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Abstract. This paper is devoted to the analysis of the following linear 2m-th order parabolic
equation ∂tu+(−1)m

∑
N
k=1 ∂2m

xk
u= f , subject to Dirichlet type condition ∂l

νu= 0, l = 0,1, ...,m−
1, on the lateral boundary, where m is a positive integer. The right-hand side f of the equation
is taken in the Lebesgue space Lp, 1 < p < +∞. The problem is set in a domain of the form

Q =

{
(t,x1, ...,xN) ∈ RN+1 : 0 ≤

√
x2

1 + ...+ x2
N < tα

}
with α > 1/2m.
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1. INTRODUCTION

Let Q be an open set of RN+1 defined by

Q =
{
(t,x1,x2, ...,xN) ∈ RN+1 : (x1,x2, ...,xN) ∈ Ωt ,0 < t < 1

}
where for a fixed t in the interval ]0,1[ , Ωt is a bounded domain of RN , N > 1, defined
by

Ωt =

{
(x1,x2, ...,xN) ∈ RN : 0 ≤

√
x2

1 + x2
2 + ...+ x2

N < tα

}
with α > 1/2m and m belongs to the set of all nonzero natural numbers N∗. In Q,
consider the boundary value problem{

∂tu+Mu = f ∈ Lp (Q) ,
∂l

νu
∣∣
∂Q∖Γ1

= 0, l = 0,1, ...,m−1, (1.1)

where M = (−1)m
∑

N
k=1 ∂2m

xk
, ∂Q is the boundary of Q, Γ1 is the part of the boundary

of Q where t = 1 and ∂l
ν stands for the derivative of order l throughout the normal
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vector ν on (∂Q∖Γ1). Here, Lp(Q), 1 < p <+∞, denotes the space of p-integrable
functions on Q with the measure dtdx1...dxN .

If the domain under investigation is a cylinder, the solvability of the correspond-
ing problem is known over the scales of anisotropic Sobolev-Slobodetskii or Hölder
spaces since the mid of the last century. Indeed, classical results on the resolution
of Problem (1.1) can be found in [20] and [21] and in the references therein. Some
recent regularity results are given in [15], [10], [8], [11], [26], [27], [25] and [2].

Besides being interesting in itself, the study of Problem (1.1) is motivated by the
interest of researchers for many mathematical questions related to non-regular do-
mains. During the last decades and since many applied problems lead directly to
boundary-value problems in ”bad” domains, numerous authors studied partial differ-
ential equations in non-smooth domains. Among these which are related to higher
order parabolic equations we can cite Baderko [1], Cherepova [3], Sadallah [29],
Galaktionov [12], Mikhailov [23], [24], Cherfaoui et al. [5], Grimaldi [13] and the
references therein.

The L2-solvability of Problem (1.1) has been investigated in [6] by the domain
decomposition method, see also [16] and [4]. The difficulty with the space Lp, p ̸= 2,
is that this space is not a Hilbert space. So, the domain decomposition method used
in [6] does not seem to be appropriate for our study and cannot be generalized in
this sense. An idea for this extension (to the case Lp, p ∈ (1,∞)) can be found in [8]
and [17], in which the operators sum method was used. This method is interesting
because it may be generalized to Banach spaces instead of Hilbert spaces. For more
details and recent results concerning this method, see [7], [28] and the references
therein.

In this work, we are especially interested in the question of what sufficient con-
ditions, as weak as possible, the dimension N, the exponent p and the type of the
domain Q must verify in order that Problem (1.1) has a solution with optimal regu-
larity, that is a solution u belonging to the anisotropic Sobolev space

H1,2m
0,p (Q) :=

{
u ∈ H1,2m

p (Q) : ∂
l
νu
∣∣
∂Q∖Γ1

= 0, l = 0,1, ...,m−1
}
,

with
H1,2m

p (Q) = {u : ∂tu,∂αu ∈ Lp (Q) , |α| ≤ 2m}
where α = (i1, i2, ..., iN) ∈ NN , |α| = i1 + i2 + ...+ iN and ∂αu = ∂i1

x1
∂i2

x2
...∂iN

xN
u. The

space H1,2m
p (Q) is equipped with the natural norm, that is

∥u∥H1,2m
p (Q)

=

(
∥∂tu∥p

Lp(Q)+ ∑
|α|≤2m

∥∂
αu∥p

Lp(Q)

)1/p

.

The main assumption is
1

2m
< α <

p−1
N

. (1.2)
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The outline of this paper is as follows. In Section 2 we recall the essential of the
sum theory we will have to apply. In Section 3 we perform a change of variables
conserving (modulo a weight) the spaces Lp and H1,2m

p , and transforming Problem
(1.1) into a degenerate parabolic problems in a cylindrical domain. Section 4 is con-
cerned with the application of the sum operators method to the transformed problem.
We can find in the Favini-Yagi book [9] an important study of abstract problems of
parabolic type with degenerated terms in the time derivative. They used the notion of
multi-valued linear operators and constructed fundamental solutions when the right-
hand side has a Hölder regularity with respect to the time. Our approach is based on
the direct use of operators sums in a weighted Lp-Sobolev space. Finally, in Section
5 we give results concerning the transformed problem and we return to our initial
problem by using the inverse change of variables.

