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FUZZY APPROXIMATION OF AN ADDITIVE (p;,p2)-RANDOM
OPERATOR INEQUALITY
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Abstract. We study and solve an additive (p;, p2)-random operator inequality in which py,p, €
C are fixed and max{v/2|p{|, |p2|} < 1.

Finally, we get a fuzzy approximation of the mentioned additive (py,p2)-random operator
inequality.
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1. INTRODUCTION

Let (Q,4( u) be a probability measure space. Assume that (U,By) and (V,By)
are Borel measureable spaces, in which U and V are complete fuzzy normed spaces
(in short, FN-spaces) and T: Q x U — V is a random operator. In FN-spaces, first
we solve the (py,p2)-random operator inequality

N(T(w,u+v)—T(o,u)—T(w,v),t)

> Ky (n(pl(T(m,quv) +T(0,u—v)—2T(0,u)),t), (L.1)

n <p2 <2T (0), T) —T(w,u) - T(w,v)) z)) ,

in which py,p, € C are fixed and max{+/2|p1|, |p2|} < 1.

Next, we get a fuzzy approximation of the (py,pz)-random operator inequality
(1.1). Fuzzy approximation of additive random operator inequality has some appli-
cations for generating secret keys in client-server environment [11].

2. PRELIMINARIES

In this paper, we let / = [0, 1] and J = (0, 1].
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Definition 1 ([7, Page 15] and [17, Definition 5.5.1]). A continuous triangular
norm (shortly, a ct-norm) is a continuous mapping k from I? to I such that
(@) k(t,v) =x(v,7) and ¥(t,%x(v,9)) = x(k(t,0),0) for all T,v,0 € I;
(b) x(t,1)=tforallt e,
(¢) x(t,v) <x(9,1) whenever T < ¥ and v <1 for all t,v,%,1 € 1.

Some examples of the f-norms are:
(1) xp(T,0) =105
(2) kp(t,0) = min{t,v};
(3) xz(T,v) = max{T+v— 1,0} (the Lukasiewicz z-norm).

Definition 2 ([16, Definition 2] and [2, Definition 2.4]). Suppose that K is a
ct-norm, V is a linear space and n is a fuzzy set from V to J. In this case, the
ordered tuple (V,m, k) is called a FN-space if the following conditions are satisfied:
(FN1) n(v,t) =1 for all > 0 if and only if v = 0;
(FN2) n(ow,t) =m (v,‘ ‘> forall ve V and a € C with o # 0;

(
(FN3) n(u+v,t+s) > x(n(u,1),m(v,s)) forall u,v € V and t,s > 0.
(FN4) n(u,.) : (0,0) — J is continuous.

Let (V,]| - ||) be a linear normed space. Then

n(v,s) =exp <_HSV”>

for all s > 0 defines a fuzzy norm and the ordered tuple (V,n, k) is a FN-space.

Let (Q,4( 1) be a probability measure space. Assume that (U,By) and (V,By)
are Borel measureable spaces, in which U and V are complete FN-spaces. A mapping
T: QxU —V is said to be a random operator if {®: T(w,u) € B} € U for all u
in U and B € By. Also, T is random operator, if 7(®,u) = v(®) be a V-valued
random variable for every u in U. A random operator 7: Q x U — V is called linear
if T(o,0u; + Puz) = T (0, u;) + BT (0,us) almost everywhere for each u;,up in U
and scalers o, B € C, and bounded if there exists a nonnegative real-valued random
variable M (®) such that

N(T(0,u1) = T(0,u2), M(@)t) =N (w1 — uz,1),
almost everywhere for each u;,u; in U and ¢ > 0.
Theorem 1 ([3, Proposition 1.3] and [5, Page 306]). Consider a complete gener-

alized metric space (I',A) and a strictly contractive function L: T — T with Lipschitz
constant B < 1. Then, for every given element y € T, either

A (L™, L") = oo
for each m € N or there is mg € N such that
(1) A(L™,L™1y) < oo, Vm > my;
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(2) the fixed point @* of L is the limit of sequence {L™y};
(3) inthe set Y ={® € I' | A(L™Y,®) < e}, ®" is the unique fixed point of L;
(4) (1-B)A(®,0%) < A(®,L®) for every® € Y.

Recently, some authors have published several papers on approximation of func-
tional equations in different spaces by the direct technique and the fixed point tech-
nique, for example, fuzzy Menger normed algebras [10], fuzzy metric spaces [15],
fuzzy normed spaces [13], non-Archimedean random Lie C*-algebras [8], non-Ar-
chimedean random normed spaces [18], random multi-normed space [1], see also

[4], [6] and [14].

3. APPROXIMATION OF ADDITIVE (pj,p2)-RANDOM OPERATOR INEQUALITY

Now, we are ready to get a fuzzy approximation of the (pi,p2)-random operator
inequality (1.1) as a generalization of Park’s results [12].

Lemma 1. Assume that (V,n,Ky) is a FN-space. Let T: Q x U — V be a random
operator, where T (®,0) = 0 and satisfies (1.1), then T is additive.

