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Abstract. In this paper, some new weighted Simpson’s type integral inequalities are presented
for the class of harmonically-preinvex functions by using power-mean integral inequality and
Holder’s integral inequality.
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1. INTRODUCTION

It is known that a function ¥ : I/ C R — R is convex if the inequality
B(vx+(1—=v)y) <vo(x)+ (1—v)0(y)

holds for all x, y € I and v € [0, 1].

Convex functions can also be characterized by an important inequality known as
Hermite-Hadamard inequality. This inequality is stated as follows.

Let 9:1 C R — R be a convex function defined on a convex interval / of real
numbers and A, u € I with A < u. Then

S <7\.+,u> < l/ﬂﬁ(x)dx < B(A) —{—1‘}(‘11).
2 u—=»AJa 2
Convex functions play a key role in the development of the filed of mathemat-
ical inequalities. The filed of mathematical inequalities using generalizations of the
convex functions is growing rapidly.
Harmonically-preinvex functions is one of the generalizations of the convex func-
tions stated as follows.

Definition 1. [19] A function O : Iy = [A, A+ @(u,A)] C R\ {0} — R s said to be
harmonic preinvex function with respect to the bifunction @(.,.) if

£+ 9 () bt
o EII ) <vo0)+ (-0 ()
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for all x, y € Iy and v € [0,1]. The function ¥ is said to be harmonic preconcave
function with respect to @(.,.), if and only if, —9 is harmonic preinvex function.

Let us recall the notion of harmoncally symmetric functions that will also be useful
to establish our resutls.

Definition 2. [19] A function O : Iy = [A, A+ @(u,A)] C R\ {0} — R s said to be

QM) 1p
22+o(uA)

- A+ (u,)))x
Y(x) =1 ((2}h+(p(‘u7}\,))x—7»(7&+(P(/~la7b)))

holds for all x € [A,A+ @ (u,M)].

harmonically symmetric with respect to

One of the important quadrature formulae for functions of one real variable is the
Simpson’s rule.
The Simpson’s inequality states that if O : [A,u] — R is a four times continuously
differentiable mapping on (A,u) and Hﬁ(“) .= sup ’1‘}(4) (v)| < oo, then
ve (M)

2

/x”ﬁ(x)dx—”;k BB | o (T)H

o P SR CRY

The inequality (1.1) has attracted a considerable attention of a number of researchers
since it is very important and remarkable in the filed of mathematical inequalities
and numerical analysis. Plenty of new Simpson’s type inequalities using different
types of convex functions have been established. There is a substantial literature
on the extensions, generalizations and refinements of Simpson’s inequality and on
Simpson’s type integral inequalities using a variety of convexity conditions, see for
example [1-11], [12-18], [20-31] and the references cited in these papers.

In Section 2, we prove new Simpson’s type integral inequalities using harmonically-
preinvex and harmonically symmetric weight functions. The results of our manu-
script provide extensions of previously established Simpson’s type integral inequal-
ities.

2. WEIGHTED SIMPSON’S TYPE INEQUALITIES FOR HARMONICALLY-PREINVEX
FUNCTIONS

Throughout in this section, we will use the notations U; (v) and U, (v) respectively
for ZMAWM) o0 g 2MA+e(uM)
2h+(14v)@(u,h) 2h+(1=v)@(uh) "
In order to prove the results of this paper, we need the following lemma.
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Lemma 1. Let 9 : Iy C R\ {0} — R be a differentiable function on I, and X,

A+ (u, L) € Ly with @ (u, 1) > 0 and let w: [, A+ @ (1, 1)] — [0, 00) be a continuous

positive mapping and harmonically symmetric to %W,

If € L(IMA+0(u,N)]), the following equality holds

LAt o() A+ (1)
8( PPN >[‘9(“+6‘9< zx+<p<u,x>>”(““’(“”‘”] @D

) “7(“’“w<z> L M) “7‘”’“w<z>f><z> YN
4

2 T o) A +9 ()

and
1 v
p2(v) = —i/W(Uz (s))ds+/w(U2(s))ds.
0 0

Proof. By integration by parts, we have
1
h= [ i) W) U ) dv

0

:_<27~(“<F’(%7~))

