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G—SUPPLEMENTED LATTICES
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Abstract. In this work, g-supplemented lattices are defined and some properties of these lattices
are investigated. g-small submodules and g-supplemented modules are generalized to lattices.
Let L be a lattice and 1 =a;Vay V...Va, with g; € L (1 <i<n). If a;/0 is g-supplemented
for every i = 1,2,...,n, then L is also g-supplemented. If L is g-supplemented, then 1/a is also
g-supplemented for every a € L. It is also defined the g-radical of a lattice L and it is shown that
if L is g-supplemented, then 1/rg (L) is complemented.
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1. INTRODUCTION

In this paper, every lattice is complete modular lattice with the smallest element
0 and the greatest element 1. Let L be a lattice, x,y € L and x < y. A sublattice
{a € LIx < a <y} is called a quotient sublattice and denoted by y/x. An element y
of a lattice L is called a complement of x in L if x Ay =0 and xVy = 1, this case we
denote 1 =x @y (in this case we call x and y are direct summands of L). L is said to
be complemented if each element has at least one complement in L. An element x of
L is said to be small or superfluous and denoted by x < L if y =1 for every y € L
such that x\Vy = 1. The meet of all maximal (# 1) elements of a lattice L is called the
radical of L and denoted by r(L). An element a of L is called a supplement of b in L if
it is minimal for aVb = 1. a is a supplement of b in a lattice L if and only ifaVb =1
and aAb < a/0. Alattice L is called a supplemented lattice if every element of L has
a supplement in L. We say that an element y of L lies above an element x of Lif x <y
and y < 1/x. L is said to be hollow if every element distinct from 1 is superfluous in
L, and L is said to be local if L has the greatest element (# 1). We say an element
x € L has ample supplements in L if for every y € L with xVy = 1, x has a supplement
zin L with z <y. L is said to be amply supplemented if every element of L has ample
supplements in L. It is clear that every amply supplemented lattice is supplemented.
Let L be a lattice and k € L. If t =0 for very t € L with k At =0, then k is called an
essential element of L and denoted by k < L.
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More informations about (amply) supplemented lattices are in [1,2,5,9]. More
results about (amply) supplemented modules are in [, 12].

Definition 1. Let L be a latticeanda € L. If b =1 for every b < L withaVb =1,
then a is called a generalized small (briefly, g-small) element of L and denoted by
a<gL.

It is clear that every small element is g-small, but the converse is not true in general
(See Example 1 and Example 2).
G-small elements generalize g-small submodules. G-small submodules are studied
in [6,7,11].
Lemma 1. Let L be a lattice and a,b,c,d € L. Then the followings are hold.
() Ifa<band b <, L, then a <g L.
(i) Ifa <z b/0, then a <41/0 for everyt € L with b <t.
(iii) If a <g L, then aV b <, 1/b.
(iv) Ifa <<z b/0 and ¢ <4 d/0, then aV c <4 (bV d) /0.

Proof. (i) LetaVk=1withk L. Sincea <b,bVk=1andsince b <, L,k=1.
Hence a <, L as desired.

(if) Letr € L with b <t and let aVk =t with k <¢/0. Here k Ab < b/0. Since
a < b, by modularity, b=bAt =bA(aVk)=aV (kAb)andsincea <zb/0,kNb=D
and b < k. Hence a <k and t = aV k = k. Therefore, a <, t /0.

(iii) LetavbVk =1 with k < 1/b. Since k < 1/b, we can easily see that k < L.
Since l =aVbVk=aVkanda <,z L,k=1.HenceaVb<,1/b as desired.

(iv) Let aVeVk = bVd with k < (bVd) /0. By (i) a <, (bVd) /0 and ¢ <,
(bvd) /0. Since a <, (bVd)/0and cVk < (bVd)/0,cVk=>bVd and since c <,
(bvd)/0,k=bVd. HenceaVc <, (bVd)/0 as desired. O

Corollary 1. If a; <, b;/0 for a;,b; € L (i=1,2,...,n), thenaiVay V...V a, <,
(b1 VbaV ...\ by) /0.

Proof. Clear from Lemma 1(iv). O
Corollary 2. Leta,b € Land a <b. If b <4z L, then b <, 1/a.
Proof. Clear from Lemma 1 (iii). O

2. G-SUPPLEMENTED LATTICES

Definition 2. Let L be a latticeand a,b € L. If 1 =aVband 1 =aVt witht <b/0
implies that r = b, then b is called a g-supplement of a in L. If every element of L has
a g-supplement in L, then L is called a g-supplemented lattice.

