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Abstract. This paper is devoted to the analysis of the following linear 2m-th order parabolic
equation dyu+(—1)" Y, a,%;"u = f, subject to Dirichlet type condition d,u=0,1=0,1,...,m—
1, on the lateral boundary, where m is a positive integer. The right-hand side f of the equation
is taken in the Lebesgue space L”, 1 < p < +oo. The problem is set in a domain of the form

0= {(l,xl,...,xN) ERNL0< |/ +..+a% < z“} with o0 > 1/2m.
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1. INTRODUCTION
Let Q be an open set of RV*! defined by
0= {(t,xl,xz,...,xN) e RVFL. (x1,%2,...,xn) € Q,0 <t < 1}

where for a fixed # in the interval |0, 1[, €, is a bounded domain of RN N > 1, defined
by

Qt = {(x17x25"~)xN) GRN N 0 S x%+x%++x12v <t0€}

with o > 1/2m and m belongs to the set of all nonzero natural numbers N*. In Q,
consider the boundary value problem

{ ou+Mu = fe€
1) _
avu‘ag\rl = 0,1

=~

(1.1)

7(0),

0,1,....m—1,
where M = (—1)" ZQ’:] 8)262", 0Q is the boundary of Q, I is the part of the boundary
of Q where t = 1 and 9/, stands for the derivative of order / throughout the normal
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vector v on (dQ \I'1). Here, LP(Q), 1 < p < +eo, denotes the space of p-integrable
functions on Q with the measure dtdx;...dxy.

If the domain under investigation is a cylinder, the solvability of the correspond-
ing problem is known over the scales of anisotropic Sobolev-Slobodetskii or Holder
spaces since the mid of the last century. Indeed, classical results on the resolution
of Problem (1.1) can be found in [20] and [21] and in the references therein. Some
recent regularity results are given in [15], [10], [8], [1 1], [26], [27], [25] and [2].

Besides being interesting in itself, the study of Problem (1.1) is motivated by the
interest of researchers for many mathematical questions related to non-regular do-
mains. During the last decades and since many applied problems lead directly to
boundary-value problems in ’bad” domains, numerous authors studied partial differ-
ential equations in non-smooth domains. Among these which are related to higher
order parabolic equations we can cite Baderko [1], Cherepova [3], Sadallah [29],
Galaktionov [12], Mikhailov [23], [24], Cherfaoui et al. [5], Grimaldi [13] and the
references therein.

The L?-solvability of Problem (1.1) has been investigated in [6] by the domain
decomposition method, see also [16] and [4]. The difficulty with the space L?, p # 2,
is that this space is not a Hilbert space. So, the domain decomposition method used
in [6] does not seem to be appropriate for our study and cannot be generalized in
this sense. An idea for this extension (to the case L”, p € (1,00)) can be found in [8]
and [17], in which the operators sum method was used. This method is interesting
because it may be generalized to Banach spaces instead of Hilbert spaces. For more
details and recent results concerning this method, see [7], [28] and the references
therein.

In this work, we are especially interested in the question of what sufficient con-
ditions, as weak as possible, the dimension N, the exponent p and the type of the
domain Q must verify in order that Problem (1.1) has a solution with optimal regu-
larity, that is a solution u belonging to the anisotropic Sobolev space

2
H&’pm (Q) == {u € H;Qm(Q) : ai,u‘aQ\rl =0,1=0,1,....m— 1},
with
Hy?"(Q) = {u: 0u,0%u € L7 (Q) |0l < 2m}
where o0 = (i1, i, ...,iy) € NV, |ot| =iy + iz + ... + iy and 0% = 0} 92 ...0N u. The

space H,ﬁ’zm (Q) is equipped with the natural norm, that is

1/p
H”HH;Q'"(Q) = <||atu||€p(g)+ Z ||aa”||€p(Q)> .

lo|<2m
The main assumption is

1
— << —. (1.2)
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The outline of this paper is as follows. In Section 2 we recall the essential of the
sum theory we will have to apply. In Section 3 we perform a change of variables
conserving (modulo a weight) the spaces L” and H;’zm, and transforming Problem
(1.1) into a degenerate parabolic problems in a cylindrical domain. Section 4 is con-
cerned with the application of the sum operators method to the transformed problem.
We can find in the Favini-Yagi book [9] an important study of abstract problems of
parabolic type with degenerated terms in the time derivative. They used the notion of
multi-valued linear operators and constructed fundamental solutions when the right-
hand side has a Holder regularity with respect to the time. Our approach is based on
the direct use of operators sums in a weighted LP-Sobolev space. Finally, in Section
5 we give results concerning the transformed problem and we return to our initial
problem by using the inverse change of variables.