) /1 pr(v) [— <W>] (U, (v))20 (U} (v))dv
0

A+¢(uA))

Vv

_ <W)O/ {io/lwwl (s))ds—o/w(Ul (s))ds] d[O(U; (v))] dv

1
:_<WW

1 v
|:i/w(U1 (s))ds—/w(U1 (s))ds
0

0 0

1
(OO [ ()
(o6 >0/ @ o e = (FEEER)
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/ 1
S T
1
~(2A(A+o (1)) N ) .
( Py )0/ (U )3 (U1 (v)d

2MA (L))

2 2A+o(p))
1 (Y o o ()] T
2A(A+ouM)
2A+¢(uh)
ey [ e

Similarly, we can have

1
L= / 2 (v) (U ()28 (U (v)) dv
0

(M o)) | 0+ ()
E >[ﬁ@+¢@k»+3ﬁ< )]

¢ (u,\) 2L+ ¢ (u,\)
+o(u,\) A+o(u,\)
@) (@)Y T w(@)B ()
X dz — — T dA\.
2 ¢ (u,\) 22
2AMA+o(u))) 2MA+(u,)))
22+¢(uh) 2M+¢(uh)

Since w(z) is harmonically symmetric with respect to %((“ﬁ)) we have

2MA+o(uM))

28+ Qk) A+(u,A) A+o(u))
wiz) (2) dz = / W) @) dz = ! / wiz) (@) dz
72 2 2 2
A 2040(u.1)) A
D9 h)
Thus, we have
A
QWh) __p )

A+ (u,1))
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1A+ uA)) 2A(A+0(u,)))
< ¢ (u, 1) >[ﬁm+6ﬁ< 2h+ @ (u,A)
Ao(ud)

8

0 A e(uA) (9)3()

x - a P .
j j

)+ﬁa+¢wm»

2« @ (u,\) 22

Hence the proof of the theorem is done. O

Remark 1. Throughout this manuscript we will use the following notation for the
sake of convenience

(A + @ h); 0, w) = é (W)
2 (h+ ¢ (u,A))

X [ﬁ(?»)—l—6ﬁ< AN

) 4o

@) aarewn) T wee e
wi(z H, it :
’ x/ 2 T / E

dz.

Corollary 1. Under the assumptions of Lemma I, the following inequality holds

@A)
. < .

X {0/1 <i —v) (U (v)*0 (U (v))dv—l—o/1 <v— i) (U, (V)0 (Us (v))dv}.

Proof. Proof follows from the fact that

w < ||lw
191, 2 o < W]kt

and

0 s o gguay] o < P00 s 0000

0

Theorem 1. Let O : Iy C (0,00) — R be a differentiable mapping on I, where
A A+ @ (M) € I, with @ (u,A) > 0 and let w: [A, A+ @ (u,A)] — [0,0) be a con-

tinuous positive mapping and harmonically symmetricto W.
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IfS ,we Ly ((MA+@(u,\)]) and ‘ﬂ/ ‘q is harmonically-preinvex on [A, A+ @ (u, )]
forq > 1, then

B0, At @A) 0, w)| < m 19 s 23)
-1 , , %
x (1‘56) mg (x,u){[m (10 () [ A"+ 02 (19 (o)) [0 (1) ]

+ |02 (=11 (0,10

& W)+ o1 (=g (A,10)

o wl]'}.

where

01 (n(P O\'nu)) =

3n(zp (A”/J) - 3n(P 0‘%“) —4 (n(P (X,,u) B 8) In 16 (1 +n(P (}‘nu))
8ng, (A1) (1+ng (A, p)) 8ng, (M. ) (4+3no(Mp)” )’
or (n _ A+3ng (M) (84 Tng (M, u)) , 16 (1+ne (A, u))

