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1. INTRODUCTION

The following two types of convexity of functions are well known in the literature.

Definition 1 ([7]). A function α : J ⊂R→R is said to be h-convex, where J is an
interval, if the inequality

α(tx+(1− t)y)≤ h(t)α(x)+h(1− t)α(y) ,

holds for all x, y ∈ J and t ∈ [0,1].

Definition 2 ([4]). A function α : J ⊂ R→ R is said to be quasi convex, where J
is an interval, if the inequality

α(tx+(1− t)y)≤ max{α(x) ,α(y)}

holds for all x, y ∈ J and t ∈ [0,1].

Varšanec, in [9], introduced the concept of h-convex functions, which generalizes
the concept of a nonnegative convex function, and other types of convexity of func-
tions such as Godunova–Levin, and s-convex functions. We refer the reader to [7]
and [8] for further properties of h-convex functions.

The Hermite-Hadamard inequality is one of the most important mathematical in-
equalities due to its applications in different contexts. It is stated as follows: For an
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interval [c,d] with c < d,

α

(
c+d

2

)
≤ 1

d − c

∫ d

c
α(x)dx ≤ α(c)+α(d)

2
,

where α : [c,d]→ R is a convex function. For extensions, refinements and applica-
tions of this inequality, see [3] and [6].

Recently, several authors established a number of inequalities to estimate the dif-
ference between α

( c+d
2

)
and 1

d−c

∫ d
c α(x)dx for differentiable convex mappings, see

for example [1, 4] and [5]. In [2], Hwang obtained the following two theorems.

Theorem 1 ([2]). Let α : J ⊆ R→ R be a differentiable mapping on J◦, where J
is an interval, and w : [u,v] → [0,∞) be a continuous and symmetric mapping with
respect to u+v

2 , where u, v ∈ J◦ with u < v. If α′ ∈ L1 ([u,v]) and |α′| is convex on
[u,v], then∣∣∣∣∣∣α

(
u+ v

2

) v∫
u

w(x)dx−
v∫

u

w(x)α(x)dx

∣∣∣∣∣∣
≤ (v−u)

2
[∣∣α′ (u)

∣∣+ ∣∣α′ (v)
∣∣] 1∫

0

M (w,u,v, t)dt, (1.1)

where

M (w,u,v, t) =

l(u,v,t)∫
u

w(x)dx and l (u,v, t) =
1+ t

2
u+

1− t
2

v.

Theorem 2 ([2]). Let α : J ⊆ R→ R be a differentiable mapping on J◦, where J
is an interval, and w : [u,v] → [0,∞) be a continuous and symmetric mapping with
respect to u+v

2 , where u, v ∈ J◦ with u < v. If α′ ∈ L1 ([u,v]) and |α′|q is convex on
[u,v] for q ≥ 1, then∣∣∣∣∣∣α

(
u+ v

2

) v∫
u

w(x)dx−
v∫

u

w(x)α(x)dx

∣∣∣∣∣∣
≤ (v−u)

[
|α′ (u)|q + |α′ (v)|q

2

] 1
q

1∫
0

M (w,u,v, t)dt, (1.2)

where

M (w,u,v, t) =

l(u,v,t)∫
u

w(x)dx and l (u,v, t) =
1+ t

2
u+

1− t
2

v.
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Clearly, inequalities (1.1) and (1.2) give and upper bound for the difference between
v∫

u
w(x)α(x)dx and α

(u+v
2

) v∫
u

w(x)dx. In this paper, we generalize the inequalities

obtained by Hwang in [2] for h-convex and quasi convex functions. Then we intro-
duce an application of these results to continuous random variables whose probabil-
ity density functions are continuous, and give another application to approximation
of integrals.

Throughout this paper, R denotes the set of all real numbers, J ⊂ R denotes an
interval, and h : (0,1)→R denotes a non-negative function and non-zero function. In

addition, for any positive integer k, and u,v∈ J◦ with u< v, the functions θk,u,v,
˜
θk,u,v :

[0,k]→ R are defined as:

θk,u,v (t) =
(

k+ t
2k

)
u+

k− t
2k

v,θ∗
k,u,v (t) = u+ v−θk,u,v (t) .