Note that this approach may be extended at least in the following directions:

(1) The high order operator M may be replaced by the following constant coeffi-
cient operator:
L= Y (—1)"asa°P
|8|=|Bl|=m
with agg = aps and there exists a constant C > 0 such that

aspEEP > ClE|*™, & e RY.
(2) The function f on the right-hand side of the equation of Problem (1.1), may
be taken in Holder or little Holder spaces.
These questions will be developed in forthcoming works.

2. ON THE NON-COMMUTATIVE SUM OF LINEAR OPERATORS

Let A be a closed linear operator in a complex Banach space E. Then, A is said to
be sectorial if
(i) D(A) and Im(A) are dense in E,
(ii) ker(A)={0},
(iii) | —o,0[C p(A) (p(A) is the resolvent set of A) and there exists a constant
K > 1 such that Vr > 0, ‘t (A41tD)7! HL(E) < K. If A is sectorial it follows

easily that p (—A) contains an open sector £y := {z € C: 2z # 0, |argz| < ¢},
with ¢ € ]0,m[.
Consider two closed linear operators A and B with dense domains D(A) and D(B)
respectively in E. Assume that both operators satisfy the following assumptions of
Da Prato-Grisvard’s type [7].
There exist positive numbers r, C4, Cp, 04, 0 such that

04+0p <m, 2.1
P(—A) DEn g, :={z€C:z] >rlargz] <m—04} (2.2)
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_ Cy
dVA € Tag,, (A2 <
an € Ln—6,, ( + ) L(E)ipx,"
P(—B) DEn g, :={z€C:|z] >r|argzl <m—065}  (2.3)
_ C
and Vu € Xr_g,, ||(B+ul) ‘ !7f|

We also assume that there are constants C > 0, Ao > 0, (with Ay € p(—A)), T and p
such that

i) H(A+MI)(A+M)‘1 [(A—H»ol) S (B4ul)” }H

2.4

SWVKGP(_ ), Yuep(—B), (2.4)
(ii)0<t<p<l.

For more details concerning this last Labbas-Terreni commutator assumption, see

(18], [19].
For any 6 € ]0,1[ and 1 < p < +o, let us introduce the real Banach interpolation

spaces Dy (G, p) between D (A) and E (or Dg (0, p) between D (B) and E) which are
characterized (for 1 < p < 40) by

DA(G,p):{éeE:lW—)

CAA+) g err},

where LY denotes the space of p-integrable functions on (0, +e0) with the measure
dt/t. For p = oo,

Da (G,+°°)={§€E:sup tGA(A—HI)_l&H <oo}.
>0 E
For these spaces, see [14]. Then the main result proved in Labbas-Terreni [ 18] is

Theorem 1. Under assumptions (2.1), (2.2), (2.3) and (2.4), there exists A* > 0
such that for any A > \* and for any h € D4 (G, p) , equation

Aw+Bw+Aw = h,
has a unique solution w € D (A) N D (B) with the regularities Aw, Bw € D4 (8, p) and
Aw € Dg (0, p) for any 0 verifying © < min (c,p —1).
3. CHANGE OF VARIABLES AND OPERATIONAL SETTING OF THE PROBLEM
3.1. Change of variables
We make the following change of variables and functions

m:o 4 G
X1 X2 XN
(£,X1,X2, .. XN)  +—> (t,yl,yz,...,yN):<t,t—a,t—a,...,t—a>
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where G =10,1[ x B(0,1), with B(0,1) is the unit ball of RY centered at the origin.

