — 2®;. Furthermore, note that for all » > 0 we have
Znv2=~Znt1—2Zn, Zo=2,7Z1=-3. (1.15)
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From the Binet formulas (1.12), (1.13) and Eq. (1.14), we have

7 = ; (2!~ 7,) and j¥ = ; (23 +32,). (1.16)
A systematic investigation of the incomplete generalized Jacobsthal numbers and
the incomplete generalized Jacobsthal-Lucas numbers was featured in [6]. In [7],
Djordjevi¢ and Srivastava introduced the generalized incomplete Fibonacci polyno-
mials and the generalized incomplete Lucas polynomials. In [8], the authors invest-
igated some properties and relations involving generalizations of the Fibonacci num-
bers. In [10], Raina and Srivastava investigated the a new class of numbers associated
with the Lucas numbers. Moreover they gave several interesting properties of these
numbers.
In this paper, we introduce the third-order Jacobsthal polynomials and we give
some properties, including the Binet-style formula and the generating functions for
these sequences. Some identities involving these polynomials are also provided.

2. THE THIRD-ORDER JACOBSTHAL POLYNOMIAL, BINET’S FORMULA AND
THE GENERATING FUNCTION

The principal goals of this section will be to define the third-order Jacobsthal poly-
nomial and to present some elementary results involving it.
For any variable quantity x such that x> # 1. We define the third-order Jacobsthal

polynomial, denoted by {J,?)(x)}nzo. This sequence is defined recursively by
I ) = (= DI, ) + (= DI, () + P (x), n>0, (2.1)

with initial conditions Jé‘”(x) =0, JP)(x) =1and J2(3)(x) =x—1

In order to find the generating function for the third-order Jacobsthal polynomial,
we shall write the sequence as a power series where each term of the sequence cor-
respond to coefficients of the series. As a consequence of the definition of generating
function of a sequence, the generating function associated to {J,§3)(x)}n20, denoted
by {j(¢)}, is defined by

j6) =Y 7o,
n>0

Consequently, we obtain the following result:

Theorem 1. The generating function for the third-order Jacobsthal polynomials
3 ..
{7 () o i J(0) = =iy

Proof. Using the definition of generating function, we have
J0) =38 @) +IP 0+ I 02+ I -

Multiplying both sides of this identity by —(x— 1)z, —(x — 1)¢? and by —x¢, and then
from Eq. (2.1), we have
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(1—(x— 1)t — (x—1)2 —x) (1)

=10+ 0 @)~ = 02 @)+ () ) — = )Y — (- I)Jé3)(x))<tzz 2)

and the result follows. O

The following result gives the Binet-style formula for J,(l3) (x).

Theorem 2. Forn > 0, we have
xn—H (DrllJrl mg+1

(3) () — —
) = Ctx+l (x—op)(o - o) i (x— o) (@) — )’

where ®1, W, are the roots of the characteristic equation associated with the respect-
ive recurrence relations N> +A+1 = 0.

Proof. Since the characteristic equation has three distinct roots, the sequence
7Y (x) = a(x)x" 4+ b(x)®] + c¢(x)0 is the solution of the Eq. (2.1). Considering
n = 0,1,2 in this identity and solving this system of linear equations, we obtain a
unique value for a(x), b(x) and c(x), which are, in this case, (x* +x+ 1)a(x) = x,
(x — 1) (@] —my)b(x) = —m; and (x — ;) (®; — ®y)c(x) = @. So, using these
values in the expression of J,§3) (x) stated before, we get the required result. g

We define the modified third-order Jacobsthal polynomial sequence, denoted by
{K,(l3) (x) }n>0. This sequence is defined recursively by

K9 (0) = (= DK (x) + (x— DK, (x) + 268 (x), (2.3)

n+3 n+2 n+1

with initial conditions K(g3) (x) =3, K1(3>(x) =x—1and Kf) (x) =x*>—1.

We give their versions for the third-order Jacobsthal and modified third-order Jac-
obsthal polynomials.

For simplicity of notation, let

1

Zn(x) = — )" — (x— o)) !
0= g (oo — (- oo™, o4
Y, = of + 0.
Then, we can write
3y 1 +1
Jn (X)—m(xn —Zn(X))

and
K® (x) =x"+Y,.

