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Abstract. In this paper, we will prove some fixed point results using a Pompeiu type metric on
Pcl(X), for multi-valued operators satisfying two conditions: contractivity and monotonicity. The
approach is based on a fixed point theorem for a multi-valued operator in the setting of a b-metric
space. Several qualitative properties(well-posedness, Ulam-Hyers stability) are also obtained. In
the second part of this paper, we will consider the extended coupled fixed point problem for
a multi-valued operator. We will consider the problem of the existence of the solutions. Data
dependence and well-posedness of the extended coupled fixed point problem are also discussed.
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1. INTRODUCTION

Nadler’s contraction principle [14] is an extension to the multi-valued case of the
classical Banach’s contraction principle. There are many applications of these results,
mainly in the theory of operator equations and inclusions, see [2], [4], [6], [9] and
[12]. On the other hand, several theorems were given for the so-called extended
coupled fixed point problem([3], [17],[18]).

We will define first the notion of b-metric.

Definition 1 (Bakhtin [1], Czerwik [7]). Let X be a nonempty set and let s ≥ 1
be a given real number. A functional d : X ×X → R+ is said to be a b-metric with
constant s if all the axioms of the metric take place with the following modification
of the triangle inequality property:

d(x,z)≤ s[d(x,y)+d(y,z)], f or all x,y,z ∈ X .

Under the above hypotheses, the pair (X ,d) is called a b-metric space with constant
s.

c© 2020 Miskolc University Press
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In the framework of a b-metric space, a set Y ⊂ X is said to be closed if for any
sequence (xn)n∈N in Y which converges (with respect to d) to an element x, we have
x ∈ Y . The notions of bounded or compact sets are defined in a similar way to the
case of usual metric spaces. For example, the set Y ⊂ X is said to be bounded if its
diameter δ(Y ) := sup

x,y∈Y
d(x,y) is finite, while Y is called compact if every sequence

sequence (xn)n∈N in Y has a convergent subsequence in Y .
Let (X ,d) be a b-metric space and P (X) be the set of all subsets of X. We denote

P(X) := {Y ∈ P (X) | Y 6=∅},
Pcl(X) := {Y ∈ P (X) | Y is closed},
Pcp(X) := {Y ∈ P (X) | Y is compact}.

Let (X ,d) be a b-metric space. If T : X → P(X) is a multi-valued operator, then
x ∈ X is called fixed point for T if and only if

x ∈ T (x). (P)

We denote by Fix(T ) the fixed point set of T and by SFix(T ) the set of all strict
fixed points of T , i.e., the elements x ∈ X such that T (x) = {x}.

If X ,Y are two nonempty sets and T : X → P(Y ), then we will denote by

Graph(T ) := {(x,y) ∈ X×Y : y ∈ T (x)}

the graph of T .
In the context of a b-metric space (X ,d) the following generalized functionals are

used in the main sections of the paper.
(1) The gap functional generated by d:

Dd : P(X)×P(X)→ R+,Dd(A,B) = in f{d(a,b) | a ∈ A,b ∈ B}.

(2) The excess generalized functional:

ed : P(X)×P(X)→ R+∪{∞},ed(A,B) = sup{Dd(a,B)|a ∈ A}.

(3) The Hausdorff-Pompeiu generalized functional :

Hd : P(X)×P(X)→ R+∪{∞},Hd(A,B) = max{ed(A,B),ed(B,A)}.

(4) The Pompeiu generalized functional:

H+
d : P(X)×P(X)→ R+∪{∞}, H+

d (A,B) :=
1
2
{ed(A,B)+ ed(B,A)}.

Definition 2 ([17]). Let X be a nonempty set, let ” ≤ ” be a partial order on X
and d be a b-metric on X with constant s ≥ 1. Then the triple (X ,≤,d) is called an
ordered b-metric space if:

i. ”≤ ” is a partial order on X ;
ii. d is a b-metric on X with constant s≥ 1;
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iii. if (xn)n∈N is a monotone increasing sequence in X and xn → x∗ ∈ X , then
xn ≤ x∗, for all n ∈ N;

iv. if (yn)n∈N is a monotone decreasing sequence in X , and yn → y∗ ∈ X , then
yn ≥ y∗, for all n ∈ N.

Definition 3 ([17]). Let (X ,≤) be a partially ordered set. Then, the partial order
”≤” induces on the product space X×X the following partial order:

for (x,y),(u,v) ∈ X×X , (x,y)≤p (u,v)⇔ x≤ u,y≥ v.

Definition 4 ([18]). Let (X ,d), (Y,d) be two complete b-metric spaces, T1 : X ×
Y → P(X) and T2 : X×Y → P(Y ) be two multi-valued operators. Then, by definition,
a extended coupled fixed point for T1 and T2 is a pair (x∗,y∗) ∈ X×Y satisfying{

x∗ ∈ T1(x∗,y∗)
y∗ ∈ T2(x∗,y∗).

