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Abstract. In this study, we establish the above and below bounds for the left and right hand sides
of fractional Hermite-Hadamard inequalities by using functions whose second derivatives are
bounded. We also give some refinements of fractional Hermite-Hadamard inequalities by using

- o +b
the functions that have the conditions f'(a+b—t)— f'(t) > 0,1 € [a, HT] .

2010 Mathematics Subject Classification: 26D07; 26D10; 26D15; 26A33

Keywords: Hermite-Hadamard inequality, integral inequalities, bounded functions

1. INTRODUCTION

The Hermite-Hadamard inequality, which is the first fundamental result for convex
mappings with a natural geometrical interpretation and many applications, has drawn
attention much interest in elementary mathematics. A number of mathematicians
have devoted their efforts to generalise, refine, counterpart and extend it for different
classes of functions such as using convex mappings.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature (see, e.g., [18, p.137], [7]). These in-
equalities state that if f : I — R is a convex function on the interval I of real numbers
and a,b € I with a < b, then

f(a;b> Sbia/abf(x)dng(a);f(b)' 4-b

Both inequalities hold in the reversed direction if f is concave.
In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper.

Definition 1. Let f € L;[a,b]. The Riemann-Liouville integrals J% f and J)* f of
order o0 > 0 with a > 0 are defined by

) = Fgr [ =0 0 x> a
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and .
1
J x:—/ t—x)* f()dt, x<b
respectively. Here, ['(at) is the Gamma function and JO, f(x) =J)_f(x) = f(x).

For more information about fraction calculus please refer to [9, 14, 16, 19].
In [23], Sarikaya et al. first give the following interesting integral inequalities of
Hermite-Hadamard type involving Riemann-Liouville fractional integrals.

Theorem 1. Let f : [a,b] — R be a positive function with 0 < a < b and f €
Lyla,b]. If f is a convex function on [a,b|, then the following inequalities for frac-
tional integrals hold:

()< Bt s ) L950

with oo > 0.

Sarikaya and Yildirim also give the following Hermite-Hadamard type inequality
for the Riemann-Lioville fractional integrals:

Theorem 2 ([24]). Let f : [a,b] — R be a positive function with a < b and f €
Ly [a,b]. If f is a convex function on |a,b], then the following inequalities for frac-
tional integrals hold:

a+b 2971 (a+ 1) fla)+ f(b)
< J¢ b)+J% .- <= (13
f< 2 >_ (b_a)oc (w;J)+f( )+ (#) f(a) = 2 ( )

Moreover, Dragomir give the following another version of Hermite-Hadamard in-
equality for Riemann-Lioville fractional integrals:

Theorem 3 ([8]). Let f : [a,b] — R be a positive function with a < b and f €
Ly a,b]. If f is a convex function on |a,b], then the following inequalities for frac-
tional integrals hold:

f<a+b> < 29710 (o + 1) [Jgif <a+b> +Jgf<a+b>] < f(a);—f(b)

2 (b—a)* 2 2
(1.4)
Over the years several papers devoted to fractional Hermite-Hadamard inequalit-
ies. One can refer to the references [1—4, 0, 10-13,15, 17,20-26] for some of them.

F. Chen prove the following inequalities which give the above and below bounds
for the left and right hand sides of inequality (1.2).

Theorem 4 ([5]). Let f : [a,b] — R be positive, twice differentiable functions with
a<band f €Ly[a,b].If f is bounded, then we have the inequalities

atb

o [ (430 T o o
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I'(o+1)

< e s+ sl -1 (57

a+b

< (bﬂfj)a/z<6H2—b—x>2[(x—a)“_l—i-(b—x)a_]] dx

and

ath

—Ma o o
M/(x_a)(b—x) [(x—a) "4 (b—x) l]dx
Lo+l a « fla)+ £(b)
S 3 (p—a) P T O HIp fla)] = ===

atb
2
—mo

§M/(x—a) (=) [(r—a)* "+ (b—2)"" | dx

for o.> 0, where m = inf, o) " (t), M = SUP;eq.p] 1 (1).