Note that this approach may be extended at least in the following directions:
(1) The high order operator M may be replaced by the following constant coeffi-

cient operator:
L = ∑

|δ|=|β|=m
(−1)maδβ∂

δ
∂

β

with aδβ = aβδ and there exists a constant C > 0 such that

aδβξ
δ
ξ

β >C|ξ|2m, ξ ∈ RN .

(2) The function f on the right-hand side of the equation of Problem (1.1), may
be taken in Hölder or little Hölder spaces.

These questions will be developed in forthcoming works.

2. ON THE NON-COMMUTATIVE SUM OF LINEAR OPERATORS

Let Λ be a closed linear operator in a complex Banach space E. Then, Λ is said to
be sectorial if

(i) D(Λ) and Im(Λ) are dense in E,
(ii) ker(Λ) = {0},

(iii) ]−∞,0[⊂ ρ(Λ) (ρ(Λ) is the resolvent set of Λ) and there exists a constant
K ≥ 1 such that ∀t > 0,

∥∥∥t (Λ+ tI)−1
∥∥∥

L(E)
≤ K. If Λ is sectorial it follows

easily that ρ(−Λ) contains an open sector Σϕ := {z ∈ C : z ̸= 0, |argz|< ϕ} ,
with ϕ ∈ ]0,π[ .

Consider two closed linear operators A and B with dense domains D(A) and D(B)
respectively in E. Assume that both operators satisfy the following assumptions of
Da Prato-Grisvard’s type [7].

There exist positive numbers r, CA, CB, θA, θB such that

θA +θB < π, (2.1)

ρ(−A)⊃ Σπ−θA := {z ∈ C : |z| ≥ r, |argz|< π−θA} (2.2)
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and ∀λ ∈ Σπ−θA ,
∥∥∥(A+λI)−1

∥∥∥
L(E)

≤ CA

|λ|
,

ρ(−B)⊃ Σπ−θB := {z ∈ C : |z| ≥ r, |argz|< π−θB} (2.3)

and ∀µ ∈ Σπ−θB ,
∥∥∥(B+µI)−1

∥∥∥
L(E)

≤ CB

|λ|
.

We also assume that there are constants C > 0, λ0 > 0, (with λ0 ∈ ρ(−A)), τ and ρ

such that 
(i)
∥∥∥(A+λ0I)(A+λI)−1

[
(A+λ0I)−1 ;(B+µI)−1

]∥∥∥
L(E)

≤ C

|λ|1−τ . |µ|1+ρ
∀λ ∈ ρ(−A) , ∀µ ∈ ρ(−B) ,

(ii) 0 ≤ τ < ρ ≤ 1.

(2.4)

For more details concerning this last Labbas-Terreni commutator assumption, see
[18], [19].

For any σ ∈ ]0,1[ and 1 ≤ p ≤+∞, let us introduce the real Banach interpolation
spaces DA (σ, p) between D(A) and E (or DB (σ, p) between D(B) and E) which are
characterized (for 1 ≤ p <+∞) by

DA (σ, p) =
{

ξ ∈ E : t 7−→
∥∥∥tσA(A+ tI)−1

ξ

∥∥∥
E
∈ Lp

∗

}
,

where Lp
∗ denotes the space of p-integrable functions on (0,+∞) with the measure

dt/t. For p =+∞,

DA (σ,+∞) =

{
ξ ∈ E : sup

t>0

∥∥∥tσA(A+ tI)−1
ξ

∥∥∥
E
< ∞

}
.

For these spaces, see [14]. Then the main result proved in Labbas-Terreni [18] is

Theorem 1. Under assumptions (2.1), (2.2), (2.3) and (2.4), there exists λ∗ > 0
such that for any λ ≥ λ∗ and for any h ∈ DA (σ, p) , equation

Aw+Bw+λw = h,

has a unique solution w ∈ D(A)∩D(B) with the regularities Aw, Bw ∈ DA (θ, p) and
Aw ∈ DB (θ, p) for any θ verifying θ ≤ min(σ,ρ− τ) .

3. CHANGE OF VARIABLES AND OPERATIONAL SETTING OF THE PROBLEM

3.1. Change of variables

We make the following change of variables and functions

Π : Q −→ G

(t,x1,x2, ...,xN) 7−→ (t,y1,y2, ...,yN) =
(

t,
x1

tα
,
x2

tα
, ...,

xN

tα

)
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where G = ]0,1[×B(0,1) , with B(0,1) is the unit ball of RN centered at the origin.
Set u(t,x1,x2, ...,xN) = v(t,y1,y2, ...,yN) and f (t,x1,x2, ...,xN) = g(t,y1,y2, ...,yN) ,
then Problem (1.1) is transformed, in G, into the following degenerate evolution prob-
lem 

t2mα∂tv+Mv−αt2mα−1
∑

N
k=1 yk∂yk v = t2mαg = h,

v|
Σ0

= 0,
∂l

νv
∣∣
∂G∖(Σ0∪Σ1)

= 0, l = 0,1...,m−1,
(3.1)

where M = ∑
N
k=1 ∂2m

yk
, Σ j, j = 0, 1 is the part of the boundary of G where t = j. It is

easy to see that f ∈ Lp (Q) if and only if tNα/pg ∈ Lp (G) . Indeed,

f ∈ Lp (Q)⇔
∫ 1

0

∫
Ωt

| f (t,x1, ...,xN)|p dt dx1...dxN <+∞

⇔
∫ 1

0

∫
B(0,1)

∣∣∣tNα/pg(t,y1, ...,yN)
∣∣∣p dt dy1...dyN <+∞

⇔ tNα/pg ∈ Lp (G) .