(P1)

We will denote by CFix(T1,T2) = {(x,y) ∈ X ×Y |x ∈ T1(x,y),y ∈ T2(x,y)} the
solution set for problem (P1).

In this paper, using a Pompeiu type metric on Pcl(X), we will prove some fixed
point results for multi-valued operators satisfying a combined condition (contractiv-
ity and monotonicity). Then, as applications, we will obtain some existence results
for a general system of operator inclusions. Several qualitative properties(data de-
pendence, well-posedness) are also obtained.

2. PRELIMINARIES

We will start this section by recalling some useful notion and results.

Lemma 1 ([18]). Let (X ,d) be a b-metric space with constant s≥ 1, A,B ∈ P(X)
and q > 1. Then, for every a ∈ A there exists b ∈ B such that ed(A,B)≤ qd(a,b).

Definition 5. Let (X ,�) be a partially ordered set and A,B ∈ P(X). We will
denote:

a) A≤st B⇔ ∀a ∈ A, ∀b ∈ B we have a� b;
b) A≤wk B⇔ ∀a ∈ A, ∃b ∈ B such that a� b.

Remark 1. Notice that if A,B,C ∈ P(X), then A≤st B and B≤st C implies A≤st C.
The same property also holds for ≤wk.

Definition 6. Let (X ,�) a partially ordered set and G : X ×X → P(X). We say
that G has the strict mixed monotone property with respect to the partial order ”� ”,
if the following conditions hold:

(1) x0 � x1⇒ G(x0,y)≤st G(x1,y), ∀y ∈ X ;
(2) y0 � y1⇒ G(x,y0)≤st G(x,y1), ∀x ∈ X .
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Remark 2. Let (X ,d) be a b-metric space with constant s ≥ 1 and Z := X ×X .
Then the functional d̃ : Z×Z→ R+ defined by

d̃((x,y),(u,v)) = d(x,u)+d(y,v), for all (x,y),(u,v) ∈ Z

is a b-metric on Z with the same constant s ≥ 1 and if (X ,d) is a complete b-metric
space, then (Z, d̃) is a complete b-metric space, too.
Moreover, for x,y ∈ X , A,B,U,V ∈ P(X) we have:

Dd̃((x,y),A×B) = Dd(x,A)+Dd(y,B),

ed̃(U×V,A×B) = ed(U,A)+ ed(V,B),

Hd̃(U×V,A×B)≤ Hd(U,A)+Hd(V,B),

H+
d̃
(U×V,A×B) = H+

d (U,A)+H+
d (V,B).

Additionally, by the properties of the gap functional Dd , if (x,y) ∈ X ×X and A,B ∈
Pcl(X), then

Dd̃((x,y),A×B) = 0 if and only if (x,y) ∈ A×B.

Definition 7. Let (X,d) be a b-metric space with constant s ≥ 1. A multi-valued
operator T : X → Pb,cl(X) is called H+-contraction with constant k if:

(1) there exists a fixed real number 0 < k < 1 such that, for every x,y ∈ X , we
have

H+
d (T (x),T (y))≤ kd(x,y),

(2) for every x ∈ X and y ∈ T (x) we have

Dd(y,T (y))≤ H+
d (T (x),T (y)).

In particular, a multivalued mapping T : X → Pcl(X) is called (H+,α)-Lipschitz if
α > 0 and

H+
d (T (x),T (y))≤ αd(x,y), ∀x,y ∈ X .

Definition 8. Let (X ,�) be a partially ordered set and T : X → P(X) be a multi-
valued operator. We say that T is strong increasing (respectively strong decreasing)
on X if, for every x,y∈X with x� y we have that T (x)≤st T (y) (respectively T (x)≥st
T (y)).

Lemma 2 (R. Miculescu, A. Mihail [13]). Every sequence (xn)n∈N of elements
from b-metric space (X ,d) of constant s, having the property that there exists γ ∈
[0,1) such that

d(xn+1,xn)≤ γd(xn,xn−1),∀n ∈ N,
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is Cauchy. Moreover

d(xn+1,xn+k)≤ γ
n S

1− γ
d(x0,x1), ∀n,k ∈ N∗, where S = ∑

n≥1
γ

2n logγ s+2n−1
.

Lemma 3. Let (X ,d) be a b-metric space with constant s≥ 1 and T : X→Pb,cl(X)
be a (H+

d ,k)−Lipschitz. Then:
(1) T has closed graph in X×X;
(2) T is H+

d -l.s.c on X;
(3) T is H+

d -u.s.c on X;
(4) If, additionally T has compact values, then T is l.s.c..

Proof. (1) Let (xn,yn) ⊂ X ×X such that (xn,yn) d−→(x,y), when n→ ∞ and
yn ∈ T (xn), for all n ∈ N.