In this paper we establish extensions of inequalities (1.3) and (1.4).

2. MAIN RESULTS

Firstly, we give the following inequalities which give the above and below bounds
for the left and right hand sides of inequality (1.3).

Theorem 5. Let f : [a,b] — R be positive, twice differentiable functions with a < b
and f € Ly [a,b]. If f" is bounded, i.e. m < f"(t) <M, t € [a,b], m,M € R, then we
have the inequalities

m(b—a)? < 2970 (o +1) {J‘("myf(b)jth"ﬁ,,)f(a)] _f<a+b>

4o+ 1)(a+2) =  (b—a)® : ot 2
M(b—a)?
Aot 1)(0t2) 1)
and
m(b—a)’a(0+3) _ fla)+f(b) 2*'T(a+1) [, .
Sat@r2) = 2 (b-a) [’(a;byf(b)ﬂ(ﬁb)f(a)}
M(b—a)*o(o+3) 02

— 8(o+1)(o+2)
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Proof. By using the change of variables we have

29I (o + 1) [

(b—a)* J?"%’J)*f(b)ﬂﬁ‘%”)f(a)]

o—1 g %b
_ 2 /(bx)o‘lf(a—i—bx)dx—i—/(xa)“lf(x)dx}

a+b

20— lgy

o [ 1@+ flatb=] x-a)* ax

By equality (2.3), we get

29I (o + 1) [
(b—a)”

oy SO+ gy 10| =1 (457

a+b

2

- [ sarb-nl-a a-p (50
_ (z:‘;a 7[f(x)+f(a+b—x)—2f<a;b>} (x—a)% dx.

we have

f(x)+f(a+b—x)—2f<“‘;b> - / f’(t)dt—/f’(t)dt

(2.3)

2.4)
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— }f’(a+b—u)du— a/f/(f)d’

= [ [flla+b—1)—f(1)]dr. (2.5)

We also have

a+b—t
Fllatb—1)— /'f’ 2.6)
By using equality (2.6) and m < f”(u) < M, u € [a,b], we obtain,
a+b—t a+b—t a+b—t
m / du < / f(wWdu<M / du
t 1 1
ie.
m(a+b—2t)< flla+b—1t)—f(t) <M(a+b—2t). .7
Integrating inequality (2.7) with respect to f on [x, #] , we get

atb \* i . , at+b \?
m< 5 —x> S/[f(aer—t)—f(t)]dth(z—x) .
By equality (2.5),

2 2
m<“;b<0 < FO)+ flatb—x)— 2f<“+a)§M<“;b<O . (28)

Multiplying inequality (2.8) by # and integrating the resultant inequality

with respect to x on [a, “52], we establish

ath

m2% o [ (a+b : _
(b—a)a/< > —x> (x—a)* 'dx
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By using equality (2.4) and

atb

Z(a;b—x>2(x—a)a1dx:<b;a>a+2a( 2

o+1)(a+2)’

then we obtain
m(b—a)? 201 (o + 1 a+b
4(a+< 1)(oc)+ DT _(a)“ | [J?“z”)*f(b) +J?“z”)f(a)] -/ < 2 )
M(b—a)?
4o+ 1)(a+2)
which completes the proof of inequalities (2.1).
On the other hand, by equality (2.3), we have

a o—1
fl@)+f(b) 2% 'T(a+1) [J?a;b)+f(b)+Ja )f(a)}

2 (b—a)* (5"
a oa—1 Y
_ [ 2] g | U+ flat b)) (=)
20!71(1 o

= oma | V@SB 0~ flatb—9)x—a) 'dx. @9

By using the equalities

10~ f(@ = [ £y
and '

b
)~ flatb-x)= [ fid
a+b—x
we get

b X
J@)+ 1) 5= fla+b=2) = [ fOdi= [ @)

a+b—x

:/xf’(a+b—u)du—/xf’(t)df

:/[f’(a—i—b—t)dt—f’(t)]dt. (2.10)
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By integrating inequality (2.7) with respect to ¢ on [a,x], we get

m/(a+b—2t)dt§/[f/(a—l—b—t)—f’(t)] dth/(a+b—2t)dt.