Proof. Replacing v by u in (1.1) and using (FN2), we get
t
n(T<O‘)7 2“) - 2T(0‘)7 I/t),t) | <T(0), 2”) - 2T((D7 Lt), “)|) .
1
Since |p1| < 1, T(®,2u) = 2T (o, u) for each u € U and so

T ((o, g) - %T(m, ) 3.1)

almost everywhere for each u € U and o € Q.
Using (1.1) and (3.1) imply that

N(T(w,u+v)—T(o0,u) —T(0,v),?)

> Ky <n <T(w7u+v) +T(0,u—v)—2T(m, u)’|ptl\) ;

n (T(m,u—i—v) ~T(w,u) — T(o,v), |p’2‘>) ,

and so
T](T(O),M—{—V)—T(O),M)—T((D,V),t)
t (3.2)
>n|( T(o,u+v)+T(0,u—v)—2T(®,u), o1l
1
almost everywhere for each u,v € U, ® € Q and ¢ > 0.
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Putting z=u+vand w=u—vin (3.2), we get
N(T (@,24w) + (0,2 = w) — 2T (©,2), 1

3.3
> (T2 +w) -T2~ T 51 ) G

almost everywhere for every z,w € U and ® € Q.
Now, (3.2), (3.3) and (FN2) imply that

N(T(w,u+v)—T(0,u)—T(0,v),?)
> (T(m,u+v) —T(o,u) —T(o,v), 2“;1’2>

almost everywhere for all u,v € U, ® € Q and # > 0. Since |p;| < @, T(o,u+v)=
T(o,u)+ T (®,v) almost everywhere for all u,v € U and ® € Q, which implies that
T is additive. U

We use fixed point technique to get an approximation of the additive (p;,p2)-ran-
dom operator inequality (1.1) in FN-space.

Theorem 2. Consider the complete FN-space (V.,n,Xuy).  Assume that
y: U? x (0,00) — J is a fuzzy set such that there exists an p < 1 with

uv Pt ) u v ot
W<27272> 2"’(”7"7” and ,}grgolu(ﬁ’zip’ﬁ) =1
foreachu,v €U andt > 0. Suppose that T : Qx U — 'V is a random operator, where
T(®,0) =0 and

N(T(w,u+v)—T(0,u) —T(0,v),?)

> Ky (n(pl(T(m,u—i-v) +T(0,u—v)—2T(m,u)),t),

n <p2 <2T <m”*2”> —T(w,u) —T(co,v)) ,z) W),

in which py,p2 € C are fixed and max{+/2|p1|, |p2|} < 1. Then, there is a unique
additive random operator S: Q x U — V such that

N(T(,u) — S(o,u),1) >y <u,u, 2(1[; B)z)

(3.4)

almost everywhere for eachu € U, ® € Q and t > 0.

Proof. Putting u = v in (3.4), implies that
u u u
— ) — > —. = .
n(2T(w,2) T(wju)jt) —‘”(z’z”) (3.5

almost everywhere for eachu € U, ® € Q and t > 0.
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On
I''={H: QxU —V, H®,0)=0}
we define the following generalized metric:
A(G,H) =inf{a e Ry :n(G(w,u) —H(®,u),at) >y (u,u,t), Yuc U, t>0}.

In [9], Mihet and Radu proved that (I',A) is a complete generalized metric.
We define the linear function L: I' — I" as

LG(w,u) :=2G (m, g)
almost everywhere for each u € U and w € Q. Consider G,H € I' such that
A(G,H) =¢€. Then,
N(G(w,u) —H(w,u),et) >y (u,u,t)
almost everywhere for each u € U, ® € Q and ¢ > 0. Also,

N(LG(w,u) — LH(®,u),Ber) =1 (G ("” %) —H ("” g) Bzgt>

u u Pt
Syl =) >
_W(z,z,z)_w(u,u,t)

almost everywhere for each u € U, ® € Q and ¢ > 0. Then, from A(G,H) = € we
conclude that A(LG,LH) < Be and so

A(LG,LH) < BA(G.H)

for each G,H €T.
By (3.5) we have that

n <2T (0), g) ~T(w,u), B;) > y(u,u,t)

almost everywhere for each u € U and ¢ > 0, which implies that A(T,LT) < %
Theorem 1 implies that, there exists a random operator S: Q x U — V such that:

(1) A fixed point for function L, is S,

S(ow,u) =28 (co, g)
almost everywhere for each u € U and ® € Q, which is unique in the set
Y={GeT: A(G,H) < };
(2) A(LPT,S) — 0 as p — oo, which implies that

lim 2°T (co, 2%) — S(o,u) (3.6)

p—ee

almost everywhere for each u € U and o € Q;
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(3) A(T,S) < {1gA(T,LT), which implies

