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Abstract. In this work, cofinitely radical supplemented and cofinitely weak radical supplemented

lattices are defined and some properties of them are investigated. Let L be a lattice, I be a

nonempty index set and a; € L foreveryie€l. If 1= '\/Ia,- and a;/0 is cofinitely (weak) radical
IS

supplemented for every i € , then L is also cofinitely (weak) radical supplemented. Let L be
a cofinitely (weak) radical supplemented lattice and a € L. Then 1/a is also cofinitely (weak)
radical supplemented. Let L be a lattice. Then L is cofinitely weak radical supplemented if and
only if every cofinite element of 1/r (L) is a direct summand of 1/r(L).
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1. INTRODUCTION

Throughout this paper, all lattices are complete modular lattices with the smallest
element O and the greatest element 1. Let L be a lattice, a,b € L and a < b. A sub-
lattice {x € L|a < x < b} is called a quotient sublattice, denoted by b/a. An element
a of alattice L is called a complement of aif aANad’ =0 and aVda' =1 (in this case a
and d are said to be direct summands of L and denoted by 1 =a®d’). A lattice L is
said to be complemented if each element of L has at least one complement in L. An
element ¢ of L is said to be compact if for every subset X of L such that c < VX there
exists a finite F* C X such that ¢ < VF. A lattice L is said to be compactly generated
if each of its elements is a join of compact elements. A lattice L is said to be compact
if 1 is a compact element of L. An element a of a lattice L is said to be cofinite if 1 /a
is compact. An element a of L is said to be small or superfluous if aV b # 1 holds
for every b # 1 and denoted by a < L. The meet of all the maximal (# 1) elements
of a lattice L is called the radical of L and denoted by r(L). An element c of L is
called a supplement of b in L if it is minimal for bV ¢ = 1. a is a supplement of b in a
lattice L if and only if aVbh =1 and a Ab < a/0. L is called a supplemented lattice
if every element of L has a supplement in L. We say that an element b of L lies above
an element a of Lif a < b and b < 1/a. L is said to be hollow if every element (# 1)
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is superfluous in L and L is said to be local if L has the greatest element (# 1). An
element a of L is called a weak supplement of bin LifavVb=1andaAb << L. Lis
called a weakly supplemented lattice, if every element of L has a weak supplement in
L. It is clear that every supplemented lattice is weakly supplemented. An element a
of L is called a generalized (radical) supplement (or briefly, Rad-supplement) of b in
Lifavb=1andaAb <r(a/0). Lis said o be radical (generalized) supplemented
if every element of L has a Rad-supplement in L.

More information about supplemented lattices are in [1, 2] and [5]. More res-
ults about supplemented modules are in [9] and [10]. The definitions of generalized
supplemented modules and some properties of them are in [8]. More information
about cofinitely Rad-supplemented modules are in [7]. We generalize cofinitely Rad-
supplemented modules to lattices.

2. COFINITELY RADICAL SUPPLEMENTED LATTICES

In this part, cofinitely radical supplemented lattices are defined and some proper-
ties of them are given.

Definition 1. Let L be a lattice. If every cofinite element of L has a Rad-supplement
in L, then L is called a cofinitely radical supplemented (or cofinitely Rad-supple-
mented) lattice.

Clearly we can see that every cofinitely supplemented lattice is cofinitely Rad-
supplemented. Hollow and local lattices are cofinitely Rad-supplemented.

Proposition 1. Let L be a compact lattice. Then L is cofinitely Rad-supplemented
if and only if L is Rad-supplemented.

Proof. Clear, since every element of L is cofinite. O

Lemma 1. Let L be a lattice, a € L and x be a cofinite element of L. If xV a
has a Rad-supplement in L and a/0 cofinitely Rad-supplemented, then x has a Rad-
supplement in L.

Proof. Let b be a Rad-supplement of xVVain L. ThenxVaVb=1and (xVa)\b <
r(b/0). Since x is a cofinite element of L, we clearly see that x Vb is a cofinite
element of L. Then by > = Xa/b =~ _ Gvp @A (xVb) is a cofinite element of
a/0. Since a/0 is cofinitely Rad-supplemented, a A (x\V b) has a Rad-supplement ¢
in a/0. Here (aA(xVDb))Vc=aand cA(xVb)=cAaA (xVD) <r(c/0). Hence
l=xVaVb=xVbV(aN(xVb))Vc=xVbVcandxA(bVc)<(bA(xVc))V
(eN(xVD)) < (bA(xVa))Vr(c/0) <r(b/0)Vr(c/0)<r((bVc)/0). Thus bVc
is a Rad-supplement of x in L. U

Corollary 1. Let L be a lattice, ay,ay,...,a, € L and x be a cofinite element of
L IfxVaVayV---Vay, has a Rad-supplement in L and a;/0 is cofinitely Rad-
supplemented for every i = 1,2, ...,n, then x has a Rad-supplement in L.
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Proof. Clear from Lemma 1. 0