The discrete power mean inequality will be used in the next section, and it is stated
as follows:

xγ

1 + xγ

2 ≤ 21−γ(x1 + x2)
γ, (1.3)

where x1 > 0,x2 > 0,γ < 1.

2. MAIN RESULTS

We start this section with the following lemma which will be used repeatedly in
the sequel.

Lemma 1. Let α : J ⊆R→R be a differentiable mapping on J◦ and u, v ∈ J◦ with
u < v. Suppose that g : [u,v]→ [0,∞) is a differentiable mapping. If α

′ ∈ L1 ([u,v]),
then for any positive integer k,

g(u)
(

α(u)+α(v)
2

)
−g(v)α

(
u+ v

2

)

+

(
v−u

4k

) k∫
0

[
g′ (θk,u,v (t))+g′

(
θ
∗
k,u,v (t)

)][
α(θk,u,v (t))+α

(
θ
∗
k,u,v (t)

)]
dt

=

(
v−u

4k

)∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

]
×
[
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt. (2.1)

Proof. Let

S1 =−
∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

]
α
′ (θk,u,v (t))dt

and

S2 =
∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

]
α
′ (

θ
∗
k,u,v (t)

)
dt.
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Using integration by parts,

S1 =
−2k
u− v

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

]
α(θk,u,v (t))

∣∣∣∣k
0

+
2k

u− v

k∫
0

[
g′ (θk,u,v (t))

u− v
2k

−g′
(
θ
∗
k,u,v (t)

) v−u
2k

]
α(θk,u,v (t))dt

=
2k

v−u

(
g(u)α(u)−g(v)α

(
u+ v

2

))

+

k∫
0

[
g′ (θk,u,v (t))+g′

(
θ
∗
k,u,v (t)

)]
α(θk,u,v (t))dt,

and

S2 =
2k

v−u

(
g(u)α(v)−g(v)α

(
u+ v

2

))

+

k∫
0

[
g′ (θk,u,v (t))+g′

(
θ
∗
k,u,v (t)

)]
α
(
θ
∗
k,u,v (t)

)
dt.

Thus,(
v−u

4k

)
[S1 +S2] = g(u)

(
α(u)+α(v)

2

)
−g(v)α

(
u+ v

2

)

+

(
v−u

4k

) k∫
0

[
g′ (θk,u,v (t))+g′

(
θ
∗
k,u,v (t)

)][
α(θk,u,v (t))+α

(
θ
∗
k,u,v (t)

)]
dt,

and hence the result follows. □

Theorem 3. Let α : J ⊆R→R be a differentiable mapping on J◦ and u, v∈ J◦ with
u < v. Suppose that p : [u,v] → [0,∞) is a continuous mapping which is symmetric
about u+v

2 . If α
′ ∈ L1 ([u,v]) and

∣∣∣α′
∣∣∣ is h-convex on [u,v], then for any positive integer

k, ∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
k

)(
|α′ (u)|+ |α′ (v)|

2

)∫ k

0
Wk,u,v (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt (2.2)

where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.
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Proof. Define g : [u,v]→ [0,∞) as follows:

g(t) =
∫ t

u
p(x)dx, t ∈ [u,v] .

Clearly, w is differentiable with w′ = p. Using Lemma 1, we have

g(u)
(

α(u)+α(v)
2

)
−g(v)α

(
u+ v

2

)

+

(
v−u

4k

) k∫
0

[
g′ (θk,u,v (t))+g′

(
θ
∗
k,u,v (t)

)][
α(θk,u,v (t))+α

(
θ
∗
k,u,v (t)

)]
dt

=

(
v−u

4k

)∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

][
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt.

But

g(u) = 0,g(v) =
∫ v

u
p(x)dx,

and
g′ (θk,u,v (t)) = p(θk,u,v (t)) ,g′

(
θ
∗
k,u,v (t)

)
= p

(
θ
∗
k,u,v (t)

)
,

which imply that(
v−u

4k

) k∫
0

[
p(θk,u,v (t))+ p

(
θ
∗
k,u,v (t)

)][
α(θk,u,v (t))+α

(
θ
∗
k,u,v (t)

)]
dt

−α

(
u+ v

2

)∫ v

u
p(x)dx (2.3)

=

(
v−u

4k

)
×

∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

][
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt.