Consequently, f ∈ Lp (Q) if and only if t−2mα+(Nα/p)h ∈ Lp (G) which implies that
h ∈ Lp (G) , since h =

(
t−2mα+(Nα/p)h

)
t2mα−(Nα/p) and 2mα− (Nα/p) > 0. Then,

the function h = t2mαg lies in the closed subspace of Lp (G) defined by

E =
{

h ∈ Lp (0,1;Lp (B(0,1))) : t−2mα+(Nα/p)h ∈ Lp (0,1;Lp (B(0,1)))
}
.

This space is equipped with the norm ∥h∥E =
∥∥t−2mα+(Nα/p)h

∥∥
Lp(0,1;Lp(B(0,1))) .

3.2. Operational formulation of Problem (3.1)

Recall that α > 1/2m and assume

p > 1+Nα. (3.2)

Set X = Lp (B(0,1)) and define the functions

v : [0,1]−→ X ; t 7−→ v(t) ; v(t)(y1,y2, ...,yN) = v(t,y1,y2, ...,yN) ,
h : [0,1]−→ X ; t 7−→ h(t) ; h(t)(y1,y2, ...,yN) = h(t,y1,y2, ...,yN) .

Consider the family of operators (L(t))t∈[0,1] defined by
D(L(t)) =

{
ψ ∈W 2m,p (B(0,1)) : ∂l

νψ
∣∣
∂B(0,1) = 0, l = 1, ...,m−1

}
,

(L(t)ψ) = Mψ−αt2mα−1
∑

N
k=1 yk∂yk ψ for a.e. t ∈ (0,1) ,
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then Problem (3.1) is equivalent to the following operational degenerate Cauchy
problem in X {

t2mαv′ (t)+L(t)v(t) = h(t) , t ∈ (0,1) ,
v(0) = 0.

(3.3)

Observe that D(L(t)) = X . Setw(t) = eλ
t1−2mα

1−2mα v(t)

k (t) = eλ
t1−2mα

1−2mα h(t) ,

where λ is some positive number. Then, w verifies{
t2mαw′ (t)+L(t)w(t)+λw(t) = k (t) , t ∈ (0,1) ,
w(0) = 0,

where k belongs to the space

E =
{

h ∈ Lp (0,1;X) : t−2mα+(Nα/p)h ∈ Lp (0,1;X)
}
.

We obtain then the new operational form of the previous problem, mainly

Aw+Bw+λw = k,

where

(Aw)(t) = L(t)w(t) , t ∈ [0,1] ,

with domain

D(A) =
{

w ∈ E : t−2mα+(Nα/p)w ∈ Lp (0,1;W 2m,p (B(0,1))∩W m,p
0 (B(0,1))

)}
and

(Bw)(t) = t2mα (t)w′ (t) , t ∈ [0,1] ,

with domain

D(B) =
{

w ∈ E : t(Nα/p)w′ ∈ Lp (0,1;X) and w(0) = 0
}
.

Note that the trace w(0) is well defined in D(B) . In fact, we have

tNα/pw ∈ Lp (0,1;X) , tNα/pw′ ∈ Lp (0,1;X) ,

and in virtue of (3.2) (Nα/p) + (1/p) < 1. Then, w is continuous on [0,1] , (see
[31, Lemma, p. 42]).
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4. APPLICATION OF THE SUMS

Now we are in position to apply the result of the sums of operators. For this
purpose, we must verify the assumptions of Theorem 1. The spectral properties of A
and B are as follows.

Proposition 1. A and B are linear closed operators and their domains are dense
in E. Moreover, they satisfy assumptions (2.1), (2.2) and (2.3).

Proof. 1. Let us study the spectral equation related to the operator B

Bw+ zw = k.

Fix some positive µ0 and let z such that Re z ≥ µ0. Then the general solution of the
problem {

t2mαw′ (t)+ zw(t) = k (t) , t ∈ [0,1] ,
w(0) = 0,

is given by

w(t) = d exp
(

z
∫ 1

t

ds
s2mα

)
+

∫ t

0

(
k (σ)
σ2mα

exp
(
−z

∫ t

σ

ds
s2mα

))
dσ,

where d is an arbitrary constant. The hypothesis p > 1+Nα implies that the function

t 7→ t−2mα+(Nα/p) exp
(

z
∫ 1

t

ds
s2mα

)
does not belong to Lp (B(0,1)) . So, we will take d = 0 to obtain w∈E. Consequently

w(t) =
(
(B+ zI)−1 k

)
(t)

=
∫ t

0

(
k (σ)
σ2mα

exp
(
−z

∫ t
σ

ds
s2mα

))
dσ

= exp
(

z
(2mα−1)t2mα−1

)∫ t
0

k (σ)
σ2mα

exp
(

−z
(2mα−1)σ2mα−1

)
dσ

Let us check that this formula is well defined on [0,1] and gives w(0) = 0. Set µ =
z

(2mα−1) , then

∥w(t)∥ ≤ exp
(

Re µ
t2mα−1

)∫ t
0

∥∥σ−2mα+(Nα/p)k (σ)
∥∥σ−Nα/p exp

(
−Re µ
σ2mα−1

)
dσ

≤
(∫ t

0

∥∥∥σ
−2mα+(Nα/p)k (σ)