G-supplemented lattices generalize g-supplemented modules. G-supplemented
modules are studied in [7]. Every supplemented lattice is g-supplemented. Hollow
and local lattices are g-supplemented.
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Lemma 2. Let L be a lattice and a,b € L. Then b is a g-supplement of a in L if
and only if 1 =aVband aNb <, b)0.

Proof. (=) Let (aAb)Vk=bwithk1b/0. Thenl =aVb=aV(aNb)Vk=
aVk hold. Since b is a g-supplement of a in L and k < b/0, by definition, k = b.
Hence a Ab <, b/0 as desired.

(<) Let 1 =aVt with t < b/0. Since ¢t < b, by modularity, b =bA1=>bA
(aVt) = (aNb)Vt. Since aAb <4 b/0,t =b. Hence b is a g-supplement of a in L
as desired. 0

Lemma 3. Let L be a lattice and a,b € L. If aV b has a g-supplement x in L and
(aV x) A\b has a g-supplement y in b/0, then x\'y is a g-supplement of a in L.

Proof. Since x is a g-supplement of aVV b in L, by Lemma 2,

l=aVbVxand (aVb)ANx<,x/0.

Since y is a g-supplement of (a Vx) Ab in b/0, by Lemma 2,
b= ((aVx)Ab)Vy

and

(avx)Ny=(aVx)AbAy<gy/O0.
Then

l=aVbVx=aVxV((aVx)Ab)Vy=aVxVy
and by Lemma 1,
an(xVy) < ((aVx)Ay)V((aVy)Ax)
<((aVx)Ay)V((aVb)Ax) <z (xVy) /0.

Hence x Vy is a g-supplement of a in L. g

Corollary 3. Let L be a lattice and a,b € L. If aV b has a g-supplement in L and
b/0 is g-supplemented, then a has a g-supplement in L.

Proof. Clear from Lemma 3. O

Lemmad. Let 1 =aV bwitha,b € L. Ifa/0and b/0 are g-supplemented, then L
is also g-supplemented.

Proof. Let x be any element of L. Then O is a g-supplement of xVaV b in L and
since b/0 is g-supplemented, by Corollary 3, xV a has a g-supplement in L. Since
a/0 is g-supplemented, again by Corollary 3, x has a g-supplement in L. Hence L is
g-supplemented. U

Corollary 4. Let 1l =a;VayV...Va, witha € L (1<i<n). If a;/0 is g-
supplemented for every i =1,2,...,n, then L is also g-supplemented.

Proof. Clear from Lemma 4. ]
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Lemma S. Let L be a lattice and a,b,c € Lwith c < a. If b is a g-supplement of a
in L, then bV c is a g-supplement of a in 1/c.

Proof. Since b is a g-supplement of ¢ in L, | =aV b and a Ab <, b/0. Since
aANb <4z b/0, by Lemma 1 (if),

aNb <y (bVe)/0

and by Lemma 1 (iif),
(anb)Ve <, (bVe)/c.

Hence 1 =aVb=aVbVcandaA(bVc)=(aAb)Vc <, (bVc)/candbVcisa
g-supplement of a in 1 /c. O

Corollary 5. Let L be a g-supplemented lattice. Then 1/a is g-supplemented for
everya € L.

Proof. Clear from Lemma 5. ]

Definition 3. Let L be a lattice and # be a maximal (# 1) element of L. If r <L,
then ¢ is called a g-maximal element of L. The meet of all g-maximal elements of
L is called the g-radical of L and denoted by r, (L). If L have not any g-maximal
elements, then we call r, (L) = 1.

Corollary 6. Let L be a lattice. Then r (L) < rq (L).
Proof. Clear from definitions. O
Lemma 6. Let L be a lattice and a € L. If a <, L, then a < ry (L).

Proof. Assume a £ ry(L). Then there exists a g-maximal element 7 of L with
a % t. Since t is maximal (# 1) and a £ ¢, aVt =1 and since a <, L and t < L,
t = 1. This is contradiction. Hence a < r, (L) as desired. O

Lemma 7. Let L be a lattice and a € L. Then rq (a/0) < ry(L).

Proof. Lett be any g-maximal element of L. If a <1, then r, (a/0) <t. Ifa £ 1,
we can easily see that a At is a g-maximal element of a/0 and hence r, (a/0) <.
Therefore, ry (a/0) < rg(L). O

Lemma 8. Let L be a g-supplemented lattice. Then 1/rq (L) is complemented.