Set u (t,x1,x2,....,x5) = v (t,y1,Y2,-..,yn) and f (t,x1,x2,....,xx) = & (£,Y1,¥2,--,IN)
then Problem (1.1) is transformed, in G, into the following degenerate evolution prob-
lem

£2M%9y + My — o> YN o,y = PmY%g =h,

Vg, = 0, (3.1)
0,1=0,1...m—1,

]
aVV’aG\(ZOU)Zl)

where M = Zivzl 02" % j» J =0, 1 is the part of the boundary of G where t = j. It is

Vi ?

easy to see that f € L” (Q) if and only if £N*/?g € LP (G) . Indeed,
1
Ferr(o) @/ / £ (251, ) |P it doxy.doy < oo
0 Jo

1 p

@/ / ‘IN“/”g(tjyl,--wyzv)‘ dt dy,...dyy < oo
0 JB(0,1)

& NPg e [P (G).

Consequently, f € L? (Q) if and only if 2%+ (N@/P), ¢ [P (G) which implies that
h € LP(G), since h = (¢r~2me+WNo/p)p) 2mo=(No/p) and 2mow — (Nav/p) > 0. Then,
the function /& = t>"%g lies in the closed subspace of L” (G) defined by

E= {h € L7 (0, 1;L7 (B (0, 1))) : 2"+ (Ne/P)py < 12 (0,15 L7 (B (0, 1)))} .

This space is equipped with the norm ||A||; = HI*Z”’M(N“/P)hHLP(O LLP(B(O.1)))

3.2. Operational formulation of Problem (3.1)
Recall that o > 1/2m and assume
p>1+Na. (3.2)
Set X = L? (B (0, 1)) and define the functions

[071]_>X, l‘*—>V(f); V(t)(ylvyZa"'ayN):V(taylvyZa"'vyN)7
[0,1] — X5 t——h(t); h(t)1,y2,-98) =h(t,y1,Y2, -, IN) -

Consider the family of operators (L (f)),c( 1) defined by

1%

h

D(L(t) = {\y EWP (B(0,1)) : 8|y, =0, 1 =1,..om— 1},

(L(t)y) = My—o>*1yN y0,yforae. te(0,1),
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then Problem (3.1) is equivalent to the following operational degenerate Cauchy
problem in X

{tzm(xvf ()+L({)v(t) =h(1), te(0,1), (3.3)

v (0) =0.

Observe that D (L (1)) = X. Set

1-2ma
w(t) = AT (1)
1=2mao

k) = Tmh(),
where A is some positive number. Then, w verifies

oW () +L(w () +Mw(t) =k(t), te€(0,1),
w(0) =0,

where k belongs to the space
E= {h € LP(0,1;X) : -2 Na/p)y ¢ 1 (o, 1;X)} .
We obtain then the new operational form of the previous problem, mainly
Aw+Bw+Aw =k,
where
(Aw) (1) = L(t)w(z), 1 € [0,1],
with domain
D(A) = {w € E 1172t WNep)y, e 12 (0, 1; W2 (B (0, 1)) n W™ (B (0, 1)))}
and
(Bw) (t) = 2™ (1)w' (), t € [0, 1],
with domain
D(B) = {w € E: WPy € [P (0,1;X) and w(0) = 0}.
Note that the trace w (0) is well defined in D (B) . In fact, we have
NPy e [P (0,1;X), (N¥Pw € LP(0,1;X),

and in virtue of (3.2) (Na/p)+ (1/p) < 1. Then, w is continuous on [0, 1], (see
[31, Lemma, p. 42]).
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4. APPLICATION OF THE SUMS

Now we are in position to apply the result of the sums of operators. For this
purpose, we must verify the assumptions of Theorem 1. The spectral properties of A
and B are as follows.

Proposition 1. A and B are linear closed operators and their domains are dense
in E. Moreover, they satisfy assumptions (2.1), (2.2) and (2.3).

Proof. 1. Let us study the spectral equation related to the operator B
Bw+zw =k.