Then, Z,(x) = —Z,—1(x) — Z,—2(x), Zp(x) = x and Z; (x) = —(x+ 1).
Furthermore, we easily obtain the identities stated in the following result:
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Proposition 1. For a natural number n and m, if J,(f) (x) and K,(f) (x) are, respect-
ively, the n-th third-order Jacobsthal and modified third-order Jacobsthal polynomi-
als, then the following identities are true:

KV () = (r— DI () + 20— DI, () + 30, (x), n > 2, (2.5)

I @I () 42 I () 40,5 () ()

(1+x +xb) 2
_ 1 =" (1 ) ()+x(1— ) Zm11 (%)) (2.6)
(2+x+1)2) —amt! (( ®) +x(1 =x)Zps1(x)) [’
+ +x+1)(w @) + 0f'w})

(o
<J,53>(x))2 (n+l >+<Jn+2 )

1 » (14224 x%) - x21+2 (2.7)
S i) X ((1_+2)(Z;2(j?;f(1§_X)ZM(X)) :

and Z,(x) as in Eq. (2.4).
Proof. (2.5): To prove Eq. (2.5), we use induction on n. Let n = 2, we get
= DIV @) + 26— DIV @) + 30 (1) = (k= D(x— 1) +2(x— 1)

=2’ -1
=k (x).

Let us assume that K,Sf)(x) =(x— I)J( )( )+2(x—1)J, 7 L (x )+3xJ( ) ,(x) is true for
all values m less than or equal n > 2. Then,

K30 = (= DES) (@) + (= DR, () 41K (0)
= (= 1) (o= DI ) 200 = DI (00 + 30055 ()
= 1) (= DI 0+ 20— DI, () + 3xJ,(n3)3(x)>
tx ((x 1))+ 20— 1) () + 30D x))
= (= I )+ 20— DI () + 337, (v).
(2.6): Using the Binet formula of 1,53)( ) in Theorem 2, we have
I @I )+ I I (06 + I I (x

)
(1 = Z,(x)) (™ = Z(x))
! { + gx”” —Zu1(x)) gx"”z ZmH(x); } )
a(

— 2 2 n 1
(2 +x+1) + x”+3—Zn ZX)) xm+3—Zm+2(x)
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Then, we obtain

3 () 02 @I () + I ()5 ()

(1 +x2 +x4) ,xn+m+2

B 1 —X"TN(Z (%) + XZp1 (%) + X2 Z 42 (x))

(2 +x+1)2 —x"(Z, (%) + XZp 1 (x) + X2 Zy12(x) )

20 ()2 (3)  Za (o1 () + Zo2 () 212 1)
(1+x +x ) n+m+2

_ 1 ((1 ) ( ) +x(1 = x)Zpns1(x))
(x2+x+1)2 )C”’Jrl ( 2 (x) +x(1—x) n+1(x))
L +(x? +x+ 1)((0”0)’2"+0)’”0)”)
Then, we obtain the Eq. (2.7) if m = n in Eq. (2.6). ]

3. SOME IDENTITIES INVOLVING THIS TYPE OF POLYNOMIALS

In this section, we state some identities related with these type of third-order poly-
nomials. As a consequence of the Binet formula of Theorem 2, we get for this se-
quence the following interesting identities.

Proposition 2 (Catalan-like identity). For a natural numbers n, s, with n > s, if
J,(,3) (x) is the n-th third-order Jacobsthal polynomials, then the following identity

JEL )~ (1)

! )lcn+1 (XS —x_"')XsZnH (x)
=——— < X2+ XX — x5 X—1) Za(x)
B ) s+1 s—1)%n
(e 4x+1) —(x2+x+1)XS2
is true, where Z,(x) as in Eq. (2.4), X, ~% and ®1, Wy are the roots of the

(,0 —0y
characteristic equation associated with the recurrence relation x> +x+1=0.

Proof. Using the Eq. (2.4) and the Binet formula of 1,53) (x) in Theorem 2, we have

S0 — (1)

I (@~ Zy () (P — Zo ()
B <2++1>2{ -2, }
_ 1 { — X" (5 Zy s (x) +x YZn+s(x)—ZZn(x)) }
(®+x+1)? +Zp15(0)Zn—5 (%) = (Za(x))?
Using the following identity for the sequence Z,(x):

Znts (x) = XsZn+1 (X) — X512y (x)>
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. 5
w;—W
®;—0

T~ ()
K (X = x7) X Zy 1 (%)

where X, = and X_; = —X;. Then, we obtain

1
= e § "L (xf — x5 X5_1 —2) Zy(x)
D) B s+1 s—1 n
(? +x+1) (2 4x+1)X2
Hence the result holds. O

Note that for s = 1 in the Catalan-like identity obtained, we get the Cassini-like
identity for the third-order Jacobsthal polynomial. Furthermore, for s = 1, the identity
stated in Proposition 2, yields

2
3 3 3
I ) = (47 )
Xl (x1 —xil) X1Zp11(x)
= __r —xrl (xlXHl —x X - 2) Zy(x)
2 2 -
(F+x+1) —(P+x+1)
and using Xop = 0 and X; = 1 in Proposition 2, we obtain the following result.