Note that,

g(θk,u,v (t))−g
(
θ
∗
k,u,v (t)

)
+g(v) =

∫
θk,u,v(t)

u
p(x)dx−

∫
θ∗k,u,v(t)

u
p(x)dx+

∫ v

u
p(x)dx

=
∫

θk,c,u(t)

u
p(x)dx+

∫ v

θ∗k,u,v(t)
p(x)dx. (2.4)

Since p is symmetric about u+v
2 , we have(

v−u
4k

) k∫
0

[
p(θk,u,v (t))+ p

(
θ
∗
k,u,v (t)

)][
α(θk,u,v (t))+α

(
θ
∗
k,u,v (t)

)]
dt

=

(
v−u

2k

) k∫
0

p(θk,u,v (t))α(θk,u,v (t))dt +
(

v−u
2k

) k∫
0

p
(
θ
∗
k,u,v (t)

)
α
(
θ
∗
k,u,v (t)

)
dt
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=
∫ c

u
p(x)α(x)dx+

∫ v

c
p(x)α(x)dx =

∫ v

u
p(x)α(x)dx, (2.5)

and ∫
θk,u,v(t)

u
p(x)dx =

∫ v

θ∗k,u,v(t)
p(x)dx, (2.6)

for each t ∈ [0,k]. This implies that(
v−u

4k

)∫ k

0

[
g(θk,u,v (t))−g

(
θ
∗
k,u,v (t)

)
+g(v)

][
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt

=

(
v−u

2k

)∫ k

0

[∫
θk,u,v(t)

u
p(x)dx

]
×
[
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt. (2.7)

Combining (2.3), (2.4), (2.5), (2.6) and (2.7), we get that∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

=

(
v−u

2k

)∫ k

0
Wk,u,v (t)

[
α
′ (

θ
∗
k,u,v (t)

)
−α

′ (θk,u,v (t))
]

dt.

Using the triangle inequality and the h-convexity of
∣∣∣α′
∣∣∣ , we have∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)∫ k

0
Wk,u,v (t)

(∣∣α′ (
θ
∗
k,u,v (t)

)∣∣+ ∣∣α′ (θk,u,v (t))
∣∣)dt

≤
(

v−u
2k

)(∣∣α′ (u)
∣∣+ ∣∣α′ (v)

∣∣)∫ k

0
Wk,u,v (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt.

□

Corollary 1. Under the same conditions as in Theorem 3, if h is super-additive,
i.e., h(x)+h(y)≤ h(x+ y) for each x,y ∈ [0,1], then the inequality∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤ h(1)

(
v−u

k

)(
|α′ (u)|+ |α′ (v)|

2

)∫ k

0
Wk,u,v (t)dt, (2.8)

holds for each positive integer k, where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.

Corollary 2. Under the same conditions as in Theorem 3, if h is symmetric about
1
2 then ∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
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≤
(

v−u
k

)(∣∣α′ (u)
∣∣+ ∣∣α′ (v)

∣∣)∫ k

0
Wk,u,v (t)h

(
k+ t
2k

)
dt

=

(
v−u

k

)(∣∣α′ (u)
∣∣+ ∣∣α′ (v)

∣∣)∫ k

0
Wk,u,v (t)h

(
k− t
2k

)
dt,

for each positive integer k, where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.

Remark 1. In Lemma 1, if h(t) = t for all t ∈ [0,1], then Inequality (2.2) reduces
to ∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)(∣∣α′ (u)
∣∣+ ∣∣α′ (v)

∣∣)∫ k

0
Wk,u,v (t)dt. (2.9)

Theorem 4. Let α : J ⊆R→R be a differentiable mapping on J◦ and u, v∈ J◦ with
u < v. Suppose that p : [u,v] → [0,∞) is a continuous mapping which is symmetric
about u+v

2 . If α
′ ∈ L1 ([u,v]) and |α′|q is h-convex on [u,v] for q > 1, then for any

positive integer k,∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
k

)(∫ k

0
Wk,u,v (t)dt

) 1
p
(
|α′ (u)|q + |α′ (v)|q

2

) 1
q

×
(∫ k

0
Wk,u,v (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt
) 1

q

, (2.10)

where 1
p +

1
q = 1 and Wk,u,v (t) =

∫
θk,u,v(t)
u p(x)dx.