∥∥∥p
dσ

)1/p(∫ t

0
σ
−qNα/pdσ

)1/q

≤ ( 1
1−(qNα)/p)

1
q t(1/q)−(Nα/p) ∥k∥E

where (1/p)+(1/q) = 1. Hence w(t) is defined and w(0) = 0 since

1
q
− Nα

p
= 1− 1

p
− Nα

p
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means p > 1+Nα. On the other hand we can write

t−2mα+(Nα/p)w(t)

=
∫ t

0

(
k (σ)

t2mα−(Nα/p)σ2mα
expµ

(
t−2mα+1 −σ

−2mα+1))dσ

=
∫ t

0

(
k (σ)

σ2mα−(Nα/p)

(
1

t2mα−(Nα/p)σNα/p
expµ

(
t−2mα+1 −σ

−2mα+1)))dσ.

Putting

Kµ (t,σ) =

{ 1
t2mα−(Nα/p)σNα/p

expµ
(
t−2mα+1 −σ−2mα+1

)
if t > σ,

0 if t < σ,

we deduce that

t−2mα+(Nα/p)w(t) =
∫ 1

0

k (σ)
σ2mα−(Nα/p)

Kµ (t,σ)dσ.

We need the following classical interpolation result, the so-called Schur’s Lemma.

Lemma 1. If there exists a constant C such that

a)
∣∣∣∫ 1

0 Kµ (t,σ)dσ

∣∣∣≤C for every t ∈ ]0,1[ ,

b)
∣∣∣∫ 1

0 Kµ (t,σ)dt
∣∣∣≤C for every σ ∈ ]0,1[ ,

then ∥∥∥t−2mα+(Nα/p)w
∥∥∥

Lp(0,1;X)
≤C

∥∥∥t−2mα+(Nα/p)k
∥∥∥

Lp(0,1;X)
.

Now, we have to check that the conditions a) and b) are satisfied.
Condition a)
We have∫ 1

0

∣∣Kµ (t,σ)
∣∣dσ = 1

t2mα−(Nα/p) exp
(
t−2mα+1.Re µ

)∫ t

0

exp
(
−σ−2mα+1.Re µ

)
σNα/p dσ

≤ 1
2mα−1 exp

(
t−2mα+1.Re µ

)∫ +∞

t−2mα+1
exp(−s.Re µ)ds

≤ 1
Re z .

Consequently

max
t∈[0,1]

∫ 1

0

∣∣Kµ (t,σ)
∣∣dσ ≤ 1

Re z
. (4.1)

This shows that the condition a) of Lemma 1 holds true.
Condition b)
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We have

∫ 1

0

∣∣Kµ (t,σ)
∣∣dt = 1

σ
Nα
p

exp
(
−σ−2mα+1.Re µ

)∫ 1

σ

exp
(
t−2mα+1.Re µ

)
t2mα−(Nα/p)

dt

= 1
2mα−1

exp(−σ−2mα+1.Re µ)

σ
Nα
p

∫
σ−2mα+1

1

1

s
Nα

p(2mα−1)
exp(s.Re µ)ds,

and

∫
σ−2mα+1

1

1

s
Nα

p(2mα−1)
exp(s.Re µ)ds =

∫ 1+σ−2mα+1
2

1

1

s
Nα

p(2mα−1)
exp(s.Re µ)ds

+
∫

σ−2mα+1

1+σ−2mα+1
2

1

s
Nα

p(2mα−1)
exp(s.Re µ)ds

≤
∫ 1+σ−2mα+1

2

1
exp(s.Re µ)ds

+ 1

( 1+σ−2mα+1
2 )

Nα

p(2mα−1)

∫
σ−2mα+1

1+σ−2mα+1
2

exp(s.Re µ)ds,

= I1 + I2.

Then

I1 ≤ 1
Re µ [exp(Re µ (1+σ−2mα+1)

2 )− exp(Re µ)]

≤ 1
Re µ exp(Re µ (1+σ−2mα+1)

2 ),

and

1
2mα−1

exp(−σ−2mα+1.Re µ)

σ
Nα
p

I1 ≤ 1
Re z

exp(−(σ−2mα+1−1)
2 .Re µ)

σ
Nα
p

≤ 1
Re z

exp(−(σ−2mα+1−1)
2 .µ0)

σ
Nα
p

≤ C1(α,p)
Re z ,

since the function

σ 7→
exp(−(σ−2mα+1−1)

2 .µ0)

σ
Nα

p
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is continuous on [0,1]. Moreover

1
2mα−1

exp(−σ−2mα+1.Re µ)

σ
Nα
p

I2 ≤ 1
2mα−1

exp(−σ−2mα+1.Re µ)

σ
Nα
p ( 1+σ−2mα+1

2 )
Nα

p(2mα−1)

∫
σ−2mα+1

1+σ−2mα+1
2

exp(s.Re µ)ds

≤ 1
Re z

C2(α,p)

σ
Nα
p ( 1+σ−2mα+1

2 )
Nα

p(2mα−1)

≤ C3(α,p)
Re z

in virtue of the fact that

lim
σ→0

1

σ
Nα

p (1+σ−2mα+1)
Nα

p(2mα−1)
= 1.