2 1tg (ho1)) = 8n2 (A, u) 8ng (A1) 1 <(4+3n(p (7\.,;1))2)

_ o) _ 2MA+ o))
O g M T T )

Proof. Taking the absolute value on both sides of (2.2) and using the power-mean
inequality, we have

¢ (u,A)

: < ——F—— 5
|ﬁ(7\’77" + (P(,ll,)\.),ﬁ‘,W” = 47\’(7\‘_1_(‘)(“’7\’)) HWH[)\,,)\.+Q(H,7\,)L°°

W
ll

2.4)

1

=3 /1 a
dv) (/ i—v (U1 (0))? «a’(Ul(v)))qdv)
0
=5 /1
dv) (/ v—i‘(Uz(v))z ﬂ’(Uz(v))\"dv)
0

—V

3
4

3
Y74
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. . . . 114
By using the harmonically-preinvexity of ‘ﬂ ) on [A,A+@(u,A)] for g > 1, we get

1

/ Z—v )2 [ W) a @.5)
0
3 1
<[o' )" L/ (i—v) (1;V> (Ul(v))zdv+/<v—i> <1;V> (Ul(v))zdv]
; 1
o ) L/ G-) (%) (Ul<v>>2dv+i/ (-3 (%) <U1<v>>2dv]
= m2 (M) 3ng (hpt)* =3ng (M) =4 (ng (h,p) —8) In <16 (1+7¢ (Aop) )]
e 8”(2;) (A1) (1 +ne (7‘,1“)) 8an (A, m) (4—|—3nq, M) )2
x ‘ﬁ' (k)]q+m3p (A1) 4;;;133;,”((;(77;)#) e ;?&ft)“)) In (1(2(:;:3 yﬂ)2 )] ‘ (“)’
and
1
[|=3]we?8 @0n|'av 26
0

_|_
<

QL
<

+
&

(-3 (%)

lé(l—mp(x,m)ﬂ

(4—3ng (A, 1))°
)+8) (16(1 ng (A ))]
In 3

1) (4—3ng (1, y))

_ ewA)
"ot = ()

(v))zdv]

o ) { / (3-1) () @y
0

4—3ne (M) (8—"7ne (A,u)) |
8ng (A, 1) 8”(3p (A u)

[3n(zp(7u )+3nq,(7» u) — + (ng (M,

’ ‘ q

B ()

= .
= T T— e s

Sw| >

W',

(2]
S
PN
—
>>
\./
—
—
3
<
—
>>
=
=
~—
o0 |6
S
>

(

and

_ 2MA+9(u, M)
"o k) = ) o)
Using (2.5) and (2.6) in (2.4) we get (2.3). ]
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Theorem 2. Let O : Iy C (0,00) — R be a differentiable mapping on I;:(P, where
A+ @ (u,A) € I, withg (u,h) > 0 and let w: [\, A+ @ (u,A)] — [0,0) be a con-

tinuous positive mapping and harmonically symmetric to %‘W. If O ,we

Li (A, A+ (u,N)]) and ‘1‘}/ ‘q is harmonically-preinvex on [A, A+ @ (u,A)] for g > 1,
then

D0+ (), < Zf"& DO s () @)
{[m no(a0)]' ™ [p2 (g \ﬁ W'+ a) ] @]
+ o1 (o ()] [pa(a) [8 ) +pz<q>\ﬂ’<u>|”}‘l’},

where

P1 (”l(P (7\4,.‘1)) :n(gl (A,Hu) ((1 +ng (7»,/.1)):%3 _ 1) ’

272475 (8g+15) +272475 x 39T (4g + 11)

_ 2—2q—5 +2—2q—5 % 3q+1 (4q+5)
[P R
gy PR Do)

- 2+ (u ) 2A+@(uA)

Proof. Taking the absolute value on both sides of (2.2) and using the Holder in-
tegral inequality, we have