Fix some positive up and let z such that Re z > pp. Then the general solution of the
problem

{ 2y () +zw(t) = k(t),t€[0,1],

is given by

U ds t ( k(o) L ds
w(t) = dexp (Z/t sZmoc) +/0 <02m(x CXp <_Z/G s2moc>> do,

where d is an arbitrary constant. The hypothesis p > 1+ No implies that the function

1 ds
—2ma+(Na
e (= [ 55)

does not belong to L” (B (0, 1)) . So, we will take d = 0 to obtain w € E. Consequently

wit) = ((B+z1)‘1k) (1)

(o) ds
fO (62moc CXp | =<2 (;SZm(x do
k(o
1 —
= Xp ((ZmOLf Ty > Jo o2mo CXP <(2m(x71)zczm°‘*1 ) dc

Let us check that this formula is well defined on [0, 1] and gives w(0) = 0. Set u =

7(2”[&_1) , then
e < exp (et ) Jy o2/ (o) 6N mexp ( Ml)dc
1/p 1/q
- (/z 6_2moc+(Noc/p)k(o-)H dG) (/ G_qNo‘/”d(5>
0 0
L=
< (r=gwayyy) 10N k|

where (1/p)+(1/¢q) = 1. Hence w (¢) is defined and w (0) = 0 since
I Na 1 I Na
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means p > 1+ Na. On the other hand we can write

t—2mo+(No/p),, ([)

! k(o) —2moi+1 —2moi+1
— /0 e (ol ) g SXPH (2ot — g2t ) do
k(o) 1

t
B —2mo+1 —2mo+1
= /(; szoc—(N(x/p) <t2m(x_(N(x/p)GN(X/p exXpu (t —0 )>> do.

Putting

! —2mo+1 —2mo+1 .
K'u (I,G) = thOL—(NOL/p)GNa/p eXpu (t —0 ) ifr > o,
0 ift <o,

we deduce that

om I k(o
12 (x+(N0€/[’)W(t):/O GZmOL((N)(x/p)K“(t’G)dG'

We need the following classical interpolation result, the so-called Schur’s Lemma.
Lemma 1. [f there exists a constant C such that
a) ‘fo t6d6‘<Cf0reveryt€]0 1],
b) ‘fo (1,0 dt‘ < Cfor every s €]0,1[,

then
Ht72ma+(N(x/p)

< CH £~ 2mat(Ne/p)

L7(0,1:X) Lr(0,1:X)

Now, we have to check that the conditions a) and b) are satisfied.
Condition a)

We have
1 t exp( G*ZMOPH'Re ‘U)
I S —2mo+-1
/0 Ky (1,0)|do = o (vayp) EXP (1 .Re ,u)/o T dc
1 2mat-1 e
< g—exp (172" Re ) /,-zma+1 exp (—s.Re u)ds
1
S Rez
Consequently
! 1
max K,(t,0)|do < —. 4.1
te[o,l]/o [Kult,0)]do < 2 @D

This shows that the condition a) of Lemma 1 holds true.
Condition b)
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We have
1 Uexp (t72m0F1 Re 1)
_ 1 _ ~—2ma+1
/0 |K,(1,0)|dt = e exp(—o Re ) /c el dt
—2mo+1
exp _ g 2motl Reu o
= Zmékl ( g ) ———exp(s.Re u)ds,
(o 1 § p2mo—T)
and
G 2mot1 w 1
/ —g—exp(s.Rep)ds = / —o—exp(s.Re u)ds
1 § Pmo—T) 1 § Pmo—T)
G—Zmaﬂ
+ﬁ+072m+] ———exp(s.Re u)ds
— 3 gp@mo-1)
HG—ZmaH
< / exp (s.Re u)ds
1
0.—2m0t+l
1
m Lio-tnus exp (s.Re u)ds,
2
= NI +5h.
Then
1 (1+6—2m0c+1)
IS g lexp(Re a5 ) — exp(Re u)]
1 (1+G—2111a+])
< @eXP(Re )
and
1 6Xp<—0_2ma+1 Re ,U) 7 < 1 exp( 7(672’”20‘+1 -1) Re ,U)
2mo—1 R I = Rez R
—2mo+1
< 1 e O )
= N
Rez 67‘*
Ci(o,p)
< Rez
since the function
_(G—Zmu+l_1)
exp(——5 o)
O+ N