Consequently, there exists some constant C(α, p)> 0 such that

max
σ∈[0,1]

∫ 1

0
|Kz (t,σ)|dt ≤ C(α, p)

Re z
. (4.2)

This shows that the condition b) of Lemma 1 holds also true. Now, using Lemma 1
together with (4.1) and (4.2), we obtain∥∥∥t−2mα+(Nα/p)w

∥∥∥
Lp(0,1;X)

≤ C(α, p)
Re z

∥∥∥t−2mα+(Nα/p)k
∥∥∥

Lp(0,1;X)
,

from which it follows ∥∥∥(B+ zI)−1
∥∥∥

L(E)
≤ C(α, p)

Re z
.

Thus, we can take θB = π

2 −θ0, (for each θ0 ∈
]
0, π

2

[
).

2. Now, we are concerned with the operator A which has the same properties as
its realization L(t) . The study uses the following perturbation result due to Lunardi
([22, Proposition 2.4.3, p. 65]).

Proposition 2. Let L0 be a linear operator of domain D(L0) dense in E. Assume
that L0 is sectorial and P a linear continuous operator on D(L0) which is compact.
Then operator L0 +P : D(L0)→ X is sectorial.

For each t ∈ [0,1] , we write

L(t)ψ = L0ψ+P(t)ψ

with
D(L0) =

{
ψ ∈W 2m,p (B(0,1)) : ∂l

νψ
∣∣
∂B(0,1) = 0, l = 0,1, ...,m−1

}
L0ψ = Mψ = ∑

N
k=1 ∂2m

yk
ψ
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and  D(P(t)) = W 1,p (B(0,1))

P(t)ψ = −αt2mα−1
∑

N
k=1 yk∂yk ψ,

It is well known that D(L0) = Lp (B(0,1)) . The fact that L0 is sectorial can be proved
as in [8, Lemma 5.2 and Lemma 5.3 , pp. 18-19]. Observe that

ψ
(l)(y) =

∫ y

0
(−sψ

(l+1)(s))ds+
∫ 1

y
(1− s)ψ(l+1)(s)ds−

∫ 1

0
ψ
(l)(s)ds,

l = 1,2, ...,2m−1, where ψ(l) denotes the derivative of order l of ψ. Thanks to Hölder
inequality, for ψ ∈ D(L0)⊂ D(P(t)) and by using the previous equality we have

∥P(t)ψ∥Lp(B(0,1))

=
(∫

B(0,1)
∣∣−αt2mα−1

∑
N
k=1 yk∂yk ψ(y1,y2, ...,yN)

∣∣p dy1dy2...dyN

) 1
p

≤ ∑
N
k=1

(∫
B(0,1)

∣∣∣−αt2mα−1yk(
∫ yk

0 sk∂2
sk

ψdsk +
∫ 1

yk
(1− sk)∂

2
sk

ψdsk)
∣∣∣p dy1...dyN

) 1
p

≤ αt2mα−1
[
C1 (p)∥Mψ∥Lp(B(0,1))+C2 (p)∥Mψ∥Lp(B(0,1))

]
≤ C3 (α, p)∥ψ∥D(L0)

.

On the other hand, let us set

mk (t) : Lp (B(0,1)) → Lp (B(0,1))
ψ 7→ (mk (t)ψ) =−αt2mα−1ykψ, k = 1, ...,N,

i : W 1,p (B(0,1)) → Lp (B(0,1))
ψ 7→ ψ,

dk : W 2m,p (B(0,1)) → W 1,p (B(0,1))
ψ 7→ dk (ψ) = ∂yk ψ, k = 1, ...,N.

Then one has

P(t) =
N

∑
k=1

Pk(t) =
N

∑
k=1

mk (t)◦ i◦dk.

Thus, P(t) is compact from D(L0) into E since i is compact and dk, mk (t) ,k = 1, ...,N
are continuous. So for any t ∈ [0,1] , the operator L(t) is sectorial and consequently
there exist some r0 > 0 and θ1 ∈

]
0, π

2

[
such that

ρ(−L(t))⊃ Σπ−θ1 = {z : |z| ≥ r0, |argz|< π−θ1} .
Now, for k ∈ E and z ∈ Σπ−θ1 the spectral equation

Aw+ zw = k,

is equivalent to
L(t)w(t)+ zw(t) = k (t) , t ∈ [0,1] ,
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which admits a unique solution

w(t) = (L(t)+ zI)−1 k (t) .

Hence

∥w(t)∥Lp(B(0,1)) ≤
K
|z|

∥k (t)∥Lp(B(0,1)) ,

which implies

∥w∥E =

(∫ 1

0

∥∥∥t−2mα+(Nα/p)w(t)
∥∥∥p

X
dτ

)1/p

≤ K
|z|

∥k∥E .

This ends the proof of Proposition 1. □

Proposition 3. Operators A and B satisfy the Labbas-Terreni condition (2.4).