It follows that:

D(y,T (x))≤ s[d(y,yn)+D(yn,T (x))]≤
≤ s[d(y,yn)+Hd(T (xn),T (x))]≤
≤ s[d(y,yn)+2H+

d (T (xn),T (x))]≤
≤ s[d(y,yn)+2αd(xn,x)], for all n ∈ N.

Let us consider n→ ∞ and we obtain D(y,T (x)) ≤ 0. Thus y ∈ T (x) which
means that T has a closed graph.

(2) Let x ∈ X such that xn→ x. We have:

ed(T (x),T (xn))≤ Hd(T (x),T (xn))≤ 2H+
d (T (x),T (xn))≤

≤ 2αd(x,xn)→ 0.

Then, T is H+
d -l.s.c. on X.

(3) Using the relation:

ed(T (xn),T (x))≤ H(T (xn),T (x))≤ 2H+
d (T (xn),T (x))≤

≤ 2αd(x,xn)→ 0,

we obtain that T is H+
d -u.s.c. on X.

(4) The conclusion follows by the fact that any H+
d -l.s.c multivalued operator

with compact values is l.s.c..
�

Lemma 4 (Cauchy’s Lemma). Let (an)n∈N and (bn)n∈N be two sequences of non-

negative real numbers, such that
∞

∑
p=0

ap < +∞ and lim
n→∞

bn = 0. Then,

lim
n→∞

( n

∑
p=0

an−pbp

)
= 0.
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3. FIXED POINT THEOREMS FOR MULTI-VALUED CONTRACTIONS WITH
RESPECT TO A POMPEIU TYPE METRIC

In this paper, we will present some fixed point theorems for a multi-valued oper-
ators in b-metric spaces. See also [5], [11], [10] and [15] for related results.

Theorem 1. Let (X ,�,d) be an ordered b-metric space with constant s ≥ 1 such
that, the b-metric d is complete. Let T : X→ Pcl(X) be a multi-valued strong increas-
ing operator with closed graph. Assume that:

(1) there exists k < 1 such that

H+
d (T (x),T (y))≤ kd(x,y),∀x,y ∈ X ,x� y, (3.1)

(2) for every x ∈ X and y ∈ T (x) we have,

Dd(y,T (y))≤ H+
d (T (x),T (y)), (3.2)

(3) there exists an element x0 ∈ X such that

x0 ≤wk T (x0). (3.3)

Then,
a) Fix(T ) 6=∅.
b) there exists a sequence of successive approximation for T starting from x0 such

that

d(xn+1,x∗)≤
βnSs
1−β

d(x0,x1), ∀n ∈ N, where β > 0, with k < β < 1.

Proof. a) Let x0 ∈ X such that x0 ≤wk T (x0). By (3.3) we get that there exists
x1 ∈ T (x0) such that x0 � x1.

Using (3.2) we obtain that,

Dd(x1,T (x1))≤ H+
d (T (x0),T (x1))≤ kd(x0,x1). (3.4)

For k < β < 1 the relation (3.4) becames

Dd(x1,T (x1))< βd(x0,x1). (3.5)

Thus, there exists x2 ∈ T (x1) such that

d(x1,x2)< βd(x0,x1).

Since x0 � x1 and T is a multi-valued strong increasing operator, we get that

T (x0)≤st T (x1). T hus x1 � x2.

By (3.2) we get that,

Dd(x2,T (x2))≤ H+
d (T (x1),T (x2))≤ kd(x1,x2)< βd(x1,x2)< β

2d(x0,x1). (3.6)

By induction, we obtain a sequence (xn)n∈N ∈ X with the following properties:
(1) xn+1 ∈ T (xn),∀n ∈ N,
(2) d(xn,xn+1)< βd(xn−1,xn),



FIXED POINTS AND EXTENDED COUPLED FIXED POINTS 149

(3) d(xn,xn+1)< βnd(x0,x1),∀n ∈ N.
By Lemma 2 we get that (xn)n∈N is Cauchy in (X ,d). Then, there exists x∗ ∈ X

such that limn→∞ xn = x∗. Since T has closed graph in (X ,d) we obtain that x∗ ∈
Fix(T).

b) By Lemma 2 we have

d(xn+1,xn+k)≤ β
n S

1−β
d(x0,x1), ∀n,k ∈ N∗, where S = ∑

n≥1
γ

2n logγ s+2n−1
.

By (1) we have that xn→ x∗, n→ ∞. Then,

1
s
d(xn+1,x∗)≤ d(xn+1,xn+k)+d(xn+k,x∗)≤

βnS
1−β

d(x0,x1)+d(xn+k,x∗).

Letting k→ ∞, we get
1
s
d(xn+1,x∗)≤ βn S

1−β
d(x0,x1). Hence d(xn+1,x∗)≤

βn Ss
1−β

d(x0,x1).