(o)

P

219
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is continuous on [0, 1]. Moreover

—2mo+1 —2mo+1 _
1 exp(-o .Rey)l < 1 exp( c Re y) 2mat 1
_ X .R

< L G(ap)

— N
Rez o (ﬂ) PEma=T)
C3( 7[7)

S Re z

in virtue of the fact that
. 1
lim =1.

o—0 5% (14 G—2mor+1 )p(2rlnv+l)
Consequently, there exists some constant C(a., p) > 0 such that

max/ K. tG)|dt<C§eef) (4.2)

c€0,1]
This shows that the condition b) of Lemma 1 holds also true. Now, using Lemma 1
together with (4.1) and (4.2), we obtain

H[72m(x+(N(x/p)W < C(oc,p) Ht72mot+(N(x/p)k

Lr(0,1;X) —  Rez

L7(0,1:X)
from which it follows
< Clop)
LE)~ Rez
Thus, we can take 63 = T — 8y, (for each ) € ]O, z [).
2. Now, we are concerned with the operator A which has the same properties as

its realization L (¢). The study uses the following perturbation result due to Lunardi
([22, Proposition 2.4.3, p. 65]).

H(B—i—zl)_]H

Proposition 2. Let Ly be a linear operator of domain D (Ly) dense in E. Assume
that Ly is sectorial and P a linear continuous operator on D (Ly) which is compact.
Then operator Lo+ P : D (Ly) — X is sectorial.

For each ¢ € [0,1], we write

L0V = Loy+P()y
with

D(Ly) = {q; eW>™ (B(0,1)) 1 |3y, =0, =0, 1,...m— 1}

Loy = My= Zk 1&%1”



2m-TH ORDER PARABOLIC EQUATIONS 221

and
D(P(r)) = W' (B(0,1))

P(t)wy = —a¥m IZ 1)’kayk\|’a

It is well known that D (Lg) = L? (B(0,1)) . The fact that Ly is sectorial can be proved
as in [8, Lemma 5.2 and Lemma 5.3 , pp. 18-19]. Observe that

w(l)(y):/o( (1) ds—i—/ Yl ( / e

[=1,2,...,2m— 1, where \|I( ) denotes the derivative of order  of . Thanks to Holder
inequality, for y € D (Ly) C D (P(¢)) and by using the previous equality we have

1P @O)Wllzo 50,1

(fB(o,l) | o™= EN | kA W (V1,32, -, N) ’pdyldyzn-dwv) !

1
i (fB(Ol ’*Wzma_lyk( “ 52 dsi + [y (11— 5)02, \Vdsk)) dy1~-~dy1v> '
aﬂm“"[cl()\leHu: 1)+ Co () MY 0,1
Gs (o, p) Wi,
On the other hand, let us set

IN AN IA

my(t): LP(B(0,1)) — L7 (B(0,1))

‘I’ = (l’l’lk (t)llj) = _atzmu_lyk\l!a k= 17"'aN
i wbr(B(0,1)) — LP(B(0,1))

v =,
di: w2mr(B(0,1)) — WY (B(0,1))

v = die (V) =0y, k=1,...,N

Then one has
N N
Z) = Zpk([) = ka(t)oiodk.

Thus, P(t) is compact from D (Lo) into E since i is compact and dy, my (¢) ,k=1,...,N
are continuous. So for any ¢ € [0, 1], the operator L(z) is sectorial and consequently
there exist some rg > 0 and 0, € ]0 [ such that

p(—L( )) D) Zn—91 = {Z : |Z| > 1o, |argz\ < TC—e]}.
Now, for k € E and z € X;_g, the spectral equation
Aw+zw =k,

is equivalent to
L(t)w(1)+2w(t) =k(t), 1 €[0,1],
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which admits a unique solution

w(t) = (L(t)+20) " k(r).
Hence

K
W (Ol 80.1) SE |Hk( e

which implies

1 1/p
_ —2mai+(Na/p) b < 5
e = ([ [ w)l ) < L1kl

This ends the proof of Proposition 1. g
Proposition 3. Operators A and B satisfy the Labbas-Terreni condition (2.4).