Proof. As in the proof of Theorem 3, we have∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)∫ k

0
Wk,u,v (t)

(∣∣α′ (
θ
∗
k,u,v (t)

)∣∣+ ∣∣α′ (θk,u,v (t))
∣∣)dt.

Applying Holder’s inequality, we get that∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)(∫ k

0
Wk,u,v (t)dt

) 1
p
[(∫ k

0
Wk,u,v (t)

∣∣α′ (
θ
∗
k,u,v (t)

)∣∣q dt
) 1

q
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+

(∫ k

0
Wk,u,v (t)

∣∣α′ (θk,u,v (t))
∣∣q dt

) 1
q
]
.

Using inequality (1.3) and the h−convexity of |α′|q on [u,v], we have∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u

2
1
q k

)(∫ k

0
Wk,u,v (t)dt

) 1
p

×
(∫ k

0
Wk,u,v (t)

(∣∣α′ (
θ
∗
k,u,v (t)

)∣∣q + ∣∣α′ (
θ
∗
k,u,v (t)

)∣∣q)dt
) 1

q

≤
(

v−u
k

)(∫ k

0
Wk,u,v (t)dt

) 1
p
(
|α′ (u)|q + |α′ (v)|q

2

) 1
q

×
(∫ k

0
Wk,u,v (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt
) 1

q

.

□

Corollary 3. Under the same conditions as in Theorem 4, if h(t) = t for each
t ∈ [0,1], then inequality (2.10) reduces to∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
k

)(
|α′ (u)|q + |α′ (v)|q

2

) 1
q
(∫ k

0
Wk,u,v (t)dt

)
. (2.11)

Corollary 4. Under the same conditions as in Theorem 4, if p(x) = 4
k(v−u) for

each x ∈ [u,v] , then inequality (2.10) reduces to∣∣∣∣α(u+ v
2

)
− 1

v−u

∫ v

u
p(x)α(x)dx

∣∣∣∣
≤ (v−u)

22− 1
q k

2
q

[
|α′ (u)|q + |α′ (v)|q

2

] 1
q

×
(∫ k

0
(k− t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt
) 1

q

. (2.12)

Corollary 5. Under the same conditions as in Theorem 4, if h is super-additive,
then the inequality∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
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≤ (h(1))
1
q

(
v−u

k

)(
|α′ (u)|q + |α′ (v)|q

2

) 1
q
(∫ k

0
Wk,u,v (t)dt

)
, (2.13)

holds for each positive integer k, where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.

Corollary 6. Suppose that the assumptions of Theorem 4 are satisfied. If h is
symmetric about 1

2 then for any positive integer k,∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
k

)(∫ k

0
Wk,u,v (t)dt

) 1
p (∣∣α′ (u)

∣∣q + ∣∣α′ (v)
∣∣q) 1

q

×
(∫ k

0
Wk,u,v (t)h

(
k+ t
2k

)
dt
) 1

q

=

(
v−u

k

)(∫ k

0
Wk,u,v (t)dt

) 1
p (∣∣α′ (u)

∣∣q + ∣∣α′ (v)
∣∣q) 1

q

×
(∫ k

0
Wk,u,v (t)h

(
k− t
2k

)
dt
) 1

q

, (2.14)

where 1
p +

1
q = 1 and Wk,u,v (t) =

∫
θk,u,v(t)
u p(x)dx.

Theorem 5. Let α : J ⊆R→R be a differentiable mapping on J◦ and u, v∈ J◦ with
u < v. Suppose that p : [u,v] → [0,∞) is a continuous mapping which is symmetric
about u+v

2 . If α
′ ∈ L1 ([u,v]) and

∣∣∣α′
∣∣∣ is quasi-convex on [u,v], then for any positive

integer k, ∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)[
max

{∣∣α′ (v)
∣∣ , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣}
+max

{∣∣α′ (u)
∣∣ , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣}]∫ k

0
Wk,u,v (t)dt. (2.15)

where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.