Proof. Let x be any element of 1/r,(L). Since L is g-supplemented, x has a g-
supplement y in L. Here 1 =xVy and x \y <, y/0. Since x Ay <, y/0, by Lemma
6 and Lemma 7, x Ay < rg (y/0) < r,(L). Hence 1 =xVyVrg (L) and

XA (YVrg(L)) = (xAy)Vrg(L) =rg(L).

Therefore, y V r, (L) is a complement of x in 1/ry (L) and 1/r, (L) is complemented.
O
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Let x,y € L. It is defined a relation B, on the elements of L by xp.y if and only if
for every t € L with 1 =x V¢ then 1 =y V¢ and for every k € L with 1 =y V k then
1 =xVk. (See [10, Definition 1]. More informations about B, relation are in [10].
More informations about * relation on modules are in [4].

Corollary 7. Let L be a g-supplemented lattice. Then 1/ry (L) is ®&—supple-
mented.

Proof. Clear from [3, Definition 1] and Lemma 8. O

Lemma 9. Let L be a lattice and aPB.b in L. If a and b have g-supplements in L,
then they have the same g-supplements in L.

Proof. Let x be a g-supplement of a in L. Then 1 = aV x and since af.b, we have
1=>bVx. Let 1 =bV¢t witht <x/0. Since af.b, we have 1 = a V¢ and since x is a
g-supplement of @ in L, we have t = x. Hence x is a g-supplement of b in L. Similarly,
interchanging the roles of a and b we can prove that each g-supplement of b in L is
also a g-supplement of @ in L. O

Corollary 8. Let L be a lattice and a lies above b in L. If a and b have g-
supplements in L, then they have the same g-supplements in L.

Proof. By [10, Theorem 3], aP.b and by Lemma 9, the desired is obtained. O

Lemma 10. Let L be a lattice and t <, x/0 for every g-supplement element x
in L and for every t <q, L with t < x. If every element of L is B. equivalent to a
g-supplement element in L, then L is g-supplemented.

Proof. Let a € L. By hypothesis, there exists a g-supplement element x in L
such that af,x. Let x be a g-supplement of b in L. By hypothesis, there exists a
g-supplement element y in L with bf,y. By Lemma 9, x is a g-supplement of y in L.
Here I =xVyandxAy <, x/0. Since x \y <, L and y is a g-supplement element in
L, by hypothesis, x \y < y/0. Then by Lemma 2, y is a g-supplement of x in L. Since
aP.x, by Lemma 9, y is a g-supplement of @ in L. Hence L is g-supplemented. U

Corollary 9. Let L be a lattice and t <4 x/0 for every g-supplement element x in
L and for every t <, L with t < x. If every element of L lies above a g-supplement
element in L, then L is g-supplemented.

Proof. Clear from [10, Theorem 3] and Lemma 10. O

Definition 4. Let L be a lattice. If every element of L with distinct from 1 is
g-small in L, then L is called a g-hollow lattice.

Clearly we can see that every hollow lattice is g-hollow. But the converse is not
true in general (See Example 2).

Proposition 1. Every g-hollow lattice is g-supplemented.
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Proof. Let L be a g-hollow lattice. Then 1 is a g-supplement of every element of
L with distinct from 1 and O is a g-supplement of 1 in L. Hence L is g-supplemented.
O

Proposition 2. Let L be a lattice with ry (L) # 1. The following conditions are
equivalent.
(i) L is g-hollow.
(i1) L is local.
(ii1) L is hollow.

Proof. (i) = (ii) Letx € L and x # 1. Since L is g-hollow, x <, L and by Lemma
6, x < rg(L). By hypothesis, r, (L) # 1. Hence r, (L) is the greatest element (# 1) of
L and L is local.

(i) == (iii) and (iii) = (i) are clear. O

Example 1. Let L be a nonzero complemented lattice. Here 1 <, L, but not 1 < L.
1 is a g-supplement of 1 in L, but 1 is not a supplement of 1 in L.

Example 2. Consider the lattice L = {0,a,b, 1} given by the following diagram.

1

a N
a b

N/
0

Then L is g-hollow but not hollow. Here 1 <, L, but not 1 < L. 1 is a g-supplement
of 1in L, but 1 is not a supplement of 1 in L. Here also r (L) =0 # 1 = r, (L) hold.

Example 3. Consider the lattice L = {0,a,b,c, 1} given by the following diagram.

Then L is g-supplemented but not g-hollow.
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