�

The next result is a corollary of the previous theorem for the global case, where it
isn’t necessary to suppose that the operator T has to be with closed graph.

Corollary 1. Let (X ,d) be a complete b-metric space with constant s ≥ 1. Let
T : X → Pcl(X) be a multi-valued operator. Assume that:

(1) there exists k < 1 such that,

H+
d (T (x),T (y))≤ kd(x,y),∀x,y ∈ X , (3.7)

(2) for every x ∈ X and y ∈ T (x) we have,

Dd(y,T (y))≤ H+
d (T (x),T (y)), (3.8)

Then Fix(T ) 6=∅.

The following result is about the uniqueness of the solution for the fixed point
problem (P).

Theorem 2. Suppose that all the hypotheses of Theorem 1 are satisfied. Addition-
ally, we suppose there exists x∗ ∈ X such that T (x∗) = {x∗} and for every x ∈ Fix(T )
we have x� x∗ or x∗ � x. Then Fix(T ) = SFix(T ) = {x∗}.

Proof. Let x∗ ∈ X such that T (x∗) = {x∗}. Then, for every x ∈ Fix(T ) we have
x� x∗ or x∗ � x. Then,

d(x,x∗) = Dd(x,T (x∗))≤ H+
d (T (x),T (x∗))≤ kd(x,x∗).

Thus, (1−k)d(x,x∗)≤ 0 which means that d(x,x∗)= 0 and x= x∗. Thus, Fix(T )=
SFix(T ) = {x∗}. �
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We have the following global version of the Theorem 2.

Corollary 2. Let (X ,�,d) be a complete b-metric space with constant s≥ 1. Let
T : X → Pcl(X) be a multi-valued operator. Assume that:

(1) there exists k < 1 such that,

H+
d (T (x),T (y))≤ kd(x,y),∀x,y ∈ X , (3.9)

(2) for every x ∈ X and y ∈ T (x) we have,

Dd(y,T (y))≤ H+
d (T (x),T (y)), (3.10)

(3) there exists x∗ ∈ X such that T (x∗) = {x∗}.
Then Fix(T ) = SFix(T ) = {x∗}.

In the next part of this section, we will present some properties of that fixed point
problem (P). The first one is the data dependence problem for the fixed point problem
(P).

Theorem 3. Let (X,d) be a complete b-metric space with constant s ≥ 1 and let
T : X → Pcl(X), S : X → P(X) be two multi-valued operators. We suppose that:

(1) there exists k <
1
2s

such that

H+
d (T (x),T (y))≤ kd(x,y), ∀x,y ∈ X ,

(2) there exists x∗ ∈ X such that T (x∗) = {x∗},
(3) there exists η > 0 such that

ed(T (x),S(x))≤ η, ∀x ∈ X .

Then, ed(Fix(T ),Fix(S))≤
sη

1−2sk
.

Proof. By (1) and (2) we get that Fix(T ) = SFix(T ) = {x∗}. Let u∗ ∈ X such that
u∗ ∈ S(u∗) and x∗ ∈ X such that T (x∗) = {x∗}. We have,

d(u∗,x∗) = Dd(u∗,T (x∗))≤
≤ s[Dd(u∗,T (u∗))+ ed(T (u∗),T (x∗))]

≤ s[ed(S(u∗),T (u∗))+Hd(T (u∗),T (x∗))]≤
≤ s[η+2H+

d (T (u∗),T (x∗))]≤
≤ s[η+2kd(u∗,x∗)].

Then, d(u∗,x∗)≤
sη

1−2sk
.

Since u∗ ∈Fix(S) are arbitrary chosen, we obtain that, ed(Fix(T ),Fix(S))≤
sη

1−2sk
.

�



FIXED POINTS AND EXTENDED COUPLED FIXED POINTS 151

The next problem we intend to study is the well-posedness of the fixed point prob-
lem (P).

Definition 9. We consider the fixed point problem (P). By definition, (P) is well-
posed for T with respect to Dd if:

(1) Fix(T ) = {x∗}, x∗ ∈ X .
(2) if there exists a sequence un ∈ X with Dd(un,T (un))→ 0, then d(un,x∗)→ 0

as n→ ∞.

Theorem 4. We suppose that all the hypotheses of Corollary 2 take place. Then
the fixed point problem (P) is well-posed for T with respect to Dd .

Proof. Since the multi-valued operator T satisfies the hypotheses of Corollary 1,
we get that T has a unique fixed point, i.e., Fix(T ) = {x∗} where x∗ ∈ X . Then we
have, T (x∗) = {x∗}.