Proof. As in the proof of Theorem 3, we have∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)∫ k

0
Wk,u,v (t)

(∣∣α′ (
θ
∗
k,u,v (t)

)∣∣+ ∣∣α′ (θk,u,v (t))
∣∣)dt.
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Using the quasi-convexity of
∣∣∣α′
∣∣∣on [u,v], we get∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)[
max

{∣∣α′ (v)
∣∣ , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣}
+max

{∣∣α′ (u)
∣∣ , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣}]∫ k

0
Wk,u,v (t)dt.

□

Remark 2. In Theorem 5,
(1) If |α′| is non-decreasing, then inequality (2.15) reduces to∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)(∣∣α′ (v)
∣∣+ ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣)∫ k

0
Wk,u,v (t)dt. (2.16)

(2) If |α′| is non-increasing, then inequality (2.15) reduces to∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u
2k

)(∣∣α′ (u)
∣∣+ ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣)∫ k

0
Wk,u,v (t)dt. (2.17)

Theorem 6. Let α : J ⊆R→R be a differentiable mapping on J◦ and u, v∈ J◦ with
u < v. Suppose that p : [u,v] → [0,∞) is a continuous mapping which is symmetric
about u+v

2 . If α
′ ∈ L1 ([u,v]) and |α′|q is quasi-convex on [u,v] for q > 1, then for any

positive integer k,∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u

4k1− 1
q

)[(
max

{∣∣α′ (v)
∣∣q , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣q}) 1
q

+

(
max

{∣∣α′ (u)
∣∣q , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣q}) 1
q
](∫ k

0
Wk,u,v (t)dt

)
, (2.18)

where Wk,u,v (t) =
∫

θk,u,v(t)
u p(x)dx.

Proof. As in the proof of Theorem 4, we have∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
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≤
(

v−u

2
1
q k

)(∫ k

0
Wk,u,v (t)dt

) 1
p

×
(∫ k

0
Wk,u,v (t)

(∣∣α′ (
θ
∗
k,u,v (t)

)∣∣q + ∣∣α′ (
θ
∗
k,u,v (t)

)∣∣q)dt
) 1

q

,

where 1
p +

1
q = 1. Using the quasi-convexity of |α′|qon [u,v], we get that∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u

4k1− 1
q

)[(
max

{∣∣α′ (v)
∣∣q , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣q}) 1
q

+

(
max

{∣∣α′ (u)
∣∣q , ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣q}) 1
q
](∫ k

0
Wk,u,v (t)dt

)
.

□

Remark 3. In Theorem 6,

(1) If |α′| is non-decreasing, then inequality (2.18) reduces to∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u

4k1− 1
q

)(∣∣α′ (v)
∣∣+ ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣)∫ k

0
Wk,u,v (t)dt. (2.19)

(2) If |α′| is non-increasing, then inequality (2.18) reduces to∣∣∣∣∫ v

u
p(x)α(x)dx−α

(
u+ v

2

)∫ v

u
p(x)dx

∣∣∣∣
≤
(

v−u

4k1− 1
q

)(∣∣α′ (u)
∣∣+ ∣∣∣∣α′

(
u+ v

2

)∣∣∣∣)∫ k

0
Wk,u,v (t)dt. (2.20)

3. SOME APPLICATIONS

We start this section with an application to continuous random variables whose
probability density functions are continuous.