Proposition 3 (Cassini-like identity). For a natural numbers n, if K,(,S) is the n-th
third-order Jacobsthal numbers, then the identity

I @)~ (4 )

_ 1 { X (% = 1)Zys1 (x) +x(x 4 2)Zy (x)) }
(x2+x+1)? —(2+x+1) '

is true.

The d’Ocagne-like identity can also be obtained using the Binet formula and in
this case we obtain

Proposition 4 (d’Ocagne-like identity). For a natural numbers m, n, with m > n
and J,53) (x) is the n-th third-order Jacobsthal polynomial, then the following identity

TP 1P (x) =I5 ()7 (x)

m+1 n+l
_ 1 K"(Z 11 (x) — xZy (%))
T2 4x4+1)2 | AN Zng1 (%) = xZn(x) + (2 x4 1) X
is true.
Proof. Using the Eq. (2.4) and the Theorem 2, we get the required result. O

In addition, some formulae involving sums of terms of the third-order Jacobsthal
polynomial sequence will be provided in the following proposition.
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Proposition 5. For a natural numbers m, n, with n > m, if J,(l3) (x) and K,(,3) (x)
are, respectively, the n-th third-order Jacobsthal and modified third-order Jacobsthal
polynomials, then the following identities are true:

(3x =208 () + (2x— )7, ()

1 1
Z J»V(?,)(x) = 3()6— 1) le’(l:iz('x) m+2<x) ’ (31)
= +Hx =25 () + (2x=3)5) (¥)
n ! K1 4+2x—3 if n=0 (mod 3)
ZKS(S) (x) = 0 ¥ 4x—2 if n=1 (mod3) . (3.2)
=0 T -1 if n=2 (mod 3)
Proof. (3.1): Using Eq. (2.1), we obtain
Z 1@ =20 @+ 0+ L0+ Y B )
s=m+3
n—1
= I )+ @ L@+ =1 Y AV @)
s=m-+2
n—2 3 n—3 3
-1) Y J! )(x)—i—xZJs( (%)
s=m—+1 s=m

Then,

i J5(3)(x) = (3)6— 2) i J§3)(x) +J1513422(x) _ (x_ 2)1,521(96) o (2)6— S)Jr(r?) (x)

— (3x =207 (1) — (2x— 1)J), (1) =P, ().

Finally, the result in Eq. (3.1) is completed.
(3.2): As a consequence of the Eq. (2.4) of Theorem 2 and

n n
ZYS = Z(msl +03)
s=0 s=0

m}il+1 1 mg+l 1
N (,01*1 (.02*1
1
:g(Yn_Yn-H)"i‘lv
we have
n 3) n n
IEOEDIEED N4
s=0 s=0 s=0
1 1
= 1 +§(Yn_Yn+l)+1
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1 K p2x—3 if n=0 (mod 3)
=— K yx—2 if n=1 (mod 3)
T -1 if n=2 (mod 3)

Hence, we obtain the result. O

For example, if n = 0(mod 3) we have that x"*! ++2x — 3 is divisible by x — 1.
For negative subscripts terms of the sequence of modified third-order Jacobsthal
polynomial we can establish the following result:

Proposition 6. For a natural number n and x> # 0 the following identities are
true:

K9 (x) = kP (x) +x7" =", (3.3)
3n
Y k8 (x) = x% - (Br—2-x7). (3.4)
s=0

Proof. (3.3): Since Y_,, =Y, using the Binet formula stated in Theorem 2 and the
fact that ®; @, = 1, all the results of this Proposition follow. In fact,

K@) =x"+v,

=x "+xX"+Y,—x"
= K,(l3) (x)+x"—=x"

So, the proof is completed.
(3.4): The proof is similar to the proof of Eq. (3.1) using Eq. (3.3). [l

4. CONCLUSION

Sequences of polynomials have been studied over several years, including the
well-known Tribonacci polynomial and, consequently, on the Tribonacci-Lucas poly-
nomial. In this paper, we have also contributed for the study of third-order Jacobsthal
and modified third-order Jacobsthal polynomials, deducing some formulae for the
sums of such polynomials, presenting the generating functions and their Binet-style
formula. It is our intention to continue the study of this type of sequences, exploring
some their applications in the science domain. For example, a new type of sequences
in the quaternion algebra with the use of these polynomials and their combinatorial
properties.
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