Let un ⊂ X , with Dd(un,T (un))→ 0 as n→ ∞.
Then we have,

d(un,x∗) = Dd(un,T (x∗))≤
≤ s[Dd(un,T (un))+ ed(T (un),T (x∗))]≤
≤ s[Dd(un,T (xn))+Hd(T (un),T (x∗))]≤
≤ sDd(un,T (un))+2sH+

d (T (un),T (x∗))≤
≤ sDd(un,T (xn))+2skd(un,x∗).

Hence,

d(un,x∗)≤
s

1−2sk
Dd(un,T (un))→ 0, as n→ ∞.

�

Now we will present the Ulam-Hyers property of the fixed point problem (P).

Definition 10. Let (X,d) be a b-metric space with constant s≥ 1 and let T : X →
P(X) be a multi-valued operator. Let us to consider the inclusion x ∈ T (x) and the
inequality

Dd(x,T (x))≤ ε where ε > 0 and x ∈ X . (3.11)

By definition, the inclusion (P) is called generalized Ulam-Hyers stable if and only
if, there exists a function ψ : R+→ R+ increasing, continuous in 0 with ψ(0) = 0,
such that for each ε > 0 and for each solution u∗ ∈ X of the inequality (3.11), there
exists a solution x∗ ∈ X of (P) such that,

d(u∗,x∗)≤ ψ(ε).
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Theorem 5. Let T : X → Pcl(X) be a multi-valued operator which verifies (1) and

(3) from Corollary 2 with k <
1
2s

. Then the fixed point inclusion (P) is Ulam-Hyers
stable.

Proof. From Corollary 2 we have that T has a unique fixed point x∗ ∈ X such that
T (x∗) = {x∗}.

Let ε > 0 and u∗ ∈ X be a ε-solution of the fixed point problem (P), i.e., a solution
of the inequality 3.11.

Then, we have Dd(u∗,T (u∗))≤ ε. Hence, we get

d(u∗,x∗) = Dd(u∗,T (x∗))≤
≤ s[Dd(u∗,T (u∗))+ ed(T (u∗),T (x∗))]≤
≤ s[Dd(u∗,T (u∗))+Hd(T (u∗),T (x∗))]≤
≤ sDd(u∗,T (u∗))+2sH+

d (T (u∗),T (x∗))≤
≤ sDd(u∗,T (u∗))+2skd(u∗,x∗)).

Thus,

d(u∗,x∗)≤
s

1−2sk
ε.

Therefore, if we consider ψ : R+→ R+, given by ψ(t) = ct(with c =
s

1−2sk
> 0),

we can conclude that the inclusion (P) is Ulam-Hyers stable. �

Using the global existence result for the fixed point problem( see Corollary 2), we
can prove the limit shadowing property of the fixed point problem (P).

Definition 11. Let (X ,d) be a metric space with constant s ≥ 1 and T : X →
Pcl(X) be a multivalued operator. By definition, the fixed problem (P) has the limit
shadowing property if, for any sequence (xn)n∈N in X for which,

Dd(xn,T (xn))→ 0 as n→ ∞,

there exists a sequence (un)n∈N in X such that,

d(xn,un)→ 0 as n→ ∞.

Theorem 6. Let (X ,d) be a metric space with constant s≥ 1 and T : X → Pcl(X)
be a multivalued operator which verifies (1) and (3) from Corollary 2. Then, the fixed
point problem (P) has the limit shadowing property.

Proof. By Corollary 2 we get that Fix(T ) = {x∗} and for any initial point u0 ∈
X , there exists a sequence (un)n∈N in X with un+1 ∈ T (un) for all n ∈ N, such that
(un)n∈N→ x∗ as n→ ∞.
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Let (xn)n∈N be a sequences in X such that,

Dd(xn+1,T (xn))→ 0 as n→ ∞.

Thus, d(xn+1,un+1)≤ s[d(xn+1,x∗)+d(x∗,un+1)].
Next, we can write,

d(xn+1,x∗) = Dd(xn+1,T (x∗))≤
≤ s[Dd(xn+1,T (xn))+ ed(T (xn),T (x∗)]≤
≤ s[Dd(xn+1,T (xn))+Hd(T (xn),T (x∗)]≤
≤ s[Dd(xn+1,T (xn))+2H+

d (T (xn),T (x∗)]≤
≤ sDd(xn+1,T (xn))+2ksd(xn,x∗).

We denote 2ks = α < 1, thus

d(xn+1,x∗)≤ sDd(xn+1,T (xn))+αd(xn,x∗)≤
≤ sDd(xn+1,T (xn))+α[sDd(xn,T (xn−1))+αd(xn−1,x∗)]

= s[Dd(xn+1,T (xn))+Dd(xn,T (xn−1))]+α
2d(xn−1,x∗)

≤ ·· · ≤
≤ s[Dd(xn+1,T (xn))+ ...+α

nDd(x1,T (x0))]+α
nd(x0,x∗).