Lemma 2. Let L be a lattice, I be a nonempty index set and a; € L for every i € 1.
If 1= .\/Ia,- and a;/0 is cofinitely Rad-supplemented for every i € I, then L is also
IS

cofinitely Rad-supplemented.
Proof. Let a be any cofinite element of L. By hypothesis, 1 = .\/Iai = '\/1 (aVa;).
IS e

Since 1/a is compact and a \V a; € 1/a for every i € I, there exist iy, i2,...,i, € I such
that1 =aVa; Va;,V...Va;,. Since 0is a Rad-supplementof 1 =aVa; Va;,V...Va;,
and g;, /0 is cofinitely Rad-supplemented for every t = 1,2, ..., n, by Corollary 1, a has
a Rad-supplement in L. Hence L is cofinitely Rad-supplemented. O

Corollary 2. Let L be a lattice and 1 = ayV ap V...V ay, in L. If a;/0 is cofinitely
Rad-supplemented for everyi=1,2,...,n, then L is also cofinitely Rad-supplemented.

Proof. Clear from Lemma 2. O

Proposition 2. Let L be a cofinitely Rad-supplemented lattice and a € L. Then
1/a is also cofinitely Rad-supplemented.

Proof. Letx be any cofinite element of 1/a. Then 1/x is compact and x is a cofinite
element of L. Since L is cofinitely Rad-supplemented, x has a Rad-supplement y in
L. Since a < x, by [3, Lemma 5], a VVy is a Rad-supplement of x in 1/a. Hence 1/a
is cofinitely Rad-supplemented. U

Proposition 3. Let L be a cofinitely Rad-supplemented lattice. Then every cofinite
element of 1/r (L) is a direct summand of 1/r(L).

Proof. Let x be any cofinite element of 1/r(L). Then 1/x is compact and x
is a cofinite element of L. Since L is cofinitely Rad-supplemented, x has a Rad-
supplement y in L. Here 1 =xVyand x Ay <r(y/0) <r(L). Then 1 =xVyVr(L)
and since r (L) < x, xA(yVr(L))= (xAy)Vr(L)=r(L). Hence l =x® (yVr(L))
in 1/r(L) and x is a direct summand of 1/r(L). O

3. COFINITELY WEAK RADICAL SUPPLEMENTED LATTICES

In this part, cofinitely weak radical supplemented lattices are defined and some
properties of them are given.

Definition 2. Let L be a lattice and a,b € L. Ifavb=1and aAb < r(L), then b
is called a weak radical supplement (or briefly, weak Rad-supplement) of a in L.

Definition 3. Let L be a lattice. If every element of L has a weak Rad-supplement
in L, then L is called a weakly radical supplemented (or weakly Rad-supplemented)
lattice. If every cofinite element of L has a weak Rad-supplement in L, then L is
called a cofinitely weak radical supplemented (or cofinitely weak Rad-supplemented)
lattice.
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It is clear that every cofinitely weak supplemented lattice is cofinitely weak Rad-
supplemented. It is also clear that every cofinitely Rad-supplemented lattice is
cofinitely weak Rad-supplemented.

Proposition 4. Let L be a cofinitely weak Rad-supplemented lattice. If r (L) < L,
then L is cofinitely weak supplemented.

Proof. Clear from definitions. O

Proposition 5. Let L be a compact lattice. Then L is cofinitely weak Rad-
supplemented if and only if L is weakly Rad-supplemented.

Proof. Clear, since every element of L is cofinite. O

Lemma 3. Let L be a lattice, a € L and x be a cofinite element of L. If x\V a has a
weak Rad-supplement in L and a/0 is cofinitely weak Rad-supplemented, then x has
a weak Rad-supplement in L.

Proof. Let b be a weak Rad-supplement of xVVa in L. Then xVaVb =1 and
(xVa) Ab <r(L). Since x is a cofinite element of L, we clearly see that x \VV b is

a cofinite element of L. Then by -L- = ngzb = m, a/(xVb) is a cofinite

element of a/0. Since a/0 is cofinitely weak Rad-supplemented, a A (xV b) has a
weak Rad-supplement ¢ in a/0. Here (aA(xVb))Vec=aand cA(xVb) =cAaA
(xVb)<r(a/0)<r(L). Hence 1 =xVaVb=xVbV(aN(xVb))Vc=xVbVcand
xABVe)<(DAN(xVe))V(eNA(xVb)<(bAxVa)Vr(L)<r(L)Vr(L)=r(L).
Thus bV c is a weak Rad-supplement of x in L. O

Corollary 3. Let L be a lattice, ay,ay,...,a, € L and x be a cofinite element of L.
IfxVayVayV---Va, has a weak Rad-supplement in L and a;/0 is cofinitely weak
Rad-supplemented for every i =1,2,...,n, then x has a weak Rad-supplement in L.

Proof. Clear from Lemma 3. ]

Lemma 4. Let L be a lattice, I be a nonempty index set and a; € L for every i € 1.
If 1= i\e/lai and a;/0 is cofinitely weak Rad-supplemented for every i € I, then L is
also cofinitely weak Rad-supplemented.

Proof. Let a be any cofinite element of L. By hypothesis, 1 = i\g/Iai = i\g/I (aVa;).