a

That is,
mx—a)(b—x) < f(a)+ f(b)— f(x) —f(a+b—x) <M(x—a)(b—x). (2.11)

La(x—a)*

Multiplying inequality (2.11) by ﬁ and integrating the resultant inequality
with respect to x on [a ”;b ] we establish
#
m2% 1 1
b—a)" /(b x)(x—a)® " dx
a
#
20cfla a1
< o | @+ FB) )~ flatb—] (=) dx

a
a+b

/(b —x) (x—a)* dx,

a

M2% 1q,

<
= b-a)®

ie.
m(b—a)*a(o+3) _ fla)+f(b) 2% 'T(a+1) o
8(o+1)(o+2) = 2 - (b—a)® (%) A )H(%) fa)
M(b—a)*a(a+3)
8(a+1)(a+2)
which gives inequalities (2.2).
This completes the proof of the theorem. g

Now we give the following refinement of inequality (1.3).

Theorem 6. Let f : [a,b] — R be positive, twice differentiable functions with
a<band f € Li[a,b]. If f'(a+b—x) > f(x) for all x € [a,“sL], then we have
the inequalities

o—1
(430 _2 w“ o, )%, f@)] < OO g )
2 () 2
Proof. Since f’ (a+b X) )forallxe[ ] by equalities (2.4) and (2.5),
we have
2971 (o + 1)

N [ Ly SO+ Ty S| 1 (57
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+

- 2(“ /[ )+ flatb—x)— 2f<a+b>}(x—a)aldx

atb zH»b
2

_ 2a1 / / Nat+b—1t)—f (1)]dt| (x—a)* " dx

>0

which gives the first inequality in (2.12).
Similarly, by equalities (2.9) and (2.10), we get

f(@)+f(B) 2T+ ) .
OB ey 0 gy 10

[f(@)+f(b) = f(x) = fla+b—x)] (x—a)*'dx

I
=0
| Q
Q —
SN—
Q
Q \N‘Z

:(b—a(;/ [ [fa+b-ndi- o) dr| (x-a)*ax

a a

This completes the proof. U

Now, we establish the following inequalities which give the above and below
bounds for the left and right hand sides of inequality (1.4).

Theorem 7. Let f : [a,b] — R be positive, twice differentiable functions with a < b
and f € Ly [a,b]. If " is bounded, i.e. m < f"(t) <M, t € [a,b], m,M € R, then we
have the inequalities

S e () ()] )

m(b—a)*o
_W (2.13)
and
m(b—af _ f@+f() 2Tt 1) [ o, (atb) o fath
e < e () e (7))
2
L mb—a) (2.14)
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Proof. From the definition of Riemann-Liouville fractional integrals, we get

2 'T(o+1) [wa(a;b) +be<a42rb>]

(b—a)*
a—1 %? o—1 b o—1
:(bZao)ca/<a-;b_x> f(x)dx+/ <x—a—;b> f(x)dx
o—1 o o—1
- (;_ao)‘a/[f(x)+f(a+bx)] (“;bx> dx. (2.15)

By equality (2.15), we have

"2 () 0 () ()

a+b

:m/z[f(xwrf(aw—x)] (a;b—xyldx_f(a;b)

atb

=(i__;()’°/ [f(x)+f(a+b—x)—2f<a;b>] <“;b—x>aldx. (2.16)