Proof. In our case, since the domains D(L(t)) are constant, the condition (2.4)
holds whenever the following so-called estimate of Sobolevskii [30] is fulfilled: There
exists K > 0 such that for all t,σ ∈ [0,1],∥∥(L(t)L(σ)−1 − I)

∥∥
L(X)

≤ K |t −σ|ρ (4.3)

For g ∈ X = Lp(B(0,1)), the equation ψ = L(σ)−1g is equivalent to
(L(t)ψ)(y) = Mψ−αt2mα−1

∑
N
k=1 yk∂yk ψ(y) = g(y),

∂l
νψ
∣∣
∂B(0,1) = 0, l = 0,1, ...,m−1,

and

[(L(t)−L(σ))L(σ)−1g](y) = α(σ2mα−1 − t2mα−1)
N

∑
k=1

yk∂yk ψ(y).

where y = (y1,y2, ...,yN) . Then, we get∥∥[(L(t)−L(σ))L(σ)−1g]
∥∥

X ≤ α
∣∣t2mα−1 −σ2mα−1

∣∣∥∥∑
N
k=1 yk∂yk ψ

∥∥
X

≤ M1 |t −σ|min(1,2mα−1) ∥Mψ∥Lp(B(0,1))

≤ M2 |t −σ|min(1,2mα−1) ∥ψ∥W 2m,p(B(0,1))

≤ K |t −σ|min(1,2mα−1) ∥g∥Lp(B(0,1)) .

So, the condition (4.3) is satisfied with ρ = min(1,2mα−1) . To prove (2.4), it is
sufficient to estimate ∥∥∥A(A+λ)−1

[
A−1;(B+ z)−1

]∥∥∥
L(E)
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where λ ∈ ρ(−A) and z ∈ ρ(−B) . Let k ∈ E, then

D =
(

t−2mα+(Nα/p)A(A+λ)−1
[
A−1;(B+ z)−1

]
k
)
(t)

= t−2mα+(Nα/p)(A(A+λ)−1
(

A−1 (B+ z)−1 − (B+ z)−1 A−1
)

k)(t)

= t−2mα+(Nα/p)L(t)(L(t)+λ)−1

×
[
L(t)−1

(
(B+ z)−1 k

)
(t)−

(
(B+ z)−1 L(t)−1 k

)
(t)
]

= L(t)(L(t)+λ)−1 ∫ 1
0 σ−2mα+(Nα/p)Kµ (t,σ)

(
L(t)−1 −L(σ)−1

)
k (σ)dσ

=
∫ 1

0 σ−2mα+(Nα/p)Kµ (t,σ)L(t)(L(t)+λ)−1
(

L(t)−1 −L(σ)−1
)

k (σ)dσ

=
∫ 1

0 σ−2mα+(Nα/p)Kµ (t,σ)(L(t)+λ)−1
(

I −L(t)L(σ)−1
)

k (σ)dσ

since the domains D(L(t)) are constant, where (we recall)

Kµ (t,σ) =


1

t2mα−(Nα/p)σNα/p
expµ

(
t−2mα+1 −σ−2mα+1

)
if t > σ,

0 if t < σ,

with µ = z
(2mα−1) . Then

∥D∥X ≤ K
|λ|

∫ 1
0

∣∣Kµ (t,σ)
∣∣ |t −σ|ρ σ−2mα+(Nα/p) ∥k (σ)∥X dσ,

with ρ = min(1,2mα−1) . We have∫ 1
0

∣∣Kµ (t,σ)
∣∣ |t −σ|ρ dσ =

1
t2mα−(Nα/p)

exp
(
t−2mα+1.Re µ

)
×
∫ t

0 σ−Nα/p (t −σ)ρ exp
(
−σ−2mα+1.Re µ

)
dσ.

Then by Hölder inequality, one has∫ t
0 σ−Nα/p (t −σ)ρ exp

(
−σ−2mα+1.Re µ

)
dσ

≤
(∫ t

0 σ−Nα/p exp
(
−σ−2mα+1.Re µ

)
dσ
)1−ρ

×
(∫ t

0 σ−Nα/p (t −σ)exp
(
−σ−2mα+1.Re µ

)
dσ
)ρ

and
J1 =

(∫ t
0 σ2mα−(Nα/p)σ−2mα exp

(
−σ−2mα+1.Re µ

)
dσ
)1−ρ

≤ (t2mα−(Nα/p))
1−ρ

(2mα−1)1−ρ

1

(Re µ)1−ρ

(
exp
(
−t−2mα+1.Re µ

))1−ρ

J2 =
(∫ t

0 σ2mα−(Nα/p)σ−2mα (t −σ)exp
(
−σ−2mα+1.Re µ

)
dσ
)ρ

≤ (t2mα−(Nα/p))
ρ

(2mα−1)ρ

1
(Re µ)ρ

(∫ t
0 (t −σ)χ′ (σ)dσ

)ρ
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where χ(σ) = exp
(
−σ−2mα+1.Re µ

)
. Using an integration by parts, we obtain∫ t

0 (t −σ)χ′ (σ)dσ =
∫ t

0 exp
(
−σ−2mα+1.Re µ

)
dσ

=
∫ t

0 σ2mασ−2mα exp
(
−σ−2mα+1.Re µ

)
dσ

≤ t2mα

2mα−1
1

Re µ
exp
(
−t−2mα+1.Re µ

)
from which we deduce that

J2 ≤
(t2mα−(Nα/p)ρ

(2mα−1)ρ

1
(Re µ)ρ

(t2mα)ρ

(2mα−1)ρ

1
(Re µ)ρ (exp

(
−t−2mα+1.Re µ

)
)ρ.