Proof. In our case, since the domains D(L(t)) are constant, the condition (2.4)
holds whenever the following so-called estimate of Sobolevskii [30] is fulfilled: There
exists K > 0 such that for all t,6 € [0, 1],

[(L@)L(o)™ D)) <Kt —of (4.3)
For g € X = L”(B(0, 1)), the equation ¥ = L(c) ! g is equivalent to
LOW ) = My—a?* T vy w(y) =g (),
alvll’\ag(o,l) = 0,1=0,1,...m—1,
and

N
[(L(r) = L(0))L(0)~'g] (v) = a(c®"*~ = 12"*71) }" yidy y(y)-
k=1

where y = (y1,2,...,yn) - Then, we get

[[(L() —L(o)L(o) 'ellly < alm ! —o> | HZQV:Wkayk\IIHX
S 1‘41 ‘[ |mm (1,2mo—1) HM‘V”LP )
< Ml —of™n2met) ”‘l’”wzmp B(0.,1))
S K|t |mm12moc 1) ||g||Lp 01)-

So, the condition (4.3) is satisfied with p = min(1,2mo.—1). To prove (2.4), it is
sufficient to estimate

HA (A+1)"! [A—‘;(B+z)*1} HL(E)
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where L € p(—A) and z € p(—B). Let k € E, then
D = (i VeA(a ) A*l;(B+z)*1] K)o
12t (Ne/p) (4 (A42) 7" (A7 (BHJ*L(BH)*IA_I)@ (1)
1= 2mot NPV L (1) (L (1) + 1) !

<L) B+ k) 0 - (B+27'L0) k) )]
= L(O)(L@)+1)" ff o2t W/rg (1.6) (L(1)' —L(c)") k(c)do
= Jgo 2ot We/n)g (1,6)L(1) (L(1)+2) " (L)™' —L(c) ") k(0)do

= fyo NP, (1,0) (L(1)+2) ! (1-L(1)L(0) " ) k(0)do

since the domains D(L(t)) are constant, where (we recall)

1
£2mo—(Na/p)gNa/p CXpu

(t72m(x+1 _ 072m(x+1) ift > G,

Kp (t76) =
0 ift <o,
with u = m. Then
K
IDllx < == Jo [Ku(t,0)| |t — 0P =2+ We/P) ||k () | do,

Al
with p = min(1,2ma — 1). We have

Jo |Ku(t,0)| [t —olPdoc = “2mat] Re 1)

£2mo—(No/p) eXp (t

x [oo™NP (1 — )P exp (—o 2"+ Re ) do.
Then by Holder inequality, one has
Joo™NP (t —5)P exp (—o 72"+ Re u) do
< (ffo~Nu/rexp (—o~2m+ Re ) do)' P
x (foo™N/P (1 — o) exp (—o~ 2" Re y) do)®

and
J = (fé g2mo—(No/ p) g—2mo; exp (—G_Zma+l.R€ ‘u) dG) I-p

(ﬂm(t—(NOﬂ/p))lfﬁ) 1

(2ma—1)!-p (Re ‘u)lfp

L = (fé o2mo—(No/p)g=2m0 (1 _ ) exp (—6*2’”‘”1 .Re ,Ll) dO') P

(exp (—t72m+1 Re )" P

(th(x—(N(x/p) ) p

< o G U= (0)do)”
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_ _ ~2moit ~ - : -
where % (6) =exp (-0 .Re y1) . Using an integration by parts, we obtain

Jo(t—0)x (6)do = [jexp(—o *"*"!.Reu)dc
— j‘é 62mOL672m0t exp (_672m0t+1 Re [J) do

2mo _
< T Ren ——exp (—t*"*"1.Re )
from which we deduce that
([2m0c7(N(x/p)p 1 ([2m0c)p 1