(T (0,0) — S(@,u),1) > ¥ <u,u, 2(15 B)z)

almost everywhere for each u € U, ® € Q and ¢ > 0.
Using (3.4) and (3.6) imply that
n(5<0)7”+v) _S<('07 u) —S((!),V),t)

n(r(05)-05)-7(03)-3)
o (10 (r(057) 17(057) r(e3)) 5)
(o2 (2r (o “,,tr) o) -T0.2)) ).
v(3 7))
(

=Ky (n(pl(S O,u+v)+S(o,u—v)—2S(m,u)),t),

n <Pz <2S (m, ”*zrv) — S(w,u)— S(o, v)) z>> 2

almost everywhere for each u,v € U, ® € Q and ¢ > 0. Then
T]<S(0)>M+V) —S((I),M) —S((D,V),[)

> Ky <n(p1(S(0),u+v) +S(o,u—v)—25(w,u)),t),

n <Pz (25 (co, u;v> —S(,u) —S(m,v)) ,t>>

almost everywhere for each u,v € U, ® € Q and t > 0. Now, Lemma 1, implies that
S is an additive random operator. O

Corollary 1. Let (V,m,Xuy) be a FN-space, p > 1 and © > 0. Suppose that
T: QxU —V is a random operator, where T (®,0) = 0 and

N(T(w,u+v)—T(o0,u) —T(0,v),1)

> Ky (n(pl(T(m,u+v) +T(0,u—v)—2T(®,u)),t),

n <Pz <2T (m’“z”) T (o) - T(o, v)> 7t> | 3.7)

t
£ ([|ullP + \MI")) ’




FUZZY APPROXIMATION OF AN ADDITIVE (p;,p2)-RANDOM OPERATOR INEQUALITY 365

in which py,p2 € C are fixed and max{+/2|p1|, |p2|} < 1. Then, there is a unique
additive random operator S: Q x U — V such that

pLab |
n(T((g),u) —S((x),u),t) > (zp—(l _ 1)t+1tHuHP

foreachue U, ® € Qandt > 0.

Proof. In Theorem 2, we put W (u,v,t) foreach u,v € U, t > 0 and

t
= tF(ulP+IVIP)
B =2'P. Now, we show that the fuzzy control function \ satisfies in the conditions
of Theorem 2.
Letu,v € U,t > 0and p=2'"P. Then we have

W(u v Bt> B 2Pt B 2Pt
27272 ) 27t +2(I51P +151P) 27t 4+ 5 t(|ul|P + [|ul|P)
t
Cor((fullP +[vlP)

W(ua v7 t)?

also

i <u v ot ) 2P 4
mm AndAnd An = Y
n_mllf on’9on’ on 21*92%, _|_T(||21n||p+||27||p)

71-pon(p—1);
= lim
n=es 21-P 21011 (||| + || v[|P)
21=pon(p—1);

= e,

0

Theorem 3. Consider the complete FN-space (V,M,Kuy).  Suppose that
W U? x (0,00) — J is a fuzzy set such that there exists an < 1 with

Y (2u,2v,2Pt) > y(u,v,t) and lim y (2Pu,2Pv,2Pt) = 1

p—ee

forallu,ve U andt > 0. Suppose that T : Q x U — V be a random operator in which
T(®,0) = 0 and satisfies in (3.4). So, there is a unique additive random operator
S: QxU —V such that

n(T(O‘)vu) —S(O),M),l) > W(”?uﬂz(l - B)t)
almost everywhere for eachu € U and t > .

Proof. Let (I',A) be same as proof of Theorem 2. We define the linear function
L:I"'=Tas

1
LG(®,u) := EG (®,2u)
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almost everywhere for each u € U. Using (3.5) implies that

(e ov(32)

almost everywhere for each u € U and ¢ > 0.
By similar method of proof last theorem, the proof will be completed. U

Corollary 2. Let (V.m,Xy) be a FN-space, p < 1 and © > 0. Suppose that
T: QxU —V is a random operator in which T(®,0) = 0 and satisfies (3.7). Then
there exists a unique additive random operator S: Q x U — V such that

(2—2°)
(2—2°)t + 2t[lul|P

N(T(o,u) — S(w,u),t) >

foreachu e U andt > 0.

Proof. In Theorem 3, we put y (u,v,1) for each u,v € U, t > 0 and

_ t
A(flullP+(lve)
B =2°P~!. Now, we show that the fuzzy control function \ satisfies in the conditions
of Theorem 3.

Letu,v € U,t > 0and B =2P"!. Then we have

(2u,2v,2pt) 2 o
u,2v. = =
Wi v, 20121 o([|2ullP + [|2v[[P) 207 +20T(fJulP + |[v[|P)
t
= ZW(M)Vvt)7
t4T(||ul[P +[v]IP)
also
2p—12ny
nl_I)l’.}o\If( Uu,zv, ) 2p712nt+1(”2nu\|0+\|2”v||f’)
. 2mP— 1y
= lim
n=re0 202011 277 [lu||P + [|v[|P)
2n(l=p)op—1;
= lim
e 20120 Ty e a([[ulP + []P)
on(1=p)op—1;

A on(p—1)pp—1s
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