Finally we have∫ 1
0

∣∣Kµ (t,σ)
∣∣ |t −σ|ρ dσ

≤ exp(t−2mα+1.Re µ)
t2mα−(Nα/p)

(t2mα−(Nα/p))
1−ρ

(2mα−1)1−ρ

(exp(−t−2mα+1.Re µ))
1−ρ

(Reµ)1−ρ

×(t2mα−(Nα/p))
ρ

(2mα−1)ρ

1
(Re µ)ρ

ρ

(2mα−1)ρ

1
(Re µ)ρ [exp

(
−t−2mα+1Re .µ

)
]ρ

≤ (t2mα)ρ

(2mα−1)1+ρ

1
(Re µ)1+ρ ,

and

max
t∈[0,1]

∫ 1

0

∣∣Kµ (t,σ)
∣∣ |t −σ|ρ dσ ≤ C

(Re µ)1+ρ
. (4.4)

In a similar manner we obtain

max
σ∈[0,1]

∫ 1

0

∣∣Kµ (t,σ)
∣∣ |t −σ|ρ dt ≤ C

(Re µ)1+ρ
. (4.5)

Now, using Schur interpolation Lemma together with (4.4) and (4.5), we obtain∥∥∥A(A+λ)−1
[
A−1;(B+ z)−1

]∥∥∥
L(E)

≤ C

|λ|(Reµ)1+ρ
=

C

|λ|(Re z)1+ρ

which implies ∥∥∥A(A+λ)−1
[
A−1;(B+ z)−1

]∥∥∥
L(E)

≤ C

|λ| |z|1+ρ

for any λ ∈ ρ(−A) and any z belonging to a simple path γ joining ∞e−iθ2 to ∞eiθ2

for some θ2 ∈]π−θB,θ1[, γ lies to Σπ−θ1 ∩Σπ−θB . Then (2.4) is verified with (τ,ρ) =
(0,min(1,2mα−1)) . □
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5. REGULARITY RESULTS FOR THE ORIGINAL PROBLEM

5.1. Regularity results for the transformed problem (3.1)

Using Theorem 1, we deduce the following result

Proposition 4. There exists λ∗ such that for all λ ≥ λ∗ and for all k ∈ DA (σ, p)
(respectively, k ∈ DB (σ, p)), Problem (3.2) admits a unique solution w ∈ D(A)∩
D(B) such that for all θ ≤ min(σ,2mα−1)

i) L(.)w ∈ DA (θ, p) ,
ii) tαw′ ∈ DA (θ, p) ,

iii) L(.)w ∈ DB (θ, p)
(respectively,

i) L(.)w ∈ DB (θ, p) ,
ii) tαw′ ∈ DB (θ, p) ,

iii) L(.)w ∈ DA (θ, p)).

Now, let us specify the space DA (σ, p) . One has

DA (σ, p) =
{

w ∈ E : t−2mα+(Nα/p)w ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
, ∂l

νw
∣∣
∂B(0,1) = 0

}
where l = 0,1, ...,m−1; if 2mσ > 1/p,{

w ∈ E : t−2mα+(Nα/p)w ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)}
if 2mσ < 1/p.

Indeed, we know that

DA (σ, p) =
{

w ∈ E :
∥∥∥ζ

1−σAe−ζAw
∥∥∥

E
∈ Lp

∗

}
,

because (−A) is a generator of the analytic semigroup
{

e−ζA
}

ζ≥0
. Now, w∈DA (σ, p)

implies ∥∥∥ζ
1−σAe−ζAw

∥∥∥
E
∈ Lp

∗ .

Or
∥∥∥ζ1−σAe−ζAw

∥∥∥
E
∈ Lp

∗ is equivalent to

∫
∞

0

∥∥∥ζ1−σAe−ζAw
∥∥∥p

E

dζ

ζ

=
∫

∞

0

∥∥∥t−2mα+(Nα/p)ζ1−σAe−ζAw
∥∥∥p

Lp(0,1;Lp(B(0,1)))

dζ

ζ

=
∫

∞

0

(∫ 1
0

∥∥∥t−2mα+(Nα/p)ζ1−σ

(
Ae−ζAw

)
(t)
∥∥∥p

Lp(B(0,1))
dt
)

dζ

ζ
<+∞.



226 AREZKI KHELOUFI AND ABDERRAHMANE IKASSOULENE

On the other hand, thanks to the Dunford representation of the semigroup
{

e−ζA
}

ζ≥0
,

we have

e−ζA =
1

2iπ

∫
γ

eζλ (A+λI)−1 dλ,

where γ is a sectorial curve lying in ρ(−A) such that Re(−λ)< 0 for a larger λ ∈ γ.
Moreover (

Ae−ζAw
)
(t) = L(t)eζL(t) (w(t)) .

Then, by Fubini’s Theorem, we obtain

∫
∞

0

∥∥∥ζ1−σAe−ζAw
∥∥∥p

E

dζ

ζ

=
∫

∞

0

[∫ 1
0

∥∥∥t−2mα+(Nα/p)ζ1−σL(t)eζL(t) (w(t))
∥∥∥p

Lp(B(0,1))
dt
]

dζ

ζ

=
∫ 1

0

∥∥t−2mα+(Nα/p)
∥∥p
[∫

∞

0

∥∥∥ζ1−σL(t)eζL(t)w(t)
∥∥∥p

Lp(B(0,1))

dζ

ζ

]
dt <+∞,

which means that, for almost every t, the function

(y1,y2, ...,yN) 7→ t−2mα+(Nα/p)(t)w(t)(y1,y2, ...,yN)

is in DL(t) (σ, p) . It is well known that this last space is the following:

DL(t) (σ, p) =
(
W 2m,p (B(0,1))∩W m,p

0 (B(0,1)) ;Lp (B(0,1))
)

1−σ,p

and (
W 2m,p (B(0,1))∩W 2,p

0 (B(0,1)) ;Lp (B(0,1))
)

1−σ,p

=


{

w ∈W 2mσ,p (B(0,1)) : ∂l
νw
∣∣
∂B(0,1) = 0, l = 0,1, ...,m−1

}
if 2mσ > 1/p,

W 2mσ,p (B(0,1)) if 2mσ < 1/p.