D <

= " 2mo—1)P (Rep)® (2ma—1)P (Rey)p(exp(—t—zmaﬂ_Reu))g

Finally we have

Jo |Ku(t,0)]|t — ol do

exp(t—ZmaJrl_Relu) (tzmaf(zva/p))lfp (exp(_t—cherlvRe‘u))l p
= th(lf(N(x/p) (2m(x71)17p (Re,u)l’f’

(thOtf(Not/p) )P

1 P 1 [exp (_thmowlRe -,U)]p

X Zma=1)P  (Re u)P (@mo—T1)P (Re )P

< (ﬂmq)p 1
= (2m0c—1)1+p (Re,u)Hp’

and
max K, (t,0)||t—olfdo < ————. 4.4
tEOl]/ ‘ ‘ ’ ‘ (Re‘u)1+p ( )
In a similar manner we obtain
C
max / Ky (1,0)| |t — 0P dt < ————. (4.5)
cel0,1]Jo (Reu) P

Now, using Schur interpolation Lemma together with (4.4) and (4.5), we obtain

C
IM Reu)Hp Al (Rez)" P

HA(AHM)*I[ .(B+12)” ]H

which implies
C

e S e

for any A € p(—A) and any z belonging to a simple path Y joining cce™2 to coe®
for some 6, €] — 0p,0;[, vlies to Xr_g, N Ex_g,. Then (2.4) is verified with (t,p) =
(0, min (1,2me.— 1)). O
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5. REGULARITY RESULTS FOR THE ORIGINAL PROBLEM
5.1. Regularity results for the transformed problem (3.1)
Using Theorem 1, we deduce the following result

Proposition 4. There exists A" such that for all . > \* and for all k € D4 (G, p)
(respectively, k € Dg (G, p)), Problem (3.2) admits a unique solution w € D(A) N
D (B) such that for all ® < min (c,2ma.— 1)

1) L()W S DA (e7p) ;
ii) 1*w' € D4 (8,p),
iii) L(.)w € Dg (8, p)
(respectively,

i) L(.)we Dg(8,p),
ii) 1*w € Dg (0, p),
iii) L(.)w € D (8, p)).

Now, let us specify the space D4 (G, p) . One has
DA (Gap) =
{we B2y e 17 (0,1;W2702 (B(0,1))) , 3],y =0}

where [ =0,1,....m—1; if 2mc > 1/p,

{weE 17 2mot(Ne/p)y, ¢ 1P (0,1; WO (B(0,1))) } if 2mo < 1/p.

Indeed, we know that

D4 (0,p) = {w €E: HCI_GAe_QAwHE € Lff} ,

because (—A) is a generator of the analytic semigroup {e‘gA }§ K Now, w € D4 (0, p)
>
implies
HlecAechwHE eLr.

Or H(‘;l_“Ae_CAwHE € LY is equivalent to

oo |1 _ Py
Ji e €

dg

_ ||, —2mar(Va/p)pl-c 4 ,—tA, || as

Jo Ht G oA WHLP(O,I;LP(B(OJ)» g

_ fl Htf2m(x+(Noc/p)leG (Ae*CAw) (1) P dt i@ < oo,
0 \Jo o) ) C
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On the other hand, thanks to the Dunford representation of the semigroup {e*QA }C>0 ,

we have

_ QL
e m/ (A+AD)"Ld,

where 7y is a sectorial curve lying in p (—A) such that Re (—A) < 0 for a larger A € .

Moreover
(Ae*CAw> (t) = L(t) 1) (w(1)).

Then, by Fubini’s Theorem, we obtain

oo lle1—c 4 ,—tA, || €
Ji [ eae ] ¢

= e s wol, ., o] ¢
! o) —Cdt<+°°,

= f[2mees el ||P [f Hcl SL (1) 50w (1)

which means that, for almost every ¢, the function
(y17y27"‘7yN) — t_szH—(Na/p)(t)W(t) ()’17)’27”-0’N)
isin Dy, (0, p) . It is well known that this last space is the following:
Dy (0,p) = (W7 (B(0,1)) "\W5™" (B(0,1));L7 (B(0, 1)),
and

(W27 (80, 1) WG (B(O,1)):17 (B(0.1)))

{w € WP (B(0,1)) 1 dyw|yp0,) =0, 1 =0.1,...m~ 1}
if 2mo > 1/p,

1-o,p

W2mor (B(0,1)) if 2mo < 1/p.