B,w)| < Dt o) W1 ppc+ (a0 (2.8)

8 (U (V) )qdv)

1
q

3 q
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. . . . 114
By using the harmonically-preinvexity of ‘ﬂ ) on [A,A+@(u,A)] for g > 1, we get

3 q

8 (Ui(v))

dv 2.9

N

/

’ q
3

ol [ G- (5 ae (-3 (5o

by

3

o ) j(j_v)q(lgqm /(V_jycgv)dv

2

+

_ (2245 x 39+ (4g +11) +272473 (8q + 15)>
a (g+1)(g+2)

272075 4272075 % 34t (4g+5)\ | o, ||
+< (g+1)(g+2) >‘ﬂ (ﬂ)’

9 (M)

‘ q

and

ool [ () (2o [ (52)
(e
+<2 q (8%1213(;;34 (4q+11)>‘ﬁ/(lu)‘q.

@2.11)
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We also observe that
/ 29 1 —q quql —1 T—g
/(Ul (V))‘Fl dv = mg (7\'5:‘1) n(p (7\'7“) (1 +n(P (7\'7/1)) =1
0

and

I+¢q
(2.13)
where
oA _ 2MA+o(u, 1))
"o k) = o1 o) M M = T )
Applying (2.9)-(2.13) in (2.8), we get (2.7). ]

Theorem 3. Let ¥ : Iy C (0,0) — R be a differentiable mapping on L, where A,
A+ () € I, with @ (u,A) > 0 and let w: [, A+ ¢ (u,A)] — [0,00) be a con-

tinuous positive mapping and harmonically symmetric to %w If ﬁ/,w €

Li ((AMA+@(u,M\)]) and ‘19, ‘q is harmonically-preinvex on [A, A+ @ (u,A)] for g > 1,
then

Kﬂ@%(hu)@(#,%) I g—1\""4
T At (u)) ARkl 5 1
(2.14)

[0 (M + @(u,X);0,w)

x4 (3% +1)]1; (4(2q—1)1(q—1>ﬂ2>;
1

{ [P (ng i) [0 0]+ 2 (g () [0 0]

o ]},

o+ [p2 (=10 (hst) |8 )" +p1 (=119 (2)

where

p1 (ng (M) = 142 (g — 1) ng (ko) — (14 ng (1)) 7 (14 (4g — 3) ng (o).
P2 (g (Mpr) = (1+ 19 (Aotn))* 2" +2(g— 1) ng (Apr) — 1

_ (A _ 2MA+ (M)
ne (Mu) = Ttowh) and mg (M, u) = o)
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Proof. Taking the absolute value on both sides of (2.2) and using the Holder in-
tegral inequality, we have

¢ (u, 1)

: < ———— 5
|ﬂ(7\‘7}\’ + (P(/Jv;\’)’ﬁ?W)‘ = 47\4(7\+(P(ﬂ,7\r)) ||W||[7»,7»+(p(y77u)],oo

(2.15)

1 e =3 /1 0
y (/ivqld\/) (/(Ul(v))zqﬁ/(Ul(v))qdv)
0 0
| NEs =2 /1 0
+ O/v—4 dv) (O/(Uz(v))zqﬁ/(Uz(v))qdv) }

. . . . /|4
By using the harmonically-preinvexity of ‘19 ) on [A, A+ @ (u,A)] for g > 1, we get

1

[wiep™]s i)

0
1
’ q
¥ ()] O/(

0
mig! (hogt) [ 142 (g = 1)ng (Aott) = (119 (o)™ (14 (4g = 3) ng (Ao) |

‘q
dv (2.16)

< 1+v
- 2

) wipa+[o | (137 @oas

dv (2.17)

gl (o) [ (1= g (Ag2)* 2421 = g g (ho) — 1]
4(29=1)(g— )3 (hp)
14201 g)g (o) = (1= g () (14 (3~ 4q) g (o))
4(2g—1)(g—1)ng (A u)

[ )"+ ()