By Cauchy’s Lemma 4 we obtain that,

Dd(xn+1,T (xn))+ ...+α
nDd(x1,T (x0))→ 0 as n→ ∞.

Thus, we obtain that d(xn,x∗)→ 0 as n→ ∞.
Then, d(xn+1,un+1)→ 0 as n→ ∞.

�

4. EXTENDED COUPLED FIXED POINT THEOREMS FOR MULTI-VALUED
CONTRACTIONS WITH RESPECT TO A POMPEIU TYPE METRIC

The purpose of this section is to give some extended coupled fixed point theorems
for multi-value operators satisfying a contraction type condition with respect to the
excess functional. We will consider here the context of a b-metric space. Our results
are new even for the case of metric spaces and they extend some theorems given in
[8], [16], [5] and [19] and other papers in the literature.

Theorem 7. Let (X ,�,d), (Y,�,d) be two ordered complete b-metric spaces with
constant s≥ 1. Let T1 : X×Y → Pcl(X) and T2 : X×Y → Pcl(Y ) be two multi-valued
operators with closed graph and having the strict mixed monotone property with
respect to ”� ”. Assume that:

(1) there exist k1,k2 > 0 with k1 + k2 ∈ (0,1) such that:

ed(T1(x,y),T1(u,v))+ ed(T1(u,v),T1(x,y))≤ k1[d(x,u)+ρ(y,v)],
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∀x� u and y� v,

eρ(T2(x,y),T2(u,v))+ eρ(T2(u,v),T2(x,y))≤ k2[d(x,u)+ρ(y,v)],
∀x� u and y� v,

(2) there exists (x0,y0) ∈ X×Y such that

x0 �wk T1(x0,y0), y0 �wk T2(x0,y0)

or

x0 �wk T1(x0,y0), y0 �wk T2(x0,y0).

Then, the following conclusions hold:
(i) there exist (x∗,y∗) ∈ X ×Y and the sequences (xn)n∈N in X and (yn)n∈N in Y

defined by {
xn+1 ∈ T1(xn,yn)

yn+1 ∈ T2(xn,yn)
f or all n ∈ N, (4.1)

such that xn→ x∗ and yn→ y∗ as n→ ∞ and{
x∗ ∈ T1(x∗,y∗)
y∗ ∈ T2(x∗,y∗)

. (4.2)

(ii) If we denote d̃(zn,z∗)= d(xn,x∗)+ρ(yn,y∗) and d̃(z0,z1)= d(x0,x1)+ρ(y0,y1)
then we have the following estimation holds,

d̃(zn+1,z∗)≤
βnSs
1−β

d̃(z0,z1), where β > 0 is any number with β <
k1 + k2

2
.

Proof. Let Z = X ×Y , T : Z → Pcl(Z), T (x,y) = T1(x,y)×T2(x,y) and consider
the functional d̃ : Z×Z→ R+, d̃((x,y),(u,v)) = d(x,u)+ρ(y,v).

Then, for z0 = (x0,y0) ∈ Z, there exist x1 ∈ T1(x0,y0) and y1 ∈ T2(x0,y0) such that

x0 � x1 and y0 � y1⇒ (x0,y0)�p (x1,y1)⇒ z0 �p z1.

Thus, z0 �p T (z0).
On the other hand, for z = (x,y) ∈ Z and w = (u,v) ∈ T (Z) with z�p w we get

Dd̃(w,T (w)) = Dd̃((u,v),T1(u,v)×T2(u,v)) =

= Dd(u,T1(u,v))+Dρ(v,T2(u,v))≤
≤ ed(T1(x,y),T1(u,v))+ eρ(T2(x,y),T2(u,v)) =

= 2H+
d (T1(x,y)×T2(x,y),T1(u,v)×T2(u,v)) = 2H+

d̃
(T (z),T (w)).

Hence, we conclude that

Dd̃(w,T (w))≤ 2H+
d̃
(T (z),T (w)),

for all z ∈ Z and w ∈ T (z) with z≤p w.
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Now, we proof that:

H+
d̃
(T (z),T (w))≤ kd̃(z,w) ∀z,w ∈ Z z≤p w.

H+
d̃
(T (z),T (w)) = H+

d̃
(T1(z)×T2(z),T1(w)×T2(w)) =

= H+
d (T1(z),T1(w))+H+

d (T2(z),T2(w)) =

=
1
2
(ed(T1(x,y),T1(u,v))+ ed(T1(u,v),T1(x,y)))+

+
1
2
(eρ(T2(x,y),T2(u,v))+ eρ(T2(u,v),T2(x,y)))≤

≤
1
2
k1[d(x,u)+ρ(y,v)]+

1
2
k2[d(x,u)+ρ(y,v)] =

=
1
2
(k1 + k2)[d(x,u)+ρ(y,v)] =

1
2
(k1 + k2)d̃(z,w).