Moreover, using the identities

(“57) s [ rwa

and
a+b—x
b
flatb-n-(“52) = [ roa

we obtain

a+b—x %

b
f(x)+f(a+b—x)—2f<a; ): / f’(t)dt—/f’(t)dt

a+b atb

_ /zf’(a+b—u)du— /zf,([)dt



674 H. BUDAK, H. KARA, M. Z. SARIKAYA, AND M. E. KIRIS

a+b

2
_ / [flatb—1)—f ()]dr.  (217)

X

By integrating inequality (2.7) with respect to # on [x, #] , we get
b \* b \?
m <"; —x> < / [f'(a+b—1)—f(0)]dr <M (“; —x> .
X

That is, by equality (2.17),

5 2
m(a;b—x> gf<x)+f(a+b—x>—2f<a;b>§M<a;b‘x) - @19

a+b

“lo(x—a)*”
(b—a)®
|, we establish

o 1
Multiplying inequality (2.18) by 2 and integrating the resultant inequality

a+b

with respect to x on [a, %+

a+b
2

m2°“10c/ atbh “*‘dx
(b—a)* 2

[ foesonn-2(239)] (252) o

atb
2

M2 o o fa+b O\
<ooar ] (57
It follows that
mb—a)Yo 2 'T(a+1) [, . [a+b o . fa+h a+b
i < oo [ () e (40)] - ()
m(b—a)* o
- 8(a+2)

which proves inequality (2.13).
On the other hand, using identity (2.15), we get

FALI0) 2“—(;;_ (Z; D [Jg P (a;b> ey (;”ﬂ

atb

_f@+f(b)  2%'a ] ath \*!
i —(b_a)aa/[f(x)—irf(a—irb—x)]( . —x) dx
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atb
20-1g,

i o—1
:(b_a)oz/[f(a)-l-f(b)—f(X)—f(aH—b—x)] (“;b—x> dx.  (2.19)

Using the facts that
10— f@ = [ £y

and
b

o)~ flatb-x)= [ fian
a-t+b—x
we get

b

J@)+ )5 = fla+b=2) = [ f©di= [ 0

a+b—x

:/xf’(a—i-b—u)du—/xf/(t)dt

- / [f(a+b—t)dt—f(1)]dr.  (2.20)

By integrating inequality (2.7) with respect to ¢ on [a,x], we get

m [(”;")2— ("*”—xﬂ < f(@)+ F(b) ~ f(x) — fla+b—2)

2
b—a\* [(a+b \’
(5 (5]

o—1

and integrating the resultant in-

o—1
b
(a;— —x) dx
20-1g,

< G [ U@+ -1~ fla+-0] (52 -x) ax

(i(:l?* (M _x)

2
equality with respect to x on [a, #] , we establish

Multiplying inequality (2.21) by

atb
2

Erlizi;l)% a/ [(b;a)z_ (a;rb _x)z

a+b
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atb
M2 o [l /b—a\? [atb \?
S og/ - —X
(b—a) 2 2

By equality (2.19) and equality

o—1

(5

o—1
b b—a)?
<a—; —x> dx = ( a)

#

20 Tgy / b—a\* [at+b \*
— — —X
(b—a)® 2 2

a
we get the desired inequality (2.14).
This completes the proof. g

Theorem 8. Ler f : [a,b] — R be positive, twice differentiable functions with
a<band f€Lia,b]. If flat+b—x)> f(x) for all x € [a,*F2], then we have
the inequalities

()R o () o ()] 3

Proof. From equalities (2.16) and (2.17), we have

2a(;r_(z;l) [ o <a+b> Y <a42—b>} _f<a42rb>

+

T e (3

a+b

= Zal /2 / a—l—b—t) f(t)]dt (a;b—x>aldx

>0

which proves the first inequality in (2.22).
Similarly, by equalities (2.19) and (2.20)

I () ()

a+b

_ [ 1@+ 70) = 509~ fta-+ b)) (tb_x)a_ldx

X

/[f’(a—i—b—t)dt—f’(t)} dt <a—;—b_x>oc—1dx

I
—
SN
| f
) [
\/Q QL

a
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> 0.

This completes the proof. g
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