X

o ()|
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We notice that

1 q 1 q
3 a1 3|aT _2-1 —1 2-1
/ 1 ’ dv:/ V_Z ! dv=4 2(;,7]1 <;q—l> (32,,(14] +1)_ (2.18)
0 0
Applying (2.16)-(2.18) in (2.15), we get (2.14). ]

Theorem 4. Let 9 : Iy C (0,00) — R be a differentiable mapping on Lo where A
A+ @A) € L, with @ (u,A) > 0 and let w: [, A+ ¢ (u,A)] = [0,00) be a con-

2MA+@(u,\)) /
72x+<p(:k) CIfY,we

Li (A A+@(u,A)]) and ‘ﬁ, ’q is harmonically-preinvex on [A, L+ @ (u,A)] for g > 1,
then

tinuous positive mapping and harmonically symmetric to

(A, A+ () ;0 w)] (2.19)

mig (A1) @ (1, 1)
= 47(»P (xf (p(,l:l}\,)) ||W||M+<p(y7x>1,oo{[01 (o (ot0))]"

Eyr

8 '] + or (~ng ()]

o (u)m }

x [o1 (g () [ (x)(”+02 (g (A1)

x [0 (~ng (A,1)

o (X)’q+01 (g (Ao 1t))

where

C ng(hp) 42 1 16(1 +ng (A, 1))
01 (19 (1)) = o T (1 1 g o)+ 72 s “<<4+3n<pq2%#>>2> ’

_ 2MA+0(u,1)

9w
"ot = ) M = T e

Proof. Taking the absolute value on both sides of (2.2) and using the power-mean
inequality, we have

A
000 2ot 900 2):000)] < 1 Pl g 2.20)

1

A
>
>
+

! S
=
>

1 1- 1 q
X (/ %‘V (Ul(V))ZdV) (/ %—v U ()? | (Ul(v))qdv>
0 0
I 3 ‘
- (/ vi(Uz(v))Zdv) (/'iv (U2 (v))? ﬂ/(Uz(v))qdv)
0
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. . . . 114
By using the harmonically-preinvexity of ‘ﬂ ) on [A,A+@(u,A)] for g > 1, we get

N [~—r

)= 3ng(hu) =4 (ng(A,u)—8) <16(1+n¢(k,,u)
J(1ng o)~ 8o () (4430 (ho10)
44 3ng (A, u)
8ng (A, )

N (8+7Tng (A, 1)) n (16(1 +ng (A1) )] ‘ﬁ/ (‘u)‘q

(4+3n ()’

)

_ 4—3ng (My) (8 —7Tne (A, u)) n 16 (1 —ng (A, u))
8ng (A, ) 85y (A1) (4—3ng (A,u))°
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3¢ (A, u)* + 3ng (A, ) — 4
8ng (A, u) (1—ng(A,u))

gy (o) [& (M) -+ 773 (0,10 (2.22)

(nq,(x,y)+8)n 16 (1 —ng (A, u)) T
- 83 (o) 1 4 Oor))’ ‘ﬁ(u)‘.

We also have

[3 5 '3 . (3 )
/ 7~V (Ui)Pav = / (4 —v> U (v) dv+/ <v— 4) (U (v)2dv  (2.23)
0 0 3
_ 2 3ng (A, u) +2 1 N 16(1 +ng (A, u))
=0 Mot | G o) (1 g o))+ 1Ot (ssm?)
and
1 2 1
/ % | (U (v))2dv = / <431 - v) (Un(v))2dv+ / (v— i) (Uh(v)2dv  (2.24)
0 0 3
— 3ng (A,u) —2 LR 16(1 —ng (A1)
= o (Aot) 4ng (M) (1 —ng (A, 1)) +"<2p(7wﬂ)l <(4—3nq>(7v,u))2> ’
where
9 _ 2MA+o(u,A))
ne (A u) = Ftowh) and mg (A, u) = o)
Using (2.21)-(2.24) in (2.20) we get (2.19). O
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