Hence, there exists k :=
1
2
(k1 + k2) ∈ (0,1) such that

H+
d̃
(T (z),T (w))≤ kd̃(z,w) ∀z,w ∈ Z z≤p w.

We will show now that T is an increasing operator, i.e, if z≤p w we have T (z)≤s
tT (w). This is equivalent to the following relations

T1(x,y)×T2(x,y)≤st T1(u,v)×T2(u,v)

or

T1(x,y)≤st T1(u,v) and T2(x,y)≤st T2(u,v).

We have

x� u⇒

{
T1(x,y)≤st T1(u,y),∀y ∈ Y
T2(x,y)≥st T2(u,y),∀y ∈ Y

, (4.3)

y� v⇒

{
T1(x,y)≤st T1(x,v),∀x ∈ X
T2(x,y)≥st T2(x,v),∀x ∈ X

, (4.4)

If in the relation (4.4) we put x := u, then we have T1(u,y)≤st T1(u,v). Using the
relation (4.3) we get T1(x,y)≤st T1(u,v).

On the other hand, for x := u in the relation (4.4) we get T2(u,y) ≥st T2(u,v).
Using the relation (4.3) we obtain T2(x,y) ≥st T2(u,v). Thus T : Z → Z, T (x,y) =
T1(x,y)×T2(x,y) is an increasing operator.

Thus, the operator T : Z→ Z has the following properties:
(1) T is increasing on Z.
(2) There exists z0 = (x0,y0) ∈ Z such that z0 ≤p T (z0).
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(3) There exists k ∈ (0,
1
s
) such that

H+
d̃
(T (z),T (w))≤ kd̃(z,w) ∀z,w ∈ Z z≤p w.

(4) For every z = (x,y) ∈ Z and w = (u,v) ∈ T (z) with z≤p w, we have

Dd̃(w,T (w))≤ 2H+
d̃
(T (z),T (w)).

Thus, by Theorem 1 we get that Fix(T ) 6=∅ and there exists a sequence (zn)n∈N ⊂
Z, zn = (xn,yn) ∈ X×Y of successive approximation of T starting from z0 ∈ Z which
converges to a fixed point z∗ = (x∗,y∗) of T.

Thus,

z∗ ∈ T (z∗)⇒ (x∗,y∗) ∈ T (x∗,y∗)⇒ (x∗,y∗) ∈ T1(x∗,y∗)×T2(x∗,y∗)

which leads to {
x∗ ∈ T1(x∗,y∗)
y∗ ∈ T2(x∗,y∗).

(4.5)

By Theorem 1 (ii) we get that

d̃(zn+1,z∗)≤
βnSs
1−β

d̃(z0,z1), where β <
k1 + k2

2
.

�

Corollary 3. Let (X ,�,d), (Y,�,d) be two orderd complete b-metric spaces with
constant s≥ 1. Let T1 : X×Y → Pcl(X) and T2 : X×Y → Pcl(Y ) be two multi-valued
operators having the strict mixed monotone property with respect to ” � ”. Assume
that, there exist k1,k2 > 0 with k1 + k2 ∈ (0,1) such that:

ed(T1(x,y),T1(u,v))+ ed(T1(u,v),T1(x,y))≤ k1[d(x,u)+ρ(y,v)],

∀(x,y) ∈ (X×Y ),

eρ(T2(x,y),T2(u,v))+ eρ(T2(u,v),T2(x,y))≤ k2[d(x,u)+ρ(y,v)],

∀(x,y) ∈ (X×Y ).

Then, the following conclusions hold:
a) there exists (x∗,y∗) ∈ X×Y such that the sequence (xn)n∈N in X and (yn)n∈N in

Y with, {
xn+1 ∈ T1(xn,yn)

yn+1 ∈ T2(xn,yn)
f or all n ∈ N (4.6)

such that xn→ x∗ and yn→ y∗ as n→ ∞ and{
x∗ ∈ T1(x∗,y∗)
y∗ ∈ T2(x∗,y∗)

. (4.7)
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b) If we denote d̃(zn,z∗)= d(xn,x∗)+ρ(yn,y∗) and d̃(z0,z1)= d(x0,x1)+ρ(y0,y1),
then we have the following estimation holds,

d̃(zn+1,z∗)≤
βnSs
1−β

d̃(z0,z1), where β > 0 is any number with β <
k1 + k2

2
.

The following result is about the uniqueness of the extended coupled fixed point.

Theorem 8. In addition to the hypotheses of the Corollary 3 we suppose that:

(1) there exists (x∗,y∗) ∈ X×Y such that{
T1(x∗,y∗) = {x∗}
T2(x∗,y∗) = {y∗}

. (4.8)

(2) for every (x,y)∈CFix(T1,T2) we have x≤ x∗ and y≥ y∗ or x∗≤ x and y∗≥ y.