Since 1/a is compact and a V a; € 1/a for every i € I, there exist iy, i, ...,i, € [ such
that 1 =aVa;, Va;,V..Va;,. Since 0 is a weak Rad-supplement of 1 =aVa; V
aj, V...V a;, and a;, /0 is cofinitely weak Rad-supplemented for every t = 1,2,...,n,
by Corollary 3, a has a weak Rad-supplement in L. Hence L is cofinitely weak Rad-
supplemented. U

Corollary 4. Let L be a lattice and 1 = ayV ap V...V ay, in L. If a;/0 is cofinitely
weak Rad-supplemented for every i = 1,2,...,n, then L is also cofinitely weak Rad-
supplemented.
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Proof. Clear from Lemma 4. g

Lemma 5. Let L be a lattice, a,b,x € L and x < a. If b is a weak Rad-supplement
of ain L, then x\ b is a weak Rad-supplement of a in 1 /x.

Proof. Since b is a weak Rad-supplement of ain L, aVb=1and aAb < r(L).
ThenaVxVb=1andaA (xVb) <xV(aAb) <xVr(L)<r(l/x). Hence xV b is
a weak Rad-supplement of @ in 1 /x. O

Proposition 6. Let L be a cofinitely weak Rad-supplemented lattice and a € L.
Then 1/a is also cofinitely weak Rad-supplemented.

Proof. Let x be any cofinite element of 1/a. Then 1/x is compact and x is a
cofinite element of L. Since L is cofinitely weak Rad-supplemented, x has a weak
Rad-supplement y in L. Since a < x, by Lemma 5,aV y is a weak Rad-supplement of
xin 1/a. Hence 1/a is cofinitely weak Rad-supplemented. O

Proposition 7. Let L be a lattice. Then L is cofinitely weak Rad-supplemented if
and only if every cofinite element of 1/r (L) is a direct summand of 1/r (L).

Proof. (=) Let x be any cofinite element of 1/r(L). Then 1/x is compact and x
is a cofinite element of L. Since L is cofinitely weak Rad-supplemented, x has a weak
Rad-supplement y in L. Here ] =xVyand xAy <r(L). Then l =xVyVr(L) and
since r (L) <x,xA(yVr(L)) = (xAy)Vr(L)=r(L). Hence l =x® (yVr(L)) in
1/r (L) and x is a direct summand of 1/r(L).

(<=) Let x be any cofinite element of L. Here clearly we can see that x\V r (L) is
a cofinite element of 1/r(L). By hypothesis, x\V r (L) is a direct summand of 1/r(L).
Then there exists y € 1/r(L) such that 1 =xVr(L)Vy=xVyand (xVr(L))Ay=
r(L). Since r(L) <y, by modularity, r(L) = (xVr(L)) Ay = (xAy)Vr(L) and
xAy <r(L). Hence y is a weak Rad-supplement of x in L. Therefore, L is cofinitely
weak Rad-supplemented. O

Proposition 8. Let L be a lattice and a < L. If 1/a is cofinitely weak Rad-
supplemented, then L is also cofinitely weak Rad-supplemented.

Proof. Let x be any cofinite element of L. Clearly we see that x\V a is a cofinite
element of 1/a. Since 1/a is cofinitely weak Rad-supplemented, xV a has a weak
Rad-supplement y in 1/a. Here xVaVy=1and (xVa)Ay <r(1/a). Since xV
aVy=1anda<y, xVy=1. Since a < L, clearly we see that r(1/a) = r(L).
Hence xVy=1and xAy < (xVa)Ay<r(1/a) =r(L). Thus L is cofinitely weak
Rad-supplemented. O

Let x,y € L. It is defined a relation B, on the elements of L by xf.y if and only if
for every t € L with xVt =1 then y V¢t = 1 and for every k € L with yV k = 1 then
xVk = 1. The definition of B, relation and some properties of this relation are in [6].
The definition of B* relation on modules and some properties of this relation are in

[4].
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Lemma 6. Let L be a lattice. If every cofinite element of L is B, equivalent to a
weak Rad-supplement element in L, then L is cofinitely weak Rad-supplemented.

Proof. Let x be a cofinite element of L. By hypothesis, there exists a weak Rad-
supplement element y in L such that xB.y. Let y is a weak Rad-supplement of a in
L. Here yVa=1and yAa <r(L). Since xB,y and yVa =1, xVa= 1. Assume
xAa £ r(L). Then there exists a maximal (# 1) element ¢ of L with x Aa £ . Here
(xANa)Vt=1.By[6,Lemma 2], xV (aAt) =1 and since xB.y, yV (a At) = 1. Since
aVt=1,by[6,Lemma 2], (yAa)Vt=1.SinceyAa<r(L)<t,t=(yAa)Vt=
1. This contradicts with ¢ # 1. Hence x Aa < r(L). Therefore, a is a weak Rad-
supplement of x in L and L is cofinitely weak Rad-supplemented. O

Corollary 5. Let L be a lattice. If every cofinite element of L lies above a weak
Rad-supplement element in L, then L is cofinitely weak Rad-supplemented.

Proof. Clear from Lemma 6. ([l
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