Proposition 1. Let X be a continuous random variable taking its values in the
finite interval [c,d] , where 0 < c < d, with a continuous probability density function
w : [c,d] → [0,1] which is symmetric about c+d

2 . Let q > 1, and r ≥ 1+ 2
q . If the
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r-moment of X is finite, i.e., Er (X) =
∫ d

c tr p(t)dt < ∞, and τ ∈ (0,1] then∣∣∣∣Er (X)−
(

c+d
2

)r∣∣∣∣≤ r (d − c)

21− 1
q

(
cq(r−1)+dq(r−1)

2(τ+1)

) 1
q

. (3.1)

Proof. Let α(x)= 1
r xr for x∈ [c,d] . Since |α′ (x)|q = xq(r−1) is h-convex for h(t)=

tτ, t ∈ (0,1] , applying Theorem 4, we have∣∣∣∣∫ d

c
p(x)α(x)dx−α

(
c+d

2

)∫ d

c
p(x)dx

∣∣∣∣
≤
(

d − c
k

)(∫ k

0
Wk,c,d (t)dt

) 1
p
(
|α′ (c)|q + |α′ (d)|q

2

) 1
q

×
(∫ k

0
Wk,c,d (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt
) 1

q

,

where 1
p +

1
q = 1 and Wk,c,d (t) =

∫
θk,,c,d(t)
c p(x)dx. The result follows using the facts

that ∫ d

c
p(x)dx = 1,

d∫
c

p(x)α(x)dx =
1
r

Er (X) ,

∫ k

0
Wk,c,d (t)dt =

∫ k

0

∫
θk,,c,d(t)

c
p(x)dxdt ≤ k

2
,

and∫ k

0
Wk,c,d (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt

≤ 1
2

∫ k

0

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt =

k
τ+1

.

□

The second application will be devoted to approximating an integral. Recall that a
partition D of a finite interval [c,d] ,c < d, is a finite sequence of numbers c = c0 <
c1 < · · ·< cn = d.

Proposition 2. Let α : J ⊆ R→ R be a differentiable mapping on J◦ and c, d ∈
J◦ with c < d. Suppose that p : [c,d] → [0,∞) is a continuous mapping which is
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symmetric about c+d
2 . Let D : c = c0 < c1 < · · · < cn = d be a partition of [c,d]. If

α′ ∈ L1 ([c,d]) and
∣∣∣α′
∣∣∣ is h-convex on [c,d], then for any positive integer k

d∫
c

p(x)α(x)dx = A(α, p,D)+E (α, p,D) ,

where

A(α, p,D) =
n−1

∑
j=0

α

(
c j + c j+1

2

)
Pc j,c j+1 ,

Pc j,c j+1 =
∫ c j+1

c j

p(x)dx,

and

|E (α, p,D)| ≤
n−1

∑
j=0

(
c j+1 − c j

k

)[∣∣α′ (c j)
∣∣+ ∣∣α′ (c j+1)

∣∣
2

]

×
∫ k

0
Wk,c j,c j+1 (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt. (3.2)

Proof. For each j = 0,1, · · ·,n−1, applying Theorem 3 over the interval [c j,c j+1] ,
we have ∣∣∣∣∣∣

c j+1∫
c j

p(x)α(x)dx−α

(
c j + c j+1

2

) c j+1∫
c j

p(x)dx

∣∣∣∣∣∣
≤
(

c j+1 − c j

k

)[∣∣α′ (c j)
∣∣+ ∣∣α′ (c j+1)

∣∣
2

]

×
∫ k

0
Wk,c j,c j+1 (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt. (3.3)

where Wk,c j,c j+1 =
∫ θk,c j ,c j+1 (t)

c j p(x)dx. Note that

E (α, p,D) =

d∫
c

p(x)α(x)dx−A(α, p,D)

=
n−1

∑
j=0

c j+1∫
c j

p(x)α(x)dx−
n−1

∑
j=0

α

(
c j + c j+1

2

)
Pc j,c j+1

=
n−1

∑
j=0

 c j+1∫
c j

p(x)α(x)dx−
(

α(c j)+α(c j+1)

2

) c j+1∫
c j

p(x)dx

 .
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Using the triangle inequality and inequality (3.3), we get that

|E (α, p,D)| ≤
n−1

∑
j=0

(
c j+1 − c j

k

)[∣∣α′ (c j)
∣∣+ ∣∣α′ (c j+1)

∣∣
2

]

×
∫ k

0
Wk,c j,c j+1 (t)

(
h
(

k+ t
2k

)
+h
(

k− t
2k

))
dt.

□
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