Then, we obtain that the extended coupled fixed point problem (P1) has an unique
solution.

Proof. Let Z := X ×Y , T : Z→ Pcl(Z), T (x,y) = T1(x,y)×T2(x,y) and consider
the functional d̃ : Z×Z→ R+, d̃((x,y),(u,v)) = d(x,u)+ρ(y,v).

Let z∗ ∈ Z, z∗ = (x∗,y∗) such that T (z∗) = {z∗} and z = (x,y) ∈ Z such that z ∈
Fix(T ) with z≤ z∗ or z∗ ≤ z.

By Theorem 2 we get that Fix(T ) = SFix(T ) = {z∗}. Hence CFix(T1,T2) = {z∗}.
�

In the next part of this section, we will present some properties of the extended
coupled fixed point problem (P1).

The first result is a data dependence problem for the extended coupled fixed point
problem (P1).

Theorem 9. Let (X,d), (Y,d) be two coupled b-metric spaces with constant s ≥ 1.
Let T1 : X ×Y → Pcl(X), T2 : X ×Y → Pcl(Y ), S1 : X ×Y → P(X) and S2 : X ×Y →
P(Y ) be four multi-valued operators. We suppose that:

(1) there exist k1,k2 > 0 with k1 + k2 ∈ (0,1) such that:

ed(T1(x,y),T1(u,v))+ ed(T1(u,v),T1(x,y))≤ k1[d(x,u)+ρ(y,v)], ∀(x,y) ∈ X×Y,

eρ(T2(x,y),T2(u,v))+ eρ(T2(u,v),T2(x,y))≤ k2[d(x,u)+ρ(y,v)], ∀(x,y) ∈ X×Y,

(2) there exists (x∗,y∗) ∈ X×Y such that{
T1(x∗,y∗) = {x∗}
T2(x∗,y∗) = {y∗}

.
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(3) there exists (u∗,v∗) ∈ X×Y such that{
u∗ ∈ S1(u∗,v∗)
v∗ ∈ S2(u∗,v∗)

.

(4) there exists η > 0 such that

ed̃(T1(x,y)×T2(x,y),S1(x,y)×S2(x,y))≤ η, ∀(x,y) ∈ X×Y.

Then, ed̃(CFix(S1,S2),CFix(T1,T2))≤
sη

1−2sk
.

Proof. Let Z := X ×Y , T : Z→ Pcl(Z), T (x,y) = T1(x,y)×T2(x,y) and consider
the functional d̃ : Z×Z→ R+, d̃((x,y),(u,v)) = d(x,u)+ρ(y,v).

Let z∗ ∈ Z, z∗ = (x∗,y∗) such that T (z∗) = {z∗}.
We consider S : Z→ P(Z), S(x,y) = S1(x,y)×S2(x,y). Let w∗ ∈ Z, w∗ = (u∗,v∗)

such that w∗ ∈ S(w∗).
By Theorem 3 for the multi-valued operators T and S we obtain that

d(w∗,z∗)≤
sη

1−2sk
where k :=

k1 + k2

2
.

Since w∗ ∈CFix(S) are arbitrary chosen, we obtain that

ed̃(CFix(S1,S2),CFix(T1,T2))≤
sη

1−2sk
.

�

The second problem we intend to study is the well-posedness of the extended
coupled fixed point problem.

Definition 12. We consider the extended coupled fixed point problem (P1). By
definition, (P1) is well-posed for T1 and T2 with respect to Dd if:

(1) CFix(T1,T2) = {(u∗,v∗)}, (u∗,v∗) ∈ X×Y ,
(2) if there exists a sequences (un,vn) ∈ X×Y with{

Dd(un,T1(un,vn))→ 0
Dd(vn,T2(un,vn))→ 0

.

then d(un,u∗)+d(vn,v∗)→ 0 as n→ ∞.

Theorem 10. We suppose that all the hypotheses of Theorem 9 take place. Then
the extended coupled fixed problem (P1) is well-posed for T1 and T2 with respect to
Dd .



FIXED POINTS AND EXTENDED COUPLED FIXED POINTS 159

Proof. Let Z := X ×Y , T : Z→ Pcl(Z), T (x,y) = T1(x,y)×T2(x,y) and consider
the functional d̃ : Z×Z→ R+, d̃((x,y),(u,v)) = d(x,u)+ρ(y,v).

Since the multi-valued operator T satisfies the hypotheses of Corollary 9, we get
that T has a unique extended coupled fixed point. Let z∗ ∈ Z, z∗ = (x∗,y∗) such that
T (z∗) = {z∗}.

Let wn = (un,vn) ∈ Z, with{
Dd(un,T1(un,vn))→ 0
Dd(vn,T2(un,vn))→ 0

.

By Theorem 4 for the multi-valued operator T we obtained that d(wn,z∗)→ 0, as
n→ ∞.

�
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