Let σ be a fixed positive number satisfying σ < 1/2mp and σ ≤ 2mα−1. From the
above proposition, we deduce the following result.

Proposition 5. For all h such that t−2mα+(Nα/p)h ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
,

Problem (3.3) admits a unique solution fulfilling the following regularity properties:
(i) w ∈ Lp (]0,1[×B(0,1)) , t−2mα+(Nα/p)w ∈ Lp (]0,1[×B(0,1)) , w(0) = 0,

(ii) t−2mα+(Nα/p)Mw ∈ Lp (]0,1[×B(0,1)) ,
(iii) tNα/p∂tw ∈ Lp (]0,1[×B(0,1)) ,
(iv) t−2mα+(Nα/p)Mw ∈ Lp

(
0,1;W 2mσ,p (B(0,1))

)
,

(v) tNα/p∂tw ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
.
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5.2. Going back to the original problem (1.1)

We go back to our original domain Q by using the inverse change of variables

Π−1 : G =]0,1[×B(0,1) −→ Q
(t,y1,y2, ...,yN) 7−→ (t,x1,x2, ...,xN) = (t, tαy1, tαy2, ..., tαyN) .

Let us recall that  h(t,y1,y2, ...,yN) = t2mαg(t,y1,y2, ...,yN)
g(t,y1,y2, ...,yN) = f (t,x1,x2, ...,xN) ,
w(t,y1,y2, ...,yN) = u(t,x1,x2, ...,xN) .

First, we see that 
∂yk w = tα∂xk u, k = 1,2, ...,N,
∂2m

yk
w = t2mα∂2m

xk
u, k = 1,2, ...,N,

∂tw = ∂tu+(α/t)∑
N
k=1 xk∂xk u.

The assumption t−2mα+(Nα/p)h ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
means that∫ 1

0

∥∥∥t−2mα+(Nα/p)(t)h(t, .)
∥∥∥p

W 2mσ(B(0,1))
dt < ∞.

So, by setting

y = (y1,y2, ...,yN) , y′ =
(
y′1,y

′
2, ...,y

′
N
)
, dy = dy1...dyN , dy′ = dy′1...dy′N ,

we have∫ 1
0

∥∥t−2mα+(Nα/p)(t)h(t, .)
∥∥p

W 2mσ(B(0,1)) dt

=
∫ 1

0 tNα−2mαp ∫
B(0,1)

∫
B(0,1)

|h(t,y)−h(t,y′)|p

∥y− y′∥2mσp+N dydy′dt

=
∫ 1

0 t2mσαp ∫
Ωt

∫
Ωt

| f (t,x)− f (t,x′)|p

∥x− x′∥2mσp+N dxdx′dt,

where

x = (tαy1, tαy2, ..., tαyN) , x′ =
(
tαy′1, t

αy′2, ..., t
αy′N
)
, dx = dx1...dxN , dx′ = dx′1...dx′N

and

Ωt =

{
(x1,x2, ...,xN) ∈ RN : 0 ≤

√
x2

1 + x2
2 + ...+ x2

N < tα

}
.

Let us introduce the following subspace of Lp (Q) :

Lp
t2mσα

(
0,1;W 2mσ,p

tα

)
={

f ∈ Lp (Q) :
∫ 1

0
t2mασp

∫
Ωt

∫
Ωt

| f (t,x)− f (t,x′)|p

∥x− x′∥2mσp+N dxdx′dt < ∞

}
.
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Then, we are in position to prove the main result of this work.

Theorem 2. For given σ ∈ ]0,1[ such that 0 < σ <
1

2mp
(such that p verifies

(1.2)), and for any f ∈ Lp
t2mασ

(
0,1;W 2mσ,p

tα

)
, Problem (1.1) has a unique solution

u ∈ H1,2m
p (Q) with the regularities: u, ∂tu, ∂xk u, k = 1, ...,N and Mu belong to

Lp
t2mασ

(
0,1;W 2mσ,p

tα

)
.

The proof of Theorem 2 can be easily deduced from the following equivalences.

Proposition 6.

(i) t−2mα+(Nα/p)h ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
if and only if

f ∈ Lp
t2mασ

(
0,1;W 2mσ,p

tα

)
,

(ii) t−2mα+(Nα/p)w ∈ Lp (0,1;Lp (B(0,1))) if and only if u ∈ Lp (Q) ,

(iii) t−2mα+(Nα/p)Mw ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
if and only if

Mu ∈ Lp
t2mασ

(
0,1;W 2mσ,p

tα

)
,

(iv) tNα/p∂tw ∈ Lp
(
0,1;W 2mσ,p (B(0,1))

)
if and only if

∂tu ∈ Lp
t2mασ

(
0,1;W 2σ,p

tα

)
.
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