Let © be a fixed positive number satisfying 6 < 1/2mp and ¢ < 2ma.— 1. From the
above proposition, we deduce the following result.

Proposition 5. For all h such that t=2"**W%/P)p € [P (0,1; WP (B(0,1))),
Problem (3.3) admits a unique solution fulfilling the following regularity properties:
(i) we L (]0,1[xB(0,1)), r~2me+(No/p)y, € 1P (10, 1[xB(0,1)), w(0) = 0,

(i) t=2moetNe/P)ppy € 1P (]0,1[xB(0,1)),

(iii) tN%Pa,w € LP (10,1[xB(0,1)),

(iv) =2t (No/P)pgy € 1P (0, 1; WZ'"G ?(B(0,1))),
(v) NP9y € 1P (0,1; W27 (B(0,1))) .
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5.2. Going back to the original problem (1.1)

We go back to our original domain Q by using the inverse change of variables
' :G=J0,1[xB(0,1) — Q
(tayhyQa"')yN) — (taxl)x25"'7xN):(tvtaylatayZa"')tayN)'

Let us recall that
— t2m0€

h(t7y]7y27"'7yN) g(t7y]7y27”'7yN)
g(t7y17y27”'7yN) = f(f7X],X27...,XN),
w(t7y17y27'”7yN) = M(I,X],XZ, -”7XN) .
First, we see that
dyw=1%u, k=1,2,...,N,
85;”w:t2’"°‘8)2€]’€"u, k=1,2,...,N,
0w = o;u+ (Oc/t)zgzlxkaxku.
The assumption ¢~ 2"+ (No/p)p ¢ [P (0,1;W2m°? (B(0,1))) means that

/01 Ht_z,,la+<zva/p) ()h(t, -)‘

)4
dt < oo,

W2mo (B(O,l))
So, by setting

y= (ylay27"'ayN>7 yl = (yllay/27ay;\]) ) dy :dyl"-dyNa dy/ :dylldy;W
we have
fol Ht—2m0c+(Noc/p)(t)h

(,.) HfVZm"(B(OJ)) dt

| (t,y) = (t,y)["

1 No—
= Jo ™7 fp01) Jao) by —y|Per N dydy'dt

|f (t,) — f (£,2)[°

||2m0p+N

= o2 [ fo, dxdx'dt,

||x — x’
where
x=(t%1,1%2, .., 1%nN) , X = (t%,1%%, . 1%y, dx=dx)..dxy, dxX' = dx|..dxy

and

Q = {(xl,xz,...,xN) eRN:0 < X%—l-x%—l— +x12\, < toc} _
Let us introduce the following subspace of L” (Q) :
2 )
L;Dz,mm (O, I;Wtumc p) =

1 _ N\ |P
{fELP(Q) :/0 tzm%p/, 5 ]f’(t,x) ,Hgm(;’)i]y dxdx'dt < oo}.

|x—x
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Then, we are in position to prove the main result of this work.

1
Theorem 2. For given 6 € |0,1] such that 0 < ¢ < G (such that p verifies
mp

(1.2)), and for any f € sz,nm, (O 1; Wzmc p) , Problem (1.1) has a unique solution

ue lem (Q) with the regularities: u, diu, dyu, k = 1,....N and Mu belong to
t2m0t(5 (O 1 W2m07p>

The proof of Theorem 2 can be easily deduced from the following equivalences.

Proposition 6.

(i) t~2motNo/P)p € P (0, 1; WP (B(0,1))) if and only if
f E LZZWOLO' (O 1 WszJ))

(ii) ¢~ 2matNa/P)y, e [P (0,1;L7 (B(0,1))) if and only ifu € LP (Q),
(iii) ¢=2me+WY/P)pw € 1P (0, 1; WZ’”‘”’( (0,1))) if and only if

Mu €L, (0 1, W2 ")
(iv) tN*/Po,w € LP (0,1;W2mer (B(0,1))) if and only if
Ayt € L (0 1